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Preface 


In 2016, the authors published the first of the two intended books about 
curves and surfaces of degree two, “The Universe of Conics”. The plan 
was to come up with the second volume about surfaces of degree two “as 
soon as possible”. 


The ulterior motive was to write two compendia containing important 
geometric knowledge that seems in danger of getting lost. The curves of 
degree two have been of interest to mathematicians ever since the advent 
of geometry, and the ancient Greeks already had a better understanding of 
them than many aspiring mathematics students nowadays. In the course 
of centuries, many famous mathematicians contributed to this body of 
knowledge. Just to name one of them, the ingenious BLAISE PASCAL 
published his “Essay pour les Coniques” at the age of sixteen. The heydays 
of these simplest algebraic curves might have been in the 17‘ century, 
probably inspired by the fact that conics appear regularly in the universe 
as orbits of planets and other celestial bodies. ISAAC NEWTON used his 
profound understanding of those curves when he proved Kepler’s laws, 
which had only been conjectures until that point. 


In the following centuries, mathematics became more advanced — 
mainly through the introduction of infinitesimal calculus. Famous 
mathematicians shifted their focus onto logical generalization. CARL 
FRIEDRICH GAUSS, who had previously achieved fame by predicting 
the re-appearance of the dwarf planet Ceres, transferred the remarkable 
properties of conics into space and found wonderful examples for his fa- 
mous theorems about Differential Geometry. The 19'* century (CHASLES, 
Dupin, MONGE, CAYLEY, KLEIN, and many others) was probably the 
time that saw the most advances in knowledge about the simplest alge- 
braic surfaces — the quadrics. 


To come back to our attempt to write compendia about conics and 
quadrics: During the work on the first book, we soon figured out that 
there is so much knowledge about conics that even a thousand pages 
would not have been enough to cover the entire topic (the book has “only” 
some 500 pages). And — alas — an additional 500 pages cannot cover the 
entire body of knowledge about quadrics. Still, three years after the re- 
lease of the first book, we think that we have collected a lot of theorems 
that might “stay alive’ by means of this compendium. Some of the theo- 
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rems may even be new, although they are just the consequence of what 
has been accumulated by others in the course of the time. Anyway, the 
saying “Good things come to those who wait” can be applied to the result. 
As probably most book writers can confirm, “it was much more work than 
expected”. Eventually, however, it is very satisfying to see how essential 
the surfaces of degree two are for the entire framework of mathematics 
(see Figure 0.1), which is based on the profound knowledge about the 
most elementary surfaces in space. 


FIGURE 0.1. Hyperboloid in space — textured with space, symbolizing that 
the quadrics are essential when one deals with non-Euclidean geometry, Projec- 
tive Geometry, Algebraic Geometry, Differential Geometry, higher dimensional 
geometry, and many other part disciplines of mathematics. 
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1 Introduction 


From the conics in 2-space ... 


As already mentioned in the preface, this book builds up on its prede- 
cessor, “The Universe of Conics — From the ancient Greeks to 21st cen- 
tury developments” (Springer Spektrum, Heidelberg, 2016). There, the 
authors showed the substantial role of conics (conic sections) in many sci- 
ences as well as in the whole universe. Since conics have a perfect shape, 
designers and architects use “true conics” instead of “just some freeform 
curve” when they deal with certain shapes. We will soon see that this also 
holds for the generalization of conics in 3-space, the so-called quadrics. 


Points in the Euclidean plane can be given by Cartesian (z,y)- 
coordinates. Algebraically speaking, conics can be given by the equation 


Ax? + Bry + Cy? + Dx+ Ey+F =0. 


The trivial case A = B = C = 0 has to be excluded, since then, the equation 
is linear and describes a straight line. In the general case, the equation 
describes the classic conics (ellipse, parabola, or hyperbola), which can 
be given by five points (if F # 0, one can divide by F' and then solve 
a system of linear equations with five unknowns). The curves can also 
degenerate to pairs of straight lines. 
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In the algebraic sense, a conic c — a curve of degree two — always has two 
points of intersection $; and S> with a given straight line s. They can 
both be real or complex conjugate. The limiting case S = S2 arises when 
s is a tangent of c. 


Conics are also curves of class two, which means that, from each point 
in the conic’s plane, we have two tangents to the conic (in the algebraic 
sense). When the point lies on the conic, the tangents coincide. The set 
of all points where there are no real tangents to the conic can be called the 
interior of a conic. The points where the tangents are complex conjugate 
and self-perpendicular are called focal points. 


Depending on the number of real intersection points with the line at infin- 
ity, we can distinguish three types of conics: Ellipses (no real intersection 
points), parabolas (the line at infinity touches the curve) and hyperbolas 
(two real intersection points). 


Conics are perfectly suitable to introduce the concept of duality, where 
points become straight lines and vice versa. Each theorem about conics 
that only contains the terms point, straight line, to touch, and to intersect 
remains true if we interchange the terms point and straight line (and vice 
versa) but keep the relation of being incident. A conic considered as its 
set of points and tangents is a self-dual term. The dual of a conic is still 
a conic, the set of its tangent lines. 


. to the quadrics in 3-space 


In Euclidean 3-space, points can be determined by three Cartesian 
(x,y, z)-coordinates. Then, a quadric can be given by the equation 


Aa? + By? + Cz? + Day + Exz+ Fyz+ Gut Hy+Iz+J=0. 


Clearly, if the first six coefficients vanish, the above equation is linear 
and describes just a plane in space. In the general case, the equation 
describes the classic quadrics (ellipsoids, paraboloids, or hyperboloids). 
If J # 0, the above equation can be divided by J, and if we insert the 
coordinates of nine points, we can solve a system of linear equations 
with nine unknowns. However, quadrics can also degenerate to quadratic 
cones, quadratic cylinders, and pairs of planes. 


In the algebraic sense, a quadric Q is a surface of degree two that always 
has two points S; and Sy» of intersection with a given straight line s 


FIGURE 1.1. An elliptic paraboloid P, and a hyperbolic paraboloid Py, with 
the implicit equations } y? + 4 2? + 2a = 0 and the intersection with straight “test 
lines” s (all with two real intersection points in the algebraic sense). Paraboloids 
(not of revolution) have two planes of symmetry. Quadratic cylinders have two 
planes of symmetry parallel to their generators (and infinitely many orthogonal 
to the generators), while triaxial quadrics have three. 


(Figure 1.1). They can both be real or complex conjugate. The limiting 
case S; = S2 arises when s is a tangent of Q. 


Quadrics are also surfaces of class two, which means that, from each 
point in space, we have infinitely many tangent planes to the quadric 
that envelop a quadratic cone in the algebraic sense (Figure 1.2). 


When the point lies on the quadric, there is a unique tangent plane. The 
set of all points where there are no real tangent planes to the quadric, 
can be called the interior of a quadric. The points where the tangential 
cones are cones of revolution are called focal points. These cones can also 
be imaginary. The set of focal points of a quadric consists of a pair of 
focal conics. Such focal curves play a comparably dominant role as the 
focal points of the conics, and they will appear in many theorems about 
quadrics. 


Depending on the intersection with the plane at infinity, we can dis- 
tinguish three types of quadrics: ellipsoids (no real intersection conic), 
paraboloids (the plane of infinity touches the quadric), and hyperboloids 
(a real intersection conic). 
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FIGURE 1.2. Since quadrics are surfaces of class two, the tangential cone from 
any point is quadratic. If the point is in the interior, the cone is imaginary, and 
it degenerates to the tangential plane when the point lies on the quadric. 


Quadrics are perfectly suitable to introduce the concept of duality in 3- 
space, where points become planes (and vice versa), and straight lines 
are self-dual. Each theorem about quadrics that only contains the terms 
point, straight line, plane, to touch, and to intersect remains, therefore, 
true if we interchange the terms point and plane (and vice versa) but 
keep the relation of being incident. A quadric considered as its set of 
points together with its tangential planes is a self-dual term. The dual of 
a quadric is still a quadric, the set of its tangent planes. 


From a mathematician’s point of view, surfaces of degree two have, of 
course, absolutely perfect shapes. Even a deviation of a permille from it 
can only be called an approximation of such a surface. Strictly speaking, 
quadrics are simply theoretical shapes that only appear in more or less 
good approximations in arts (Figure 1.3), architecture and nature. When 
we look at Figure 1.4, Barcelona might be called the “city of quadrics”. 
Especially Antoni Gaudi, the most famous architect of the area, put a 
great deal of effort into explaining his constructions. 


In nature, ellipsoids (or, again, better approximations of them) seem to 
be quite common, e.g., when we talk about egg shapes. Interestingly, the 
shapes are usually formed by at least two different ellipsoids (Figure 1.5) 
that fit rather well together. The more elongated the egg’s shape is, the 
less likely the egg is to roll off or away — instead, it will move in circles. 
This is important for birds that hatch on rocks. 


FIGURE 1.3. Aesthetic lamps “Queen Titania”, designed by Alberto Meda and 
Paolo Rizzatto. The lamps are perfect ellipsoids with three axes. The aesthetics 
of ellipsoids seems inspire artists. 


FIGURE 1.4. Left to right: Torre Glories (formerly called Torre Agbar) by Jean 
Nouvel (upper part half of an ellipsoid); airport tower of Barcelona designed by 
Bruce Fairbanks (framework of a hyperboloid); detail of the roof of the Sagrada 
Familia by Antoni Gaudi (parts of a hyperboloid). 


The example in Figure 1.6 shows approximations of a hyperbolic 
paraboloid: It can be proven that a hyperbolic paraboloid is never a 


6 Chapter 1: Introduction 


FIGURE 1.5. Egg shapes are often formed by at least two different ellipsoids. 
The more elongated the egg’s shape is, the less likely the egg is to roll off or 
away. 


minimal surface, but very close to being one. Gossamers of caterpillars, 
e.g., tend to converge to minimal surfaces, since they are under tension, 
and therefore come close to hyperbolic paraboloids as well. 


FIGURE 1.6. Left: A minimal surface (gray) can be approximated quite well by 
a hyperbolic paraboloid (yellow). Right: Gossamers of caterpillars come close 
to minimal surfaces, and therefore, also to hyperbolic paraboloids. 


Check for 
updates 


2 Quadrics in Euclidean 3-space 


Among the quadrics in E?, the one-sheeted hyperboloids are characterized as 


ruled surfaces with a center. They even carry two families of rulings and two 
families of circles, provided that they are no surfaces of revolution. The picture 
shows a one-sheeted hyperboloid with one regulus as well as its asymptotic cone 
and the axes of symmetry. 
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To begin with, we present the different types of quadrics in Euclidean 
space E? in an intuitive way, based on their standard equations. Con- 
trary to conics, there is no way to define all quadrics simultaneously by a 
metric relation such that the different properties of quadrics are easy to 
achieve.! In this section, the term quadric stands for ellipsoids (includ- 
ing spheres), hyperboloids, and paraboloids. Sometimes, we use the term 
regular quadric in order to emphasize the difference to singular surfaces of 
degree 2 like quadratic cones and cylinders or degenerate cases like planes 
or pairs of planes. It should be noted that in some literature as well as 
later in Chapter 3, singular and reducible cases are also called quadrics. 


A common definition for all types of quadrics will be given in Chapter 3 
based on Linear Algebra. As with conics, studying quadrics in the frame- 
work of Projective Geometry leads to a much deeper understanding of 
their properties. This follows in Chapter 4, which also contains a uniform 
definition of quadrics via polarities. However, in this approach, empty 
quadrics, 7.e., quadrics without real points, are also included. After the 
study of conics, the reader will also expect focal properties of quadrics in 
Euclidean space. This will be the goal of Section 7.1. Here we will meet 
the pairs of focal conics again, but this time in quite a different setting. 


Types of quadrics in Euclidean space E® 


Each irreducible surface of degree two other than a cylinder or cone is 
called quadric. Due to principal axis transformation, which will be dis- 
cussed in Chapter 3, a Cartesian coordinate frame can be found for each 
quadric such that the quadric satisfies one of the following standard equa- 
tions with real constants a,b,c > 0: 


From the algebraic point of view, there exists an additional standard 
equation, namely 


However, it cannot be satisfied by any single real point. Only in the 
complex extension of E? this defines a quadric. Hence, it is called an 
empty or an imaginary quadric. 


1Only JAcosi’s focal property, presented in Theorem 2.4.3, provides a universal metric defi- 
nition. A metric definition for ruled quadrics is given in Exercise 2.3.10. 


TABLE 2.1. The quadrics in Euclidean 3-space 


: 
Beg 
PLE 2 [ame 


ca | 
ca 
# > 


ellipsoid - one-sheeted hyperbolsid - two-sheeted hyperboloid 


z 
xv 
2 y 
Lp a! S 


elliptic paraboloid - hyperbolic paraboloid 
FIGURE 2.1. The five types of quadrics in E®. 


All ellipsoids and hyperboloids (types 1 to 3) are symmetric with respect 
o (henceforth abbreviated as w.r.t. ) each coordinate plane (see Fig- 
ure 2.1, first row). Therefore, rotations through 180° about any coordi- 
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nate axis and the reflection in the origin (x,y,z) » (-2,-y,-z) map these 
quadrics onto themselves. We also call them central quadrics for short. 
The points of intersection with any coordinate axis are the vertices; the 
curves of intersection with the planes of symmetry are the principal sec- 
tions of the quadric. The constants a,b,c showing up in the standard 
equations are called semiazes. 


The two paraboloids (types 4 and 5) are only symmetric w.r.t. the [2, z]- 
and [y, z]-plane. Hence, only the z-axis is an axis of symmetry. Its point 
of intersection with the paraboloid, the origin, is the unique vertex of the 
paraboloid (Figure 2.1, second row). 


The standard equations, as given above, show, on the left-hand side, a 
polynomial of degree two in the unknowns x, y, and z. The second order 
terms in this polynomial define a quadratic form. In the following, we 
denote the corresponding polar form with o(x,,x2). It is a symmetric 
bilinear form on R?. For example, in the case of an ellipsoid, we have 


_ %1%2 . Y1ly2 | 2142 
o(X1,X2) ‘= "2 ga. eae (2.1) 
where x; = (2;,y:,2;) for 7 = 1,2. Thus, the standard equation of an 
ellipsoid can also be written briefly as o(x,x) -1=0. 
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2.1 Ellipsoids 


Q 


a 


FIGURE 2.2. Triaxial ellipsoid € with planar sections orthogonal to the axes. 


The ellipsoid € with the standard equation 


DD 19 
pa ak = 
Cet a (2.2) 
intersects the coordinate axes at the vertices A; = (+a,0,0), B; = 


(0,+b,0), and C; = (0,0,+c), 2 = 1,2. The constants a, b, and c are 
the semiaxes of €. If they are mutually different, the ellipsoid is called 
triaxial. If two of them are equal, say a = b, then € is an ellipsoid of revo- 
lution with the z-axis as axis of rotation. There are two types of ellipsoids 
of revolution (Figure 2.3): In the case a>, the ellipsoid is called oblate, 
and otherwise prolate. Only the second type has two real focal points 
(0,0,+V c? — a?) on the axis of revolution. The ellipsoid with a = b= c is 
a sphere with radius a. 


Planar sections of ellipsoids 


The ellipsoid € with semiaxes a, b, and c can be obtained from the unit 
sphere S? satisfying 2’? +y’?+z'? = 1 by scaling the coordinates according 
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x x ax 
a: | yo Jw ly f=] by’ I. (2.3) 
z! z cz! 


This scaling defines a bijective affine transformation a, an affinity in brief. 
We recall that affinities preserve parallelities between lines or planes as 
well as the affine ratios of triplets of collinear points. 


FIGURE 2.4. The sections of an ellipsoid with parallel planes are homothetic. 


The affinity a transforms the circles c’ on S? into ellipses e on €. Two 
circles of S? in parallel planes can be connected by a cone of revolution 
with an axis through the origin and an apex A’. The circles are cor- 
responding under a dilatation with center A’. The affinity a maps the 
circles onto two ellipses on € in parallel planes and corresponding under a 
dilation with center A, the a-image of A’. Therefore, the two ellipses have 
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parallel major axes and parallel minor axes, the same ratio of semiaxes, 
i.e., they are homothetic. Furthermore, their centers are aligned with the 
origin. If one of the two circles on S? tends to a zero-circle, because its 
plane contacts S?, the axes of the corresponding ‘zero-ellipse’ are so-called 
principal curvature tangents of €. Their pre-images are parallel to conju- 
gate diameters of circles. Thus, these are orthogonal lines which remain 
orthogonal under a. We will meet principal curvature tangents again in 
the Chapters 7, 8, and 9). 


Is it possible that a planar section of a triaxial € with semiaxes a>b>c 
is a circle, i.e., a circular section of the ellipsoid? 


Theorem 2.1.1 There are only two sets of parallel planes which intersect 
the triaxial ellipsoid E with semiazes a > b > c along circles. For the 
ellipsoid with the standard equation (2.2), these planes are parallel to the 
y-axis and the tangent plane at one of the four umbilical points of E. 


FIGURE 2.5. Triaxial ellipsoids carry two families of circular sections, including 
zero-circles at the four umbilical points. 


Proof: We obtain the circular sections by looking for the intersection between € and the 
concentric sphere S with radius b. Points of this curve of intersection must also satisfy the 
difference of the respective equations, 7.e., 


a oy? 2 a oy? 22 
(B+ S+5-1)-(4+4+5-1)-0, 
which can be decomposed into a product of two linear forms 


Jae — b2 P= Vaz —b2 Vb2 —c2 ‘ 
x z ua z]|=0. 
ab bc ab bc 
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Hence, common points of € and the sphere S belong to at least one of these two planes through 
the y-axis (Figure 2.6). 

Conversely, each point which is located in one of these planes and also on the sphere S satisfies 
the equation of €. Thus, we have found two circles centered at the origin and completely placed 
on €. In addition, all planes parallel to one of these diameter planes and sufficiently close to 
the origin intersect E along circles, too. The centers of zero-circles included in these sets are 
the so-called umbilical points of E (note point U in Figures 2.5 and 2.6) with coordinates 


, Vaz — b2 oo Vb2 — c2 
a——_,, 0, +c ———_ ] . 
AJ aa a2 Vat —c2 


At these points, each tangent line is a principal curvature tangent. 


(2.5) 


FIGURE 2.6. The intersection between the blue ellipsoid € and the pink sphere 
S splits into two circles. U is an umbilical point of €. 


If we intersect € with a concentric sphere with radius a or c, the difference of the related 
equations is reducible only in the complex extension of E%. 

Suppose there is another circle on the triaxial ellipsoid €. Then, after translating its plane 
through the origin, we obtain a circle with radius r centered at the origin. This circle is the 
equator of a sphere with radius r + b. However, this sphere can never share a circle with 
the ellipsoid €, since, after the elimination of the y-coordinate from the related equations, we 


obtain the equation 
az _ b2 2 b2 - c2 
a2 c 
of a hyperbola in the [, z]-plane which can never be an orthogonal view of a circle. a 


2 +b 12 =0 


Obviously, on an ellipsoid of revolution, the only circular sections are 
those in planes orthogonal to the axis of revolution, the so-called parallel 
circles of the surface. 
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An oblate ellipsoid € of revolution serves as a mathematical standard 
model of the Earth.” Figure 2.7 illustrates (to an exaggerated degree) a 
remarkable difference to a sphere model: The shortest connection of two 
points A,B on a sphere follows the connecting great circle. It lies in the 
plane which is uniquely defined by A and B, provided that they are no 
antipodes. This plane is orthogonal to the sphere at A and at B. 


Quite contrary, for the ellipsoid €, the surface normals n4 and ng at 
points A,B on different parallel circles and meridians are skew. Conse- 
quently, a plane through A and B cannot be simultaneously orthogonal 
to € at A and B. The geodesic line as the shortest connection on € of A 
and B is no longer a planar section. We recall that geodesics on a surface 
are either straight line segments or at each point the osculating plane is 
orthogonal to the surface. A particular characterization of geodesics on 
quadrics will be presented in Theorem 7.1.4; note also Section 9.6. 


FIGURE 2.7. The normals n4, nz to the ellipsoid € at the points A, B are skew. 
The red geodesic connecting A and B lies between the blue and green planar 
sections through A and B, orthogonal to € either at A or at B. 


2In WGS 84, the World Geodetic System, the meridians of the reference ellipsoid have the 
semiaxes a = 6378.137km and b = 6356.752km. However, the geoid, which is everywhere 
orthogonal to the force of gravity, deviates up to +100 m from this ellipsoid. 
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Remark 2.1.1 Suppose the points A and B are mountain tops, and one places a well-calibrated 
theodolite at A with the sight axis directed towards B. When the inclination of the sight axis 
is modified, it hits the ground along a curve in a plane which is vertical at A. This path seems 
to be ‘straight’, and therefore the shortest from A to B. However, as illustrated in Figure 2.7, 
we obtain a different path when looking from B towards A, and it deviates from the geodesic 
connection. 


Tangent cones of ellipsoids 


Let us return to the affinity a in (2.3) between the unit sphere S? and the 
ellipsoid €. This affinity maps tangent planes of S? to tangent planes of 
€. Therefore, the tangent plane Tp to € at the point P € € with position 
vector p = (2p,yp, Zp) satisfies, by virtue of (2.1), the linear equation 


xP YP zp _ (2.6) 


where x = (x,y,z). In other words, if we rewrite this equation as 
ux +vy+wz-1=0, (2.7) 
the coefficients (u,v, w) must satisfy 
au? + bu + Pw? -1=0. (2.8) 


This is called the dual equation or tangential equation of the ellipsoid. 
The Hesse normal form of rp reveals that 1/Vu? + v? + w? is the distance 
between Tp and the center M of €. 


By the same token, the dual equation even makes sense when one semiaxis 
of the ellipsoid € tends to zero and € becomes an elliptic disk. In the case 
c= 0, we obtain an ellipse in the plane z = 0 with semiaxes a and b, and 
the remaining equation a?u? + b?v? — 1 = 0 means that the plane with 
coefficients (u,v,w) passes through a tangent line of this ellipse. 


The affine transformation a maps pairs of orthogonal diameters of the 
sphere S? onto a pair of conjugate diameters of the ellipsoid €. Their 
direction vectors d, and dg satisfy 


o(dj, dz) =0. (2.9) 


Three mutually orthogonal diameters of S? are transferred onto a triplet of 
conjugate diameters of €. They have the property that the tangent planes 
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at the endpoints of each diameter are parallel to the plane spanned by 
the other two diameters. 


We follow the usual notation and already call the segment MP, bounded 
by the center M and any point Pe €, a diameter or diameter segment of 
E, though it is obviously only half of a diameter. In case of ambiguities, 
the full line [M, P] is called a diameter line of E. 


Theorem 2.1.2 If Py, P2, and P3 are the endpoints of three mutually 
conjugate diameters of the ellipsoid E with center M and semiazes a, b, 
and c, then the lengths of the three diameters satisfy 


MP, +MP; + MP3 =02 +042. 


—=_ -—-> —— 
The parallelepiped spanned by the vectors MP,, MP2, M P3 has the con- 
stant volume abc. 


Proof: We still use the coordinate frame of (2.2) and the azial scaling a of (2.3). We write 
the coordinates (2;, y;, 2;) of the endpoints P;, i= 1,2,3, as column vectors in a 3 x 3-matrix 


P and obtain 
tT «£2 23 ax, ar, ax, 
| yl y2 YB }-( by, byg bys |-pe 
Cz, CZCS 
where the matrix D is the diagonal matrix diag(a,b,c) and matrix P’ is orthogonal. Since 
the row-vectors in P’ also have unit length, we obtain 
MP, + MPa + MPs” = (x2 +y2 +22) +--+ (a2 +2 +22) = 02 442 


as the squared Frobenius norm of the matrices P = DP’, i.e., as the sum of the squared entries. 
The proof of the final statement in Theorem 2.1.2 is left as an exercise (Exercise 2.1.1). a 


Remark 2.1.2 An ellipsoid € is uniquely defined by its center and the endpoints of a triplet of 
conjugate diameters. This is a consequence of principal axis transformation, which is discussed 
in Chapter 3. However, there is no ruler-and-compass construction which could serve as an 
analogue to Rytz construction [46, p. 358]. Principal axis transformation needs the eigenvalues 
of a 3x 3-matrix, i.e., the roots of a cubic polynomial, which cannot be determined graphically 
with ruler and compass, in general. Note the construction of Chasles and further discussions 
in [61]. 


The affinity @ maps the right cone or cylinder which contacts the unit 
sphere S? along a circle c’ onto a quadratic cone or elliptic cylinder, which 
is tangent to € along the ellipse c. Conversely, we learn from a: When 
looking for planes tangent to € and passing through a given point Q in the 
exterior of € or being parallel to a given direction, we obtain a quadratic 
cone or an elliptic cylinder, and the contact points form an ellipse cc €. 
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The plane spanned by c is the so-called polar plane 7g of the pole Q and 
satisfies an equation analogue to (2.6), provided that p is replaced by the 
position vector q := (7g, yq,zq) of Q.3 

This can easily be verified: If the point q satisfies (2.6), 


o(p,q) -1=—7 29 + 35 ua + 3 Q-1=0, (2.10) 
z.e., lies in the tangent plane Tp to € at the point p, then p lies in the polar 
plane of q. This follows directly from the symmetry o(p,q) = 0(q,p) of 
the bilinear form o. 


By analogy with conics (note [46, p. 263]), we call two points p and q 
conjugate w.r.t. the ellipsoid € if one of these points lies in the polar plane 
of the other, i.e., if (2.10) holds. Only the points q € € are self-conjugate, 
i.e., they lie in their polar plane and satisfy o(q,q) = 1. 


As a consequence, in each orthogonal or oblique view, the visual contour 
of an ellipsoid is an ellipse. In each central projection with its center 
outside €, the visual contour of € is an ellipse, a parabola, or a hyperbola 
(note [46, p. 153ff]). 


Lemma 2.1.1 (i) Jf the pole Q moves along a line g, the corresponding 
polar plane mg either rotates about a line g*, which is called the polar line 
of g, or it undergoes a translation. In the second case, the polar line g* 
is defined as a line at infinity (Figure 2.8). 

(ii) If a plane € intersects the ellipsoid E along an ellipse e, then the 
relation of conjugate points w.r.t. e within € is exactly the restriction to 
€ of the relation of conjugate points w.r.t. E. 


Proof: (i) Let the line g connect the points Q1 and Q2. Then, the corresponding position 
vectors of Q, Qi, and Qo satisfy 
q=(1-A)qi +Aq2, AER, 
which implies, for the polar plane 7g, the equation 
o(a;x)-1 = [(1-A)o(a1,x) + Ao(q2,x)]-1 
= (1-A)[o(ai,x)-1]+A[o(q2,x) - 1] = 0. 


Hence, mg either passes through the line of intersection g* = 7g, N7Q,, or, in the case of 
parallelity, 7g is parallel to 7g, and 7g,. The latter case shows up when the position vectors 


3For the sake of simplicity, we identify, in the following, points Q with their position vectors 
q. Therefore, we speak of the point q for short. 


2.1 Ellipsoids 19 


FIGURE 2.8. While the pole @ moves along a line g, the corresponding polar 
planes rotate about the polar line g*. 


qi and qp2 are linearly dependent, i.e., the line g = [Q1,Q2] passes through the center of the 
ellipsoid. Of course, the relation between g and g”* is also symmetric. 


(ii) For points Q € € in the exterior of E€, the tangent cone from Q to € contacts € along a 
conic in the polar plane 7g. This tangent cone intersects the plane ¢ through the apex Q in 
the two tangents drawn from Q to the conic e. Therefore, the polar line of Q w.r.t. e lies in 
TQ, and consequently, points conjugate to Q w.r.t. e are also conjugate to Q w.r.t. €. On the 
other hand, points of e are self-conjugate w.r.t. e and €. According to [46, Sec. 7.1], this is 
sufficient for proving that conjugacy w.r.t. e c € equals the restriction of conjugacy w.r.t. E to 
the plane e.4 La 


As mentioned above, for all points Q on a diameter line g of €, the polar 
planes 7g are mutually parallel. The polar line g* of g is the line at 
infinity of mg. If mg intersects € along an ellipse e, then the center of e 
is conjugate to all points of g* w.r.t. e and, by virtue of Lemma 2.1.1, 
also w.r.t. €. Thus, each ellipse e = 7g € has its midpoint on the line 
connecting the ellipsoid’s center with the pole Q of 7g. 


Lemma 2.1.2 The quadratic cone formed by the tangents from the point 
q to the ellipsoid E satisfies, in terms of the bilinear form (2.1), the 


4 As already announced, a deeper insight into the polarity w.r.t. quadrics follows in Chapter 4. 
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equation 
[o(q,) - 1] [o(x,x) - 1] -[o(q,x) - 1] = 0. (2.11) 


Proof: We verify: All points p € €, which lie in the polar plane of q w.r.t. E, i.e., with o(p, p) = 
1 and o(q,p) = 1, satisfy (2.11). However, the same holds for all points x = (1 - A)p + Aq, 
A€R, on the line connecting p with q, as shown below: 


[o(a,a) - 1] [o ((1-A)p+Aq, (1-A)p+ Aq) - 1] -[o (a, (1-A)p + Aq) - 1]? 
= [o(q,q) - 1] [(1-A)?o(p, p) + 2(1 - A) Ao(p, a) + A7o(a,4) - 1] 
- [(.-A)o(a,p) + Ao(a, a) - 1] 
= [o(a,q) - 1]? [-1+ o(a,4)] - 0? [-1+ o(a,a)]}? = 0. 
For points q € €, (2.11) is reduced to the square of (2.6) of the tangent plane to € at q. Hence, 


this cone, if seen as a set of points, degenerates into the tangent plane, but counted with 
multiplicity two. 


The dual representation of this cone, 7.e., the condition for its tangent planes with equations 
ux + vy +wz-1=0, consists of two equations, (2.8) and zqgu+ yqu+ zquw = 1 (note the dual 
equation as used in Exercise 2.1.4). a 


Let us substitute q = Ar in (2.11). Then, we obtain 
[\o(r, r) - 1] [o(x, x) - 1] - [Ao(r,x) - 1]? = 0. 
For fixed r we obtain as the limit for A > oo 
o(r,r)[o(x,x) -1] -0°(r,x) =0. (2.12) 


This is the equation of a quadratic cylinder tangent to € and with gener- 
ators parallel to the vector r. The points of contact belong to the plane 
satisfying o(r,x) = 0. 


Below, we present a result attributed to GASPARD MONGE (cf. [127, 
p. 186]). This is a three-dimensional analogue to the director circle of an 
ellipse, which was discussed in |[46, p. 47]. 


Theorem 2.1.3 The point S is the intersection of three mutually orthog- 
onal tangent planes T,, T2, and 73 of the ellipsoid E with center M and 
semiazes a,b,c if, and only if, 


MS? =02+0?4+0=Mn +Mm +My. (2.13) 


Proof: We refer to the tangential equation (2.8) of the ellipsoid €. Let three mutually orthog- 
onal tangent planes 7;, i = 1,2,3, be given with coordinate vectors uj; := (ui, vi, wi) satisfying 
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(2.7). We combine these vectors as columns in a 3 x 3-matrix T. Then, after normalization of 
the column vectors, we obtain the orthogonal matrix 


1 
ul ug ug mat = e 

M= Vy -U2.—i«B 0 Teal 0 =TN 
W1 wW2 ws 0 0 1 


with N =diag( +, +, +). 


Juall’ fuel? Tus 
The three tangent planes intersect at the point S with position vector s. Hence, s satisfies 
the equations (u;, s) = 1 of 7; for i = 1,2,3, where ( , ) denotes the standard scalar product 
in R°. We set s = A\1 uz + Agu + A3u3 and, by virtue of (uj, uj) = 0 for i + 7, we obtain 
Ai = 1/(ui, ui), te, 


: + 2 + : (2.14) 
= — uy + — un + —— up. : 
jus ||? uel? jus ||? 
Therefore, 
—— 1 i i 
We = fal Se ge (2.15) 


Jur? |ju2l|? us|? 
On the other hand, all three vectors u; satisfy the dual equation (2.8). This means, in matrix 
form, 


ut a 0 O x 
TTAT= us 0 bb O (ui u2 ug)=[ * 1 * 
uy 0 0 ¢ x % 


We substitute T = MN™! and obtain, after multiplication with N from both sides, 


i, 
—z * * 
* ual] 


1 « 
MTAM=N| « 1 «* |N= * Teale * : (2.16) 
1 LE 
: ‘ * Tus? 


Since MT = M7}, the trace of the left-most matrix in (2.16) equals the trace of A, i.e., 
a? + b? +c”, and also the trace of the right-hand matrix. However, by virtue of (2.15), the 


—2 ——2 
latter is equal to MS . Thus, together with M7; = Tee the equation (2.13) is confirmed. 


Conversely, the point S satisfies (2.13). Then, S is an exterior point of E, since its distance to 
the center M is larger than the maximal semiaxis a of €. Tangent planes parallel to [M, S] 
envelop a tangent cylinder of €. We use one of these planes, 71, as image plane of an orthogonal 
projection. Then, the image S” of S lies outside the visual contour of €. We select one tangent 
line through S” to this contour. This is the image of a tangent plane 72 orthogonal to 7,. We 
denote the unique third plane through S' orthogonal to 71 and 72 with ¢. By virtue of (2.13), 
its distance to M satisfies 


Me? =a? 48?4+02?-Mn?-Mn’. 


On the other hand, among the tangent planes of €, exactly two are parallel to «. According 
to the first part of this proof, their distance to M equals that of ¢. Consequently, ¢ must be 
one of these tangent planes, which finally confirms the statement of Theorem 2.1.3. a 


Remark 2.1.3 The proofs above reveal that the Theorems 2.1.2 and 2.1.3 are similarly valid 
in higher-dimensional spaces for hyper-ellipsoids, the higher-dimensional counterparts of ellip- 
soids. 
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FIGURE 2.9. A box circumscribed to a triaxial ellipsoid € is inscribed in the 
director sphere D. 


As claimed in Theorem 2.1.3, the common points S of the orthogonal 
triplets of tangent planes of € are located on a concentric sphere with ra- 
dius Va? + b? + c?, called director sphere D. After reflection of the triplet 
(71,72,73) in the center M of €, we obtain the six faces of a box circum- 
scribed to € and inscribed in the sphere D, since each vertex of this box 
is the meet of three mutually orthogonal tangent planes. The three edge 
lengths of this box are 2 M7;. All diagonals are diameters of the director 
sphere. 


In order to determine a single box, we specify one tangent plane 7, and 
project E€ orthogonally into 7,. We obtain an ellipse, the visual contour of 
€, and a one-parameter set of circumscribed rectangles (see [46, p. 47]). 
Any two orthogonal sides of such a rectangle can be chosen as orthogonal 
views of tangent planes 72 and 73 which form with 7, an orthogonal triplet. 
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This proves that there is a three-parameter family of circumscribed boxes. 


Each point S € D is a vertex of a circumscribed box. There is even a 
one-parameter family of triplets (7,72,73) of orthogonal tangent planes 
passing through S. They perform a constrained motion which keeps S' and 
M fixed. During this motion the distances 1/|u;|| of these planes to the 
center M of € vary, according to (2.14), while they envelop the quadratic 
cone drawn from S$ tangent to €. This is a special quadratic cone: It is 
dual (in the sense of planar Projective Geometry) to an equilateral cone 
(see [46, p. 459-463]), which carries triplets of orthogonal generators and 
whose quadratic form has a vanishing trace. 


A parameter count reveals: We have a three-parameter family of boxes 
circumscribed to €, but, due to Theorem 2.1.3, only a two-parameter set 
of admissible dimensions. Hence, we cannot fix an ellipse in such a box, 
except in the case when one edge length equals the smallest or the largest 
diameter of €. In other words: 


Theorem 2.1.4 Let € be a triaxial ellipsoid with semiares a > b > c. 
Then, each rigid box circumscribed to E with edge lengths smaller than 2a 
and bigger than 2c can move, while all six faces remain tangent to E. 


In Corollary 7.1.3, we will learn that only for apices on the focal conics 
of €, the tangent cone is a cone of revolution (note Figure 7.6). 


Each ellipsoid bounds a convex body. In the literature, there are many 
theorems which characterize ellipsoids among all strictly convex bodies 
by various properties, e.g., by planar contours. For more details, see [48]. 


Parametrizations of ellipsoids 


In order to obtain a parametrization of the ellipsoid € with standard 
equation (2.2), we recall the well-known parametrization of a sphere by 
its geographic longitude A and latitude 7. We can transfer it to the 
parametrization of € by applying the affinity a in (2.3). Thus, we obtain 


E: x(\,7T) = (acosAcost, bsinAcosT, csinT) (2.17) 


for 0< A < 2m and -}<7< 4. This parametrization is one-to-one apart 


from the two singularities, the vertices 7 = +5 on the z-axis. 
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The half-angle substitutions 


: 1-u? 2 
sink =——“ , cosr= 7 
1+u? l+u 


with wu = tan 2 and v = tan — 
2 2 2 


give rise to a rational parametrization of the ellipsoid: 


Qau 2 1-u? 2bv = c(1-v") 
L+u21+v2’? Ll+u21l+v2? 1+? 


x(u,v) = (2.18) 


for ué R and -1 < v <1, which is one-to-one for |v| # 1. A stereographic 
projection of € into a plane (see page 75) can be used for deriving a 
rational parametrization of € of even lower degree, namely 


2au 2bv e(1 - u? - v?) 


X(U,U) = | ———,. -_ 
cen) L+u24+vu2? Ll+vr4u2’? Ll+ur+v? 


(2.19) 


Due to a standard result of Differential Geometry, each parametrization 
of an ellipsoid has a singularity. 


@ Exercise 2.1.1 Conjugate diameters span a constant volume. 
Prove the final statement of Theorem 2.1.2: For all triplets of an ellipse, the parallelepiped 
spanned by conjugate diameter segments MP,, MP2, MP3 has the constant volume abc. 


@ Exercise 2.1.2 Affinely invariant orthogonality. 

Prove the following theorem: Pairs of orthogonal lines which remain orthogonal when trans- 
formed by the affine mapping (x,y,z) + (pa, qy, rz) with mutually different p,q,r € R \ {0}, 
are parallel to a pair of principal curvature tangents at a point of an ellipsoid (see page 2.1). 


Hint: Orthogonal lines through the origin are conjugate diameters of the unit sphere; compare 
with [111]. 


e@ Exercise 2.1.3 Three mutually orthogonal tangents. 

Prove the following theorem: Given an ellipsoid E with semiazes a, b, and c, the locus of 
points P, from which three mutually orthogonal tangents of E can be drawn, is a coazial 
ellipsoid E* with semiaxes 


bc? a2c? a2b? 
a“ =\fa?+ 5s, Wa\[P+ zs, CHAVlPt+>z—7- 
be +e a* +c a* +b 


Hint: By virtue of [46, p. 459ff], the cone with apex P and tangent to € must be equilateral. 
In this case, the trace of the quadratic form, which shows up in the Cartesian equation of the 
tangent cone (2.11), must vanish. 


@ Exercise 2.1.4 Another proof of Theorem 2.1.3. 


Three mutually orthogonal tangent planes of the ellipsoid € are passing through S if, and only 
if, the tangent cone with apex S is dual (in the sense of two-dimensional Projective Geometry) 
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FIGURE 2.10. Tangent cone Cg as a cone of revolution (Exercise 2.1.5). 


to an equilateral cone, a so-called dual-equilateral cone. Therefore, by virtue of [46, p. 459ff], 
the tangential equation of this cone — dual to [46, (10.13)] — must have zero trace. Show 
that this trace equals (a? — re) +(b? - ye) + (27 - 22). 

Hint: Translate the coordinate frame such that S is the new origin. This means that the 
homogeneous coordinates (ug : ui : uw: u3) = (-1:u:v:w) of the tangent plane, as used in 
(2.8), are replaced by (ug : ui : us: us) where ug = -uo + @gui + ysu2 t+ zgu3 and uh = uj 
for i=1,2,3. Plug this into (2.8). Then, after setting Ug = 0, one obtains the requested dual 
equation of the tangent cone with apex S. 


e@ Exercise 2.1.5 Tangent cones of revolution. 
Prove the following theorem (Figure 2.10): Let the tangent cone of the triaxial standard 
ellipsoid E in (2.2) with apex S in the plane y =0 be a cone Cg of revolution. Then, S lies 
on the hyperbola h satisfying 
2 2 

x z 7 
woape lao 
This is the focal hyperbola of E (see (7.3)). 


Hint: A cone of revolution with apex S' = (€,0,¢) intersects the unit sphere centered at S 
along a pair of circles. Their planes are symmetric w.r.t. S and orthogonal to the plane y = 0. 
In the translated coordinate frame with origin S, the tangent cone Cg satisfies, by virtue of 
(2.11), the homogeneous equation 


(S-)5+(S+$-1)4+(S-)5- 286 =0 


a2? b? a? 


h: 


The claim for a cone of revolution yields the necessary condition 


[(b? c7 ye? (a? b?)¢? (a? b7)(b? c)] [c?¢? +a7C? -a’c?] =0. 
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2.2 Hyperboloids 


FIGURE 2.11. One-sheeted hyperboloid H™), two-sheeted hyperboloid H®). 


The equations of the one-sheeted hyperboloid H) and the two-sheeted 
hyperboloid He), 


2 
1=0 and H®: 5-2 = 1=0, (2.20) 
a 


differ only in one sign. Nevertheless, their appearances are quite different 
and already expressed in their names (Figure 2.11). 


In the case b = a, the one-sheeted hyperboloid H™) is a surface of revo- 
lution w.r.t. the z-axis. On the other hand, under b = c the two-sheeted 
hyperboloid ©) is a surface of revolution w.r.t. the z-axis. One obtains 
these surfaces from a hyperbola with semiaxes a and c in the [z, z]-plane 
by rotation, either about its secondary axis or about its first axis. The ro- 
tations of the asymptotes generate cones of revolution, the corresponding 
asymptotic cones. By rotation about the secondary axis, the vertices of 
the hyperbola in the [z, z]-plane trace the gorge circle of the one-sheeted 
hyperboloid of revolution. 


The special cases of hyperboloids with two equal semiaxes a = b or b=c¢ 
can be transformed in all other hyperboloids given in (2.20) by respective 


2.2 Hyperboloids 27 


axial scalings 


ay: (x,y,z) »% (2, y',2/)=(2, - y,z) for HO, 


(2.21) 


Olam ola 


a2: (2, Y, z) sg (2, yy, z') ={[2, Y, @ for He), 
The asymptotic cones of revolution are sent hereby onto the respective 
asymptotic cones satisfying 


x 2 42 2 2 
ol ti y= and C®): aca (2.22) 
These quadratic cones have their apices at the center M of the hyper- 
boloids. In the one-sheeted case, the affine transformation a1 transforms 
the gorge circle into the gorge ellipse of H™. 


Besides the different appearances of the two hyperboloids, there is another 
fundamental difference: Only one-sheeted hyperboloids H™) are ruled 
surfaces, t.e., swept by a line moving in space. They even carry two 
families of lines. Each family is called a regulus of H“), and each line on 
H is called a generator or ruling of H. 


For each regulus, we get a single generator by intersecting HH” from 
(2.20) with the plane y = b: The (2, z)-coordinates of the common points 


satisfy 
ue LC 2\f" 2z 
008 -B(E +2)(E -2). 
a* c* \a c/\a ec 


Thus, the curve of intersection splits into two lines with the slopes +c/a.° 
A one-sheeted hyperboloid of revolution can be generated by revolving 
one of these lines about the axis of revolution (Figure 2.12), a result 
which is attributed to Sir CHRISTOPHER WREN (1669), who designed St. 
Paul’s Cathedral in London. We study this case first and the apply the 
affine transformation a, for deriving properties of the two rulings in the 
general case. 


One-sheeted hyperboloid of revolution 


Let two skew lines be given: An axis s and a generator e. First we prove 
that during the rotation about s the line e sweeps out a one-sheeted 
hyperboloid H 4. The converse was already proved above: Each one- 
sheeted hyperboloid H™) of revolution can be obtained in this way. 


5In the case of a two-sheeted hyperboloid, these two lines are complex conjugate. 
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FIGURE 2.12. 1-sheeted hyperboloid H™), generated by rotation of e about s. 


Lemma 2.2.1 Let a line e rotate about an axis s which is neither parallel 
to e nor orthogonal or intersecting. Then, the poses of e form one regulus 
of a one-sheeted hyperboloid HY of revolution. The second regulus can 
be obtained by reflection in any plane through s. 


The shortest distance between e and s equals the radius of the gorge circle 
of HY: the angle between the two given lines equals half of the angle of 
aperture of the asymptotic cone. 


In Figure 2.13, we visualize the rotation of e about s in top and front 
view. For the sake of simplicity, we specify the axis s as the vertical z- 
axis and choose an initial pose e, of e parallel to the image plane of the 
front view, the [y, z]-plane (note [46, Fig. 4.1]). The x-axis is placed along 
the common normal of s and e;. The following proof of Lemma 2.2.1 is 
of constructive nature and based on both views, top view and front view. 


Proof: The poses of the line e generate the e-regulus on the swept surface. We recognize the 
shape of this surface when we look for its meridians, i.e., its mutually congruent intersection 
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FIGURE 2.13. Top and front view visualizing the rotation of the given line e 
about the vertical axis s. 


curves with planes passing through the axis s. In particular, we focus on the meridian mo in 
the [y, z]-plane. 


Each point P € e traces a horizontal circle, a parallel circle on H“) which intersects the [y, z]- 
plane in two points symmetric w.r.t. s. The smallest parallel circle, the gorge circle of HO, 
is the trajectory of the point Q € e on the common perpendicular of s and e. We denote the 
distance between s and e with d. 


Let the z-coordinate of any point P, € e; be given. Then, in terms of the slope angle a 


of ei and e w.r.t. the horizontal [x,y]-plane, the coordinates of P; € e1 are (d, zcota, z) 
(see Figure 2.13), where 0 < a < }. We rotate P; about s to the point Po on the right 


half of the meridian mo in the [y,z]-plane and obtain the coordinates Po = (0,y,z), where 
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y? = d? +z cot? a. This shows that Po satisfies the equation 
y? 22 - 
d2 (dtana)? — 

of a hyperbola with the center M at the origin. 


Conversely, for each hyperbola in the [y, z]-plane that is centered at the origin and has a and c 
as its semiaxes, we immediately find the corresponding pair (d,a@) where a = d and b=dtana 
so that each one-sheeted hyperboloid of revolution can be generated by rotating a line e about 
a skew axis. The parallels to the poses of e through the center M of H) form the asymptotic 
cone of H®), 


The meridian mo of H@) appears in the front view of Figure 2.13 as the contour of the 
hyperboloid. At each point of mo, the tangent plane to HO is orthogonal to the [y, z]-plane. 
Therefore, the front view e” of any pose e is tangent to m//, and the point of contact is the 
front view of the point U of intersection between e and the [y,z]-plane. For e1 this point 
lies at infinity which reveals that e// is an asymptote of mj and tangent to mg at a point at 
infinity. 

Since, under the rotations about s through angles between 0° and 360°, no point outside the 
axis remains fixed, any two different poses of the generator e must be skew. 


The reflection in any plane through the axis s maps H™) onto itself while each pose of e is 
mapped onto another line f ¢ H@) which meets e at the finite or infinite point of intersection 
between e and the mirror plane. Thus, we obtain a second regulus on our hyperboloid, which 
we call the f-regulus. It is the complementary regulus of the e-regulus. 


The reflection of e in the [y, z]-plane yields a generator f with the front view f” coinciding 
with e”” and tangent to mg at the contour point U’’. This reveals that the tangent plane ty 
is spanned by the two generators e and f passing through U, and this is valid for each point 
Uc H®). a 


The two reguli can be distinguished from the viewpoint of chirality, ac- 
cording to their relative position to the axis. We can move each genera- 
tor into the axis s by a helical transformation, composed of a translation 
of length a along the common perpendicular and by a rotation about 
this perpendicular through an angle 6 between -7/2 and 7/2, where 
|cot | = a/c. With reference to the notation in Figure 2.13, this yields a 
left-handed screw for e-generators, since 6 <0, and a right-handed screw 
for f-generators. Therefore, e-generators are called left-twisted to the axis 
s and f-generators right-twisted.® 


Any two generators e, f taken out from different reguli of H@) must be 
intersecting or parallel. We find the point of intersection in the bisector 
plane of the trace points of e and f in the plane of the gorge circle. This 
is a meridian plane and a plane of symmetry between e and f. 


6Note that being left-twisted is a symmetric relation: When e} is left-twisted to s, then s is 
left-twisted to e1, too. 
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We can control the complanarity of each e- and each f-generator in Fig- 
ure 2.13. Let the top view f’ be given, tangent to the top view of the 
gorge circle. Then, the corresponding front view f’’ must pass through the 
front views of all points of intersection between our particular f-generator 
and all e-generators, in particular those parallel to the [y, z]-plane, which 
appear as asymptotes of m¢. 


Another property of our hyperboloid H@) becomes apparent when in- 
specting Figures 2.13 and 2.14: We know that all surface normals of a 
surface of revolution meet the axis s. Hence, while a point P runs along 
the generator e, the surface normal np as well as the tangent plane Tp to 
H must rotate about e (Figure 2.13). In the top view, we see the trace 
rp of this tangent plane tp passing through the trace point Q of e and 
perpendicular to n‘p = [P’,s’]. When P tends along e to infinity, the tan- 
gent plane ty becomes the asymptotic plane of e. Its trace equals [Q, s’], 
and this proves that the asymptotic plane passes through the center MW 
of H) and is tangent to the asymptotic cone. The asymptotic plane is 
orthogonal to the tangent plane Tg at the point @ on the gorge circle. 


Conversely, for each plane Tx through e, there exists one, and only one, 
point X ¢€ e where the given plane Tx contacts the hyperboloid (Fig- 
ure 2.13). We find the top view of this point on the line n, perpendicular 
to the trace of Tx. If, for example, the front view of Tx coincides with 
e’", its point of contact coincides with the unique contour point U” of e”” 
on mo. 

Let us look in more detail at the relation between points P € e and their 
tangent planes tp 2 e. In Figure 2.15, the front view (left) shows the 
projection into the meridian plane which is parallel to the generator e, 
while, in the side view (right), the line e is depicted as a point. This side 
view shows the angle ~ between different surface normals in true size, 7.e., 
undistorted. We compare the normals ng at the point @ on the gorge 
circle and np at the point P at distance u to Q. In terms of the angle a 
with tana = c/a, we derive 


ucota ua wu 


tan wy = —, hence u = ctanw. (2.23) 
c 


ac 


As indicated in Figure 2.15, the length u of the translation along e from Q 
to P and the angle ~ of the rotation about e from Tg to Tp are equipped 
with a sign. In the case of the left-twisted generator e, this motion is 
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FIGURE 2.14. The distribution of tangent planes rp along the generator e. 


a right-handed screw motion, while, for right-twisted generators f, this 
screw motion is left-handed. 


We will learn in Chapter 9 that an equation similar to u = ctanw is even 
valid for general ruled surfaces R, which are defined as surfaces swept out 
by any line moving in space (note Figure 9.7 on page 398). The poses 
of this line e are again called generators or rulings. Through each point 
P€® passes a generator e, which also belongs to the tangent plane tp 
at P. When P moves along e, then 7p is either constant or varies from 
point to point. In the first case, the generator e is called torsal, otherwise 
skew. 


Ruled surfaces which include only torsal generators are called developables 
or developable surfaces". Cones or cylinders are examples of developables. 


’ According to a theorem from Differential Geometry (Chapter 9, page 399), developables are 
the only surfaces which can be flattened, i.e., for which there exists an isometric mapping 
into the plane. Smooth developables are either cylindrical and conical surfaces or tangent 
surfaces, t.e., generated by the tangent lines of a space curve. 
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FIGURE 2.16. The tangent plane tp at the point P € e is defined by the 
distribution parameter 6 via u=—dtanw. 


Ruled surfaces with only non-torsal generators are called skew ruled sur- 
faces. The reguli on one-sheeted hyperboloids are examples of skew ruled 
surfaces. 


On each skew generator e, there exists a particular point S, the central 
or striction point and a constant 6 € R such that for the tangent plane tp 
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at any point P €e holds 
PS = dtanw with w =4TprTs 


(note Figure 2.16). The rate 6 is called distribution parameter®, since it 
controls the distribution of tangent planes along a generator. We obtain 
6=+4PS for yw = 45°. The limit PS > oo shows that rg is orthogonal to 
the asymptotic plane, i.e., the tangent plane at the ideal point of e. 


Corollary 2.2.2 For all generators of a one-sheeted hyperboloid of rev- 
olution H), the absolute value of the distribution parameter |5| equals 
the secondary semiazis c of the meridians. The distribution parameter 6 
is positive for generators that are right-twisted to the axis and otherwise 
negative. 


Proof: All generators of H™) have their striction point on the gorge circle, since the asymptotic 
planes are tangent to the asymptotic cone. The rest follows from (2.23). 


As noted above, 6 can be equipped with a sign by the definition that 6 is positive if, and 
only if, the translation along the generator and the rotation of the respective tangent planes 
corresponds to a left-handed screw (note [106, p. 266, Remark 5.3.4]). By virtue of Figure 2.15, 
we obtain a negative distribution parameter for generators e c H™) which are left-twisted to 
the axis s. Therefore, the signed distribution parameter of any generator of H®) satisfies 


6 =acot B, (2.24) 


when both the distance a = 3 and the angle 6 = ¥es are signed according to the screw motion 
along the common perpendicular, which carries e to s. a 


Finally, we recall that each one-sheeted hyperboloid can be transformed 
by the affine transformation a; from (2.21) into a one-sheeted hyperboloid 
of revolution. Therefore, we can summarize some properties that were 
originally derived only for the revolute-case (see Figure 2.17). 


Theorem 2.2.1 Each one-sheeted hyperboloid H™ carries two one- 
parameter families of lines, the e-regulus and the f-regulus. Any two 
different generators of the same regulus are skew. Any two generators 
taken from different reguli are intersecting or parallel. They span either 


8 The distribution parameter of e equals the limit of the ratio of the signed distance and 
angle (in radians) between e and a neighboring generator e; which converges towards e, i.e., 


, and this is valid for all skew generators of any ruled surface. 
ele yee 
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FIGURE 2.17. One-sheeted hyperboloid with its two reguli and the axes of 
symmetry. 


the tangent plane Tx at their point of intersection X or the asymptotic 
plane at their common point at infinity, and this plane passes through the 
center M of HH). The asymptotic cone of HY), formed by lines passing 
through M parallel to any generator, is the envelope of the asymptotic 
planes of the generators. 


In Chapter 4, we will learn more generally, that the set of lines meeting 
simultaneously three given and mutually skew lines is always a regulus. 


Three theorems on one-sheeted hyperboloids of revolution 


First, we focus on a quadrilateral formed by two e- and two f-generators 
on a one-sheeted hyperboloid H#). By virtue of Theorem 2.2.1, this 
quadrilateral must be skew, 7.e., non-planar. 


Theorem 2.2.2 The sides of a non-planar quadrilateral are located on a 
one-sheeted hyperboloid of revolution if, and only if, an alternating sum 
of its side lengths vanishes. 
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Proof: From left to right: 

Let X1,...,X4 be the vertices of a quadrilateral with sides [X1, X2], ..., [X4, Xi] being 
generators of a one-sheeted hyperboloid HO), and let z1,...,24 be the respective z-coordinates 
w.r.t. the coordinate frame used in Figure 2.13. Since all generators enclose the same angle 
90° — a with the z-axis, we can express the length s; of the side X;Xj41, i modulo 4, as 


8; = |Zi41 — 2: |/sina. 


The identity 

(z2 -21) + (23 — 22) + (24 — 23) + (21 — 24) =0 
gives rise to a vanishing sum of the side lengths s1,...,s4, each with an adjusted sign. No 
single side length can be equal to the sum of the other three, since in this case the four 
vertices would be aligned, which contradicts our assumption of non-planarity. Therefore, in 
this vanishing sum, two side lengths must have a plus and two a minus. 
The same can be concluded from the fact that the top view in the [z,y]-plane shows a 
quadrilateral with side lengths s; cosa, ..., s4cosq@ circumscribed to the gorge circle. 
We distinguish two cases, depending on whether the quadrilateral surrounds the axis of H@) 
or not. According to this, by choosing an appropriate initial point X1, we can set up our 
alternating sum, without restricting generality, as either 


(a) s1-sg+s3-s4=0 or (b) s1-s2-s3+84=0.9 (2.25) 


FIGURE 2.18. Proof of the sufficiency of the conditions (a) or (b), as stated in 
Theorem 2.2.2. 


From right to left: Let a skew quadrilateral with consecutive vertices X1,...,X4 and a van- 
ishing alternating sum of type (a) or (b) be given. Now, we protract from X1 on the line 
[X1,X4] the side length s;, namely, in case (a) in the direction X 1X4, in case (b) in the 
opposite direction. This yields the point Yj. Similarly, we protract from X3 along [X3, X4] 
the length sg, and obtain Y2 (see Figure 2.18). Then, in both cases, we have equal distances 


X4Y1 = X4Y2, 


° According to [46, Exercise 2.2.9], in these cases X2 and Xq are focal points of a quadric of 
revolution, a two-sheeted hyperboloid, or an ellipsoid which passes simultaneously through 
Xj and X3, and vice versa. Note also [46, Fig. 4.17]. 


2.2 Hyperboloids 37 


since under (a) X4Y1 = |s1—8a| = |s2—s3|] = X4Y2, and under (b), X4Y1 = $1+54 = $9+83 = X4Y2. 
There are two cases to be distinguished: 


(1) If Y1 # Yo, these two points, together with X2, span a plane «, since, in the case of 
collinearity, the quadrilateral would be planar. Let us assume that the plane ¢ is horizon- 
tal. Then, we find three isosceles triangles with a horizontal basis: AX2X1Y1, AY2X4Y1, 
and AX2X3Y2. Hence, through reflections in vertical planes, we can transform [X2, Xi] + 
[¥1,X1] = [%1, Xa] & [Yo, X4] = [Yo, X3] + [Xe2,X3]. Consequently, the four sides of the 
quadrilateral have the same inclination angle a < 90° w.r.t. €. 


In the top view in €, as shown in Figure 2.18, the four side lengths, each multiplied with cos a, 
satisfy an equation analogue to (2.25). Therefore, the top views of the four sides are tangent 
to a circle. Consequently, the four vertical planes of symmetry between any two neighboring 
sides have a vertical axis s in common. The side line [X1, X2] can be transformed into the 
other side lines either by a rotation about s or by a reflection in a plane through s. This 
confirms that the four sides are located on a one-sheeted hyperboloid of revolution with axis 
Ss. 


(2) An identity Y; = Y2 is only possible in case (a), when s1 = s4, and therefore, also s2 = 53. 
Then, the quadrilateral admits a planar symmetry: The perpendicular bisector o24 of X2 and 
X4 passes through X, and X3. The interior bisector plane of the angle 4 X1X2X¢3 intersects 
o2a in a line s which has the same properties as the axis s in the previous case (1). a 


Theorem 2.2.3 For any two skew generators e1,e€2 on a one-sheeted hy- 
perboloid H of revolution with the secondary semiazis c holds a relation 
between the shortest distance d := €,€z and the enclosed angle yp :=4e1e2, 
as given below: 
d g 
—= cot =c. 
5 Col =e 


Proof: We refer to the particular position of H@) as used in Figure 2.13. Let e; and eg be two 
poses with trace points Q1,Q2 symmetric w.r.t. the [x,z]-plane. Then, the rotation about 
the x-axis through 180° exchanges the two generators e; and eg, and their common normal is 
orthogonal to the x-axis. If a denotes the radius of the gorge circle, we can set 


acos w asinw acos w -asinw 
e1: -asinw |+R] acosw ], ea: asinw |+R] acosw 
0 c 0 c 


The common normal passes through (acos7~, 0,0) and has the direction of (0, c,-acos w), 
which gives for the distance d = @yé@9 = 2acsin w/\/ a? cos? w + c?. 


On the other hand, we obtain for the angle y = 4e1e2 between the two generators 


a? (cos? w — sin? w) + c? 7) 1-—cosy asinw 
cos p = ———————-————~. and tan — = , / ———— = —_____—_. , 
a? +c? 2 l+cosy a2 cos? w + c2 
which immediately yields the statement of Theorem 2.2.3. La 


Theorem 2.2.3 offers another possibility to prove Corollary 2.2.2 by com- 
puting the limit e2 > ey. 
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FIGURE 2.19. Two hyperboloids of revolution in contact along the line e. 


Theorem 2.2.4 Any two skew lines s; and sq are respective axes of two 
one-sheeted hyperboloids of revolution which contact each other along a 
common generator e. All possible lines e of contact form a Pliicker conoid 
(= cylindroid) passing through s1 and s2 (Figure 2.20). 


Proof: We use the common normal of the given lines (si, s2) as the z-axis of a Cartesian 
coordinate frame and set 28 :=4s51s2 withO< $< oT and, for the shortest distance, 2d := 5759 
(Figure 2.20). Then, we can define the two axes by the equations 


z=+d, x:y=+cosP:sin~£. 


The contact along the generator e implies that the two hyperboloids share the distribution 
parameters (note Figure 2.16) and the striction points of e, i.e., the points of intersection Q1, 
Q2 of e with the respective gorge circles. Consequently, the common surface normal ng at. 
Q1 = Q2 coincides with the common perpendicular of s; and sg, which was chosen as the 
z-axis. Thus, we can specify the line e of contact by the equations 


z=z0 and 2x:y=cosyo:singo. 


Then, the gorge circles of the two hyperboloids have the respective radii |d¥ zo|, and the angles 
between e and the given axes s1, s2 amount to |8¥yo|. By virtue of Corollary 2.2.2 and (2.24), 
equally signed distribution parameters of the two one-sheeted hyperboloids yield the condition 


(d - z0) cot(B — yo) = (d+ z0) cot(8 + yo), 
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FIGURE 2.20. The axes 51, 2, the line e of contact, and a portion of the Pliicker 
conoid C. 


and, furthermore, 


(d- 20) cos(8 — go) sin(B + po) = (d+ 20) cos(8 + go) sin(B - Yo), 
hence 
5(d- zo)(sin 26 + sin2yo) = 5(d+ zo)(sin 26 — sin 20). 


Thus, we end up with the equation!® 


d 
dsin2yo = zosin26, z= sin 2yo. (2.26) 
sin 23 
The line of contact e can be parametrized as (2,y,z) = (tcosyo, tsinyo, 20), where t € R, 
-1™ < po < m and 20 = z0(¢~o) satisfies (2.26). All these lines form a cubic ruled surface called 
Pliicker conoid or cylindroid C fulfilling the equation 
2d xy 


z= : 2.27 
sin 26 x2 + y2 ay) 


Obviously, C passes through the given axes s; and s2 and through the z- and y-axis. The 
double line is part of the z-axis. The conoid C is bounded by the tangent planes z = +d/sin 26 
along two torsal generators. By the same token, in orthogonal views, as that in Figure 2.20, the 
visual contour of C, i.e., the envelope of the depicted generators of C, is affine to a hypocycloid 
of three cusps, called Steiner curve (cf. [90, p. 220]). More about the contour of Pliicker’s 
conoid can be found in Exercise 6.9.6. Ll 


10For an alternative proof of Theorem 2.2.4, note Exercise 2.2.2. 
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Remark 2.2.1 Such pairs of contacting one-sheeted hyperboloids play an important role in 
spatial gearing as the axodes of a uniform transmission between the rotations about skew 
axes. 


By the same token, the complete intersection between the two contacting hyperboloids consists 
of the line of contact e with multiplicity 2 together with two complex conjugate generators of 
the f-regulus (cf. [105, p. 119-122]). 


Planar sections and tangent cones of hyperboloids 


Based on the standard equations of hyperboloids H in (2.20), we can 
define a symmetric bilinear form o as 
T1TQ2 | Y1Y2 7142 


o(X1,X2) = a ror (2.28) 


such that the equations of the hyperboloids can be expressed briefly as 
o(x,x)-1=0 with the associated asymptotic cones given by o(x,x) = 0. 


Similar to ellipsoids, we assign to each point P with position vector p = 
(xp,yp, zp) the polar plane given by 


mp: o(p,x)-1=—pae Py-@2z-1=0. (2.29) 
Cc 


All points Q € mp, %.e., with position vector q satisfying o(p,q) — 1 = 0, 
are called conjugate to P w.r.t. H, and this is a symmetric relation. 

We can extend the relation of conjugacy even to points at infinity. For 
the point q = Ap, the limit X > oo yields the equation o(p,x) = 0 for the 
polar plane. This is a plane through the center M of H, a diameter plane 
of H. 


By analogy with (2.9), we call two lines through M with respective di- 
rection vectors d, and dz conjugate diameters of H when o(d;,d2) = 0. 
This is equivalent to the statement that all points of one diameter are 
conjugate to the ideal point of the conjugate diameter. For example, the 
three axes of our coordinate frame are mutually conjugate w.r.t. H. By 
virtue of (2.22), the self-conjugate diameters form the asymptotic cone 
of H. Note that if two diameters are conjugate w.r.t. H, they are also 
conjugate w.r.t. all quadrics with equations o(x,x) -k = 0, ke R\ {0}. 
Moreover, they are also conjugate w.r.t. the asymptotic cone o(x,x) = 0, 
when the bundle of lines with carrier MW is seen as a projective plane (see 
|46, p. 180]) with the asymptotic cone being a conic. 
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For P ¢ H, the polar plane equals the tangent plane tp at P to H. 
Let (u,v,w) be the coefficients of x,y,z in the equation of tp. Then, 
PéEH, i.e., o(p,p)—1 = 0, is equivalent to the dual equation or tangential 
equation 

a*u? + bv? — c*w* -1=0 (2.30) 


of the hyperboloids given in (2.20). 
Qe 


FIGURE 2.21. Pole Q, polar plane 7g w.r.t. the hyperboloid H and the 
tangent cone Cg. 


For any point Q € Tp\H, the polar plane 7g intersects H along the contact 
curve c with the tangent cone Cg with apex Q (Figure 2.21). This follows 
from the symmetry of conjugacy, since X € c c H is conjugate to Q if, 
and only if, Q € Tx. The equation of the tangential cone, as a point set, 
is the same as the one given in (2.11) for ellipsoids, namely 


Ca: [o(a,4) - 1] [o(x,x) - 1] - [o(a,x) - 1]*=0. 


For Q at the center of H, we obtain q = 0, hence Cg: o(x,x) = 0. This 
shows that the asymptotic cone equals the tangent cone Cyy with its apex 
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at the hyperboloid’s center M. This is the spatial analogue to the fact 
that the asymptotes of a hyperbola are tangents at the point at infinity 
[46, p. 31]. 


Remark 2.2.2 A one-sheeted hyperboloid 1) separates the space intuitively into a tube-like 
interior and the ring-like exterior. However, one should note that, in the sense of the definition, 
as given above, the ‘erterior’ is the complete space except H). This makes sense, since, for 
all points Q ¢ H®), the tangent cone Cg is non-empty, because each plane connecting Q with 
a generator of H®) contacts the hyperboloid. The dual statement is also valid: Each plane ¢ 
which is not tangent to H©) intersects the hyperboloid along a non-empty conic. It is the set 
of points, where ¢ meets the generators of H). 


For an apex Q ¢ H), i.e., for o(q,q) = 1, the cone Cg degenerates to 
the tangent plane tg with multiplicity two. From the dual point of view, 
the tangent cone Cg consists of all tangent planes Tp passing through 
@. In the case of a one-sheeted hyperboloid HO, this set splits to two 
pencils of planes with the two generators passing through Q as the axes. 
Figure 2.22 shows a perspective view of H with the center fairly close 
to H), in order to reveal why in the limit the depicted generators form 
two pencils of lines. 


FIGURE 2.22. For points Q « H™), the tangent cone Cg splits, as a set of 
tangent planes, into two pencils. The depicted perspective image shows how 
H) appears when seen from a center close to the surface. In the limit, the 
views of the two reguli appear as two pencils of lines. 


Theorem 2.2.5 Each non-empty intersection between the hyperboloid H. 
and a non-tangential plane € is a conic c. If the plane = || € through the 
hyperboloid’s center M intersects the asymptotic cone Cy along two lines, 
one line, or only at the single point M, the conic c=eNH is a hyperbola, 
a parabola, or an ellipse. 
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The conic c is homothetic to the intersection C=ENCy. This means for 
M ¢é that the two conics c and@ share the axes of symmetry and, in the 
case of an ellipse or hyperbola, the ratio of semiazes. 


FIGURE 2.23. The intersections c and € of the hyperboloid H and its asymptotic 
cone Cyy with the plane ¢ are congruent parabolas with a common axis. 


Proof: The curve «NH is of degree two and, due to the restrictions, non-degenerate — hence, 
a conic c (note Remark 2.2.2). By virtue of Lemma 2.1.1, which is also valid for hyperboloids, 
two conjugate diameters of c are also conjugate w.r.t. the asymptotic cone, since all points of 
one diameter are conjugate to the ideal point of the other diameter. Therefore, in the cases 
of an ellipse or hyperbola, the conics c and € share the involution of conjugate diameters ([46, 
p. 269]). In other words, the conics are homothetic. In the case of parabolas, they share the 
axis, since this is the unique diameter with the pole in orthogonal direction (Figure 2.23). The 
two parabolas c and € are even congruent. The reason is that, in the projective setting, H 
and the asymptotic cone Cjy span a contact-pencil of quadrics which intersects € in a pencil 
of hyperosculating conics (see [46, Sec. 7.3]), and two parabolas with a four-point contact at 
their point at infinity are congruent. a 


We learned in [46, p. 155] that each quadratic cone has circular sections. 
Consequently, the same must hold for hyperboloids H (see Figure 2.26). 
We find these sections also directly, similar to the proof of Theorem 2.1.1 
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i 
Vy! 
FIGURE 2.24. Finding circular sections and umbilical points U on a two-sheeted 
hyperboloid H©®) in top and front view. 


(note Figure 2.6), by intersecting H with a two-fold contacting sphere 
(Figures 2.24 and 2.25). Based on the standard equations (2.20) of hy- 
perboloids, the planes of the circular sections are parallel to the diameter 
planes satisfying 


for H with a>b: cyVa? —b? + bzeVa? + = 0, 


2.31 
for H?) with c>b: bavVa2 +c + ayV C2 — B? = 0. oy 


On two-sheeted hyperboloids, there exist umbilical points. They are char- 
acterized by tangent planes parallel to the planes of the circular sections. 
Therefore, they lie on the respective polar diameters. We obtain as coor- 
dinates of the umbilical points on H@) with c>b (Figure 2.24) 


(2.32) 
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FIGURE 2.25. The intersection between the blue hyperboloid and the pink 
sphere splits into two circles. 


Theorem 2.2.6 There are two sets of parallel planes which intersect hy- 
perboloids H along circles. On two-sheeted hyperboloids, there exist four 
umbilical points. Their coordinates are given in (2.32). 


For hyperboloids, there also exists a director sphere. The related theorem, 
as given below, is analogue to Theorem 2.1.3. 


Theorem 2.2.7 A point S is the intersection of three mutually orthogo- 
nal tangent planes of a hyperboloid H. satisfying (2.20) if, and only if, the 
distance of S to the center M of H satisfies 


MS’ =a 402-2. (2.33) 


For the sake of brevity, a proof like the one in Exercise 2.1.4, is given in 
Exercise 2.2.6. 


By virtue of the necessary condition given in Theorem 2.2.7, three mutu- 

ally orthogonal tangent planes exist for a two-sheeted hyperboloid only if 
257242 

av >br+c*. 

For a one-sheeted hyperboloid H™), the condition a2+b? > c? is necessary. 

In the case a? > c?, the director sphere given in (2.33) intersects H™ even 
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FIGURE 2.26. Hyperboloids carry two families of circular sections. Umbilical 
points exist only on two-sheeted hyperboloids. 


along acurve c,. For points S of this curve c,, each of the three mutually 
orthogonal tangent planes must contain a generator of HO. Hence, three 
mutually orthogonal tangent planes through S' ¢ H” exist if, and only 
if, the two generators through S are orthogonal (see also [105, p. 116, 
Fig. 4.02]). 


Theorem 2.2.8 On a one-sheeted hyperboloid H™ with semiazes a, b, 
and c, the locus of intersection points between two orthogonal generators 
is the curve of intersection c, between H) and the director sphere, which 
is concentric with H™ and has the radius Va? + b2 = c?. 


The orthogonal projection into the [x,y]-plane maps the curve c, onto 
the conic with equation 


as (a2 +c7)x2_ (b? +c?)y/? _ 
1” (a2 +b2)a2_— (a2 + b2)b2 
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If a spatial polygon with sides along generators of H@) and right angles 
at each corner closes after 2n vertices, then it closes for each initial point 
on c,. The reason behind this porism is that, in the top view, we obtain a 
polygon inscribed in c’, and circumscribed to the gorge ellipse of H™ (cf. 
[46, p. 422ff]. Figure 2.27 shows a case with closing hexagons. Here the 
asymptotic cone of H™) is equilateral (see [46, Theorem 10.1.11]). Other 
examples can be found in [149]. 


FIGURE 2.27. On this hyperboloid, each skew hexagon with sides along gener- 
ators and right angles closes. 


Parametrizations of hyperboloids 


We refer to the standard equation of a one-sheeted hyperboloid of revo- 
lution with a as the radius of the gorge circle and with c as the secondary 
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semiaxis, 


C2 


a2 


The parametrization of one branch of the meridian in the [, z]-plane by 
(acoshu, 0,csinhu) and the rotation about the z-axis through the angle 
v leads to the parametrization 


cosu. —sinuv 0 acosh u acosh u cos v 
x(u,v) =| sinv cosuv 0 0 =| acoshusinu |, (2.34) 
0 0 1 csinh wu csinh u 


where -oo < u < oo and 0 < v < 2a. The v-lines are parallel circles, 
the u-lines half-meridians. The affine transformation a 1, according to 
(2.21), yields the parametrization of a general one-sheeted hyperboloid 
with semiaxes a, b,c as 


acosh u cos uv 
HY: x(u,v) =| bcoshusiny | for —0o<u<oo, O<u<2n. (2.35) 
csinh u 


The v-lines are ellipses in planes z = const.. The u-lines are branches of 
hyperbolas in planes through the z-axis. 


In the following parametrization of the one-sheeted hyperboloid H™), 


acos(u+v) 


cos(u - v) 
x(u,v) =| Osin(ut+v) |, where O<u,uv<7 and u#v, (2.36) 
cos(u - v) 


ctan(u — v) 
the u- and v-lines are generators of the two reguli. The parameters u and 
v are half of the polar angles of the trace points on the gorge ellipse. 


We find the same net of parameter lines in the following parametrization, 
which is even rational, 


€ Utco 2 > X(U,U) = 
(u,v) € (Ru {oo}) (u,v) a (2.37) 


1l+uv 


with x(co,v) =limy.ox(u,v), x(u, co) = limy.oo x(u, Vv). 
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It is left as an exercise to prove that in this case the parameter curves are 
lines (Exercise 2.2.1). For readers who are familiar with the projective 
E? and its properties this is obvious, since the homogeneous 


extension of 


coordinates are linear in u and v. 


Similar to (2.34), we obtain a parametrization of one sheet of the two- 
sheeted hyperboloid H) given in (2.20) as 


acosh u 
x(u,v) =| bsinhucosy | for 0<u< 2m, -00 <v< oo. (2.38) 
csinh usin v 


The v-lines are ellipses in planes x = const.. The u-lines are branches of 
hyperbolas in planes through the x-axis. 
The half-angle substitutions @ := tanh $, 0 := tan 5 (compare with (2.18)) 
together with 

2U 14+@ 20 1-7 


—— , coshu = —— , sinv = ——, cosv= 
1-7’ 1-@ ’ 14+%’ 1+% 


sinh u = 


lead to rational parametrizations of one shell of H®), 
~ a _ (a(l+%)  — 2bu(1- 9?) 4cUd ae oc 
<09)= (“> Gamay Tea} eR’ 
as well as for the one-sheeted hyperboloid H™) as 
2 _ 72 ~2\~ ~ 
x(W,3) = |-_—___ _ eee. a 
(1-@)(1+32) ° (1-@)(1+0?)’ 1-# 


} (a,0) € R?. 


The parameterizations 


aCos UV —asinu 
x(u,v) =| bsinv J+] bcosuv Ju 
0 Cc 


underline that H™) is a ruled surface, even with two reguli. 


e Exercise 2.2.1 Parametrization of the reguli on H). 
Why are the parameter curves of the parametrization (2.37) straight lines? 


Hint: Verify that the parameter line v = vg = const. can be rewritten as 


a(1- v2) —2avo 
l+v? 1+? 
° 2 ' u— VO 
x(u, v0) = 2bu0 +XA(u)} b(1-v6) | with A(u) = er 
1+ ve 1+ v2 0 


0 c 
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A similar representation for rulings of the second regulus follows after exchanging u with v 
and changing the sign of the z-coordinate. 


e@ Exercise 2.2.2 Alternative proof of Theorem 2.2.4. 


Prove Theorem 2.2.4 by applying the condition that, at points P ¢€e, the surface normals np 
to the two hyperboloids must be aligned. This means that each plane orthogonal to e must 
intersect the lines s1, sg, and e at three collinear points. 


@ Exercise 2.2.3 Altitudes of a tetrahedron and equilateral hyperboloid. 


Prove the following statement: The four altitudes of a tetrahedron are either concurrent or 
located on a one-sheeted hyperboloid whose asymptotic cone is equilateral ([46, p. 459]). 


Hint: For each triangular face, check the perpendicular through the triangle’s orthocenter. 
For further details, see [55]. 


Tetrahedra with concurrent altitudes are called orthocentric and characterized by (at least) 
two pairs of orthogonal opposite edges. A hyperboloid with an equilateral asymptotic cone is 
called equilateral hyperboloid. In this case, each plane orthogonal to any generator intersects 
the hyperboloid along an equilateral hyperbola or two orthogonal lines (see [115, p. 293, 
Ex. 19]). 


@ Exercise 2.2.4 A spatial version of Thales’s theorem. 

Prove the following statement (Figure 2.28): Let two skew and non-orthogonal lines e1 and e2 
be given. Then, the set of lines f which intersect e; and eg such that the planes connecting f 
with e, and eg are orthogonal is a regulus on a one-sheeted hyperboloid H“) with a normal 
asymptotic cone (see [46, p. 459]). 


What is the set of lines in the case of orthogonality of e; and e2? 


Hint: Choose the common perpendicular of e; and eg as z-axis and their axes of symmetry 
as y- and z-axis such that 


a 0 -a 0 
ei: 0 |+R] cosa |, ea: 0 +R] cosa » O<a< ra 
0 sina 0 —sina 


Then, the hyperboloid H) satisfies the equation 


2 y? 22 


$f aS © = 
a2 a2(1-cot?a@) a?(tan? a—-1) 


@ Exercise 2.2.5 Circular sections of a hyperboloid. 


Referring to Figure 2.29, explain the depicted construction of the second family of circular 
sections of a hyperboloid, provided that a circular section of the first family is given. 


@ Exercise 2.2.6 Proof of Theorem 2.2.7. 


Three mutually orthogonal tangent planes of the hyperboloid H pass through S if, and only 
if, the tangent cone Cg is dual-equilateral (see Exercise 2.1.4). Therefore, by virtue of [46, 
p. 459ff], the tangential equation of this cone — dual to [46, (10.13)] — must have a zero 
trace. Show that this trace equals (a? - x2) + (b? - y2,) - (z? - 22). Note the hint given in 
Exercise 2.1.4. 


2.2 Hyperboloids 51 


FIGURE 2.28. A spatial version of Thales’s Theorem: The two planes connect- 
ing f cH with e; and e2 are orthogonal. 


@ Exercise 2.2.7 Pascal's Theorem by spatial interpretation. 


Let six given points T,,...,7g of a conic be interpreted as the trace points of the sides 
e1, f2,e3, f1,e2, f3 formed by three e- and three f-generators of a one-sheeted hyperboloid 
H®). Prove Pascal’s Theorem [46, p. 220] by studying the traces of the tangent planes to 
H) at the vertices of the skew hexagon with the given sides ([144, II, p. 25]). 


@ Exercise 2.2.8 Brianchon’s Theorem by spatial interpretation. 

Any six given tangent lines of a conic can be interpreted as a projection of three e- and three f- 
generators €1, f2,€3, f1,€2, f3 of a one-sheeted hyperboloid H). Prove Brianchon’s theorem 
[46, p. 222] by studying the tangent planes at the intersection points e; n f; between opposite 
sides of the skew hexagon on H) ((144, II, pp. 25-26]). 


@ Exercise 2.2.9 Hyperboloids of revolution through a skew quadrangle. 


Let X1...X4 be a skew quadrangle with side lengths s1,...,54 satisfying the conditions (a) 
or (b), as listed in (2.25). How many hyperboloids of revolution are passing through the sides 
of this quadrangle? 


Hint: Note that the results differ between the cases (a) and (b). See also Section 8.3. 
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FIGURE 2.29. One-sheeted hyperboloid and circular sections. 


2.3 Paraboloids 
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FIGURE 2.30. Elliptic and hyperbolic paraboloid. 
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Among the quadrics in E? (Table 2.1 on page 9), there are two types of 
paraboloids, the elliptic paraboloid P, and the hyperbolic paraboloid Pa, 
with the equations 


>: 2 2. 42 
7 +2 22-0 and Pp: “-5-22=0, (2.39) 


Fee ae es 


respectively (Figure 2.30). The different names correspond to the types 
of the intersection curves with the level planes z = k = const., k + 0, as 
well as to the types of surface points |46, p. 120ff]. The elliptic paraboloid 
with a = b is a paraboloid of revolution; the hyperbolic paraboloid with 
a = bis called equilateral or orthogonal. 


Referring to (2.39), the origin is the vertex and the z-axis is the axis 
of the paraboloids P. and P,. The sections with the [x,z]-plane and 
the [y,z]-plane, the principal sections of the paraboloids, are parabolas 
(Figure 2.30). The paraboloids in (2.39) remain congruent when the term 
—2z is replaced by +2z. 


The ruled paraboloid 


Though the equations of the two types P, and P» of paraboloids in (2.39) 
are similar, there is one fundamental difference: The surface P, is a ruled 
surface. 


Theorem 2.3.1 The hyperbolic paraboloid Py, carries two families of gen- 
erators, called reguli. At each point X € P;, two generators meet, and they 
span the tangent plane Tx to Py at X. 


Generators of the same regulus are mutually skew and located in parallel 
planes. The points of intersection between the generators e€1,€2,... of one 
regulus and two generators f and f’ of the other regulus define an affine 
transformation f > f' between the point ranges. Conversely, for any 
affine transformation between two skew point ranges, the lines connecting 
corresponding points cover a hyperbolic paraboloid. 


Proof: (a) The common points of the hyperbolic paraboloid 


a? y? zr y\(x y 
> Qz=|/—--=]=(-4+-)(--= 
a (5 ) Gab a 


and the plane e(k) : + 7 =k, k = const. are also located in a second plane satisfying 


2z-k(=- 4), 
a b 
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k: 


FIGURE 2.31. The hyperbolic paraboloid carries two reguli. 


which is not parallel to e(k). Therefore, the two planes intersect along a straight line. By 
variation of k, we obtain the first family of generators located in parallel planes <(k). 


Analogously, the planes y(k) : - 7 = k intersect the surface P;, along generators of the 
second family. 


Similar to the one-sheeted hyperboloid, generators of the same regulus are mutually skew. Two 
generators taken from different families are coplanar and, therefore, intersecting. Because of 
the parallelity of the planes ¢(k) as well as that of the set y(k), any three generators e1, €2, €3 
of one regulus intersect any two generators f, f’ of the other regulus at points Fy,... and 
E},,..., respectively, such that the affine ratios are equal, i.e., ar( #1, £2, £3) = ar(E}, E4, £4), 
where |ar(£), Ho, £3)| = £1 £3: Eo E3 (note [46, p. 194]). We speak of affine ranges f and f’ 
of points. 


(b) Conversely, let the affinity between two ranges f and f’ be given by two pairs of corre- 
sponding points, At A’ and B+ B’. We assign to the skew quadrangle ABB’ A’ a Cartesian 
coordinate frame in such a way that the four sides satisfy one of the two equations 


zs - > F2z=0. (2.40) 
with appropriate parameters a and b. Then, according to the first part of this proof, all lines 


connecting corresponding points of the affine ranges satisfy (2.40). 


11In the projective extension of the 3-space, the complete intersection Pp, ne(k) also includes 
a line at infinity. 
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Firstly, the connection of the midpoints of AB’ and A’B defines the direction of the z-axis. 
As a consequence, the orthogonal projection parallel to the z-axis into the [x, y]-plane maps 
ABB'A’' onto a parallelogram. Secondly, the angle bisector at A of this parallelogram defines 
the direction of the z-axis. Then, we can suppose that f and f’ are parallel to the planes 
é(k) and the sides AA’ and BB’ parallel to the planes y(k), as used above. This defines the 
coordinate frame up to a translation. This means that the coordinates (x74,ya,zA) of A are 
still unknown, while the coordinates of B, A’ and B’ relative to A are given. Hence, we can 
set 


LB rA-aXr LAr ratap Lp va +a(u-A) 
yp |=] yatbr |, yar |=] yatbp |, yp J=| yato(u+A) 
2B ZB ZAl ZA ZBl ZB 


in terms of further unknowns A, yw. This yields 
-a\=a2p-2,4, bA=YB-YA, AW=LAr-L,. 
The request that B, A’ and B’ satisfy (2.40) yields 
ZB-ZA= (4 + ua). ZAI-ZA= (= - ua), ZBI-ZA = (= + ta)=(=4 + tA) aN. 
a b a b a a b 


After some computations, we end up with 
Fa? [(zp - za) + (2p - 2) — (2B - 2a)] = 2(@B - 2a)(@ar - ©). 


The term in brackets on the left-hand side cannot vanish, since the quadrangle ABB’A’ is 
skew. Thus, we find a> 0 and the correct sign in (2.40). Consequently, A, , b, va, and ya 
are uniquely defined as well as the z-coordinates of B, A’ and B’ in terms of z,4, which finally 
follows from (2.40). This confirms that the four sides of the quadrangle can be placed on an 
appropriate hyperbolic paraboloid. 


In Chapter 4, we will learn that, in the projective setting, for each projectivity between two 
skew ranges f and f’, the lines connecting corresponding points constitute a regulus. a 


By the same token, the one-sheeted hyperboloid and the hyperbolic 
paraboloid are the only irreducible algebraic surfaces of degree > 1 which 
carry two one-parameter families of straight lines. 


The generators passing through the vertex A of P, and spanning the 
tangent plane 74: z = 0 are called vertex generators. In the case a = b of 
an orthogonal paraboloid, all generators of one regulus are orthogonal to 
the vertex generator of the other regulus. 


Corollary 2.3.1 Given a skew (=non-planar) quadrilateral in E?, there 
exists a unique hyperbolic paraboloid passing through the four sides. 


Proof: Let abcd be the sequence of vertices of the given quadrilateral. By virtue of Theo- 
rem 2.3.1, we select opposite sides, e.g., ab and cd. Then, we subdivide them uniformly by 
p(w) = ua+(1-u)b and q(u) = wd+(1-w)e and connect, for each u € [0,1], the corresponding 
points p(w) and q(u) by a straight line segment. 
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FIGURE 2.32. Hyperbolic paraboloid through a skew quadrilateral ABCD. 


The following parametrization confirms again that both pairs of opposite sides define the same 


surface: 
x(u,v) = v[ua+(1-u)b]+(1-v)[ud+(1-u)c] 
= uvat+(l-u)ub+(1-u)(1-v)ct+u(l-v)d (2.41) 
= u[va+(1-v)d]+(1-u)[vb+(1-v)c] 
for u,v €[0,1]. Therefore, the hyperbolic paraboloid is uniquely defined. a 


We continue with two comments on this filling hyperbolic paraboloid. 


(1) The second line in (2.41) reveals that the filling paraboloid is a par- 
ticular Bézier tensor-product surface (cf. [63]). 


(2) The generators u = const. are parallel to the plane spanned by a-d 
and b-c. Those of the second regulus v = const. are parallel to the plane 
spanned by a—b and c-d. The axis is parallel to both planes, and hence 
orthogonal to (a—d) x (b-c) and (a—b) x (c-d). Thus, we can confirm 
that the vector 

s:=a-b+c-d (2.42) 


is parallel to the axis of the hyperbolic paraboloid. This vector cannot 
vanish for a given skew quadrilateral, and it has the direction of the line 
which connects the midpoints of the diagonals AC and BD. Furthermore, 
based on the parametrization (2.41), the point x(u,v) with 


(c-b, s) (c-d, s) 


= Vv==—__ 
Is? I's||? 


(2.43) 


is the vertex of the paraboloid. 
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In the example below, we show how to find the filling hyperbolic 
paraboloid by means of a graphical construction. 


= Example 2.3.1 Hyperbolic paraboloid filling a skew quadrangle 

Given: Skew quadrangle ABCD in front and top view (Figure 2.33). The top view A’B’C’D’ 
is a parallelogram (note Exercise 2.3.1). 

Wanted: Generators and contour of the paraboloid P;, with generators [A,B], [C, D] of the 
e-regulus and [A,C], [B, D] of the f-regulus. 


FIGURE 2.33. Hyperbolic paraboloid filling the given skew quadrilateral 
ABCD; the top view of this quadrilateral is a parallelogram (note Exam- 
ple 2.3.1.) 


We uniformly subdivide the opposite sides AD and BC of the given quadrilateral into the 
same number n of points Po = A, Pi,..., Pn = D and Qo = B, Qi, ..., Qn = C. Then, the 
connecting lines e; = [P;,Q;] for i=1,...,n—1 are generators of the first regulus of P;,. Their 
top views are parallel. 

In the front view, the paraboloid’s contour point of e; is the front view of the point of 
intersection between e; and the generator f; taken from the second regulus, but with coinciding 
front views e/ = fj’. The generator f, intersects the lines [A, B] at point 1. All contour points 
belong to a parabola u, which appears as the line u’ in the top view. The vertex V of the 
parabola u is the vertex of P, with the front view V” being the vertex of u/’. The axis s of 
Pr, is vertical. 
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Parametrizations of paraboloids 


Both paraboloids share a property related to the following: 


Definition 2.3.1 A surface T is called surface of translation if it can be 
parametrized as 


x(u,v) =c(u)+d(v), (uv)elx J, IL,JCcR. 


This surface is swept by the curve c(u), u € J, under the translations 
xr x’ =x+d(v), ve J. However, JT is also swept by the curve d(v), 
vé J, under x + x” =x+c(u), we I. The wu and v-curves together 
constitute a net of translation on the surface T. 


Theorem 2.3.2 Both paraboloids are surfaces of translation with a con- 
tinuum of different nets of translation. All translation curves are parabolas 
with axes parallel to the paraboloid’s axis. At the elliptic paraboloid, the 
u- and v-curves open to the same side; at the hyperbolic paraboloid these 
parabolas open in opposite directions. 


FIGURE 2.34. Both paraboloids are surfaces of translation. 


Proof: The intersection of the paraboloid (2.39) with the plane x = u = const. satisfies 


We obtain this curve when the principal section u = 0 in the plane x = 0 is transformed by the 
translation 
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The vertices (u, 0, u? /2a?) of all translated parabolas trace the principal section in y = 0 
satisfying z = x?/2a?. The axes of all these parabolas are parallel to the z-axis. 


The same holds true for the sections with the planes y = v = const. When replacing (x,y) in 
(2.39) with (u,v), we obtain for both paraboloids the parametrization 


u UW 0 
x(u,v) = v = 0 + v =c(u)+d(v), (u,v) € R?. (2.44) 
“a” v2 a? v2 
daz * 252 2a? * 2BF 


In order to find other translation curves on the paraboloids, we use the linear mapping 


x id cost -fsint 0 x 
é 3 3 ! = ba 
I(t): R° +R’, |] y b y =| ¢sint cost 0 y | forO<t<z, 
z gz 0 0 1 z 


with the inverse 
a! x cost gsint 0 a! 
(oJ (0 }-( Hon cost » (x J. 
z! Zz 0 0 1 z! 


The mappings /(t) represent a one-parameter set of affine transformations. Each of them maps 
the elliptic paraboloid onto itself because 


ey? (x' cost + y'$ sint)? P (-2'2 sint + y’ cost)? veo a2 yf? 
a2 a2 b2 a2 

By virtue of the linearity of I(t), we have I(t)(c + d) = 1(t)(c) +1(t)(d). Hence, for each t € R, 

the elliptic paraboloid Pe can also be parametrized as 


ucost —Fvsint 

x(u,v) =U(t)(c) +U(t)(d) =| Zusine |+]  veost |. (2.45) 
us v 
2a2 2b2 


Analogously, the hyperbolic paraboloid is mapped onto itself by 


x a! cosht -—$sinht 0 x 
I(t): R35 R’, y Joey’ fe -4 sinht cosht 0 y | forteR. 
0 0 il z 


Thus, we obtain for each t € R another net of translation curves 


ucosht =F vsinht 
x(u,v) = -2 usinht | + vcosht (2.46) 
u2 a2 
2a2 ~ 262 
on the hyperbolic paraboloid P;,. a 


We recall that (2.41) with (u,v) ¢ R? provides a parametrization of the 
hyperbolic paraboloid passing through the sides of given quadrangle abcd 
with the parameter net consisting of the two reguli. The same net of 
parameter lines shows up at the parametrization 


a(u+v) 
x(u,v) =| b(u-v) |, (u,v) €R? (2.47) 
2uv 
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of the hyperbolic paraboloid P;, in (2.39). 


Tangent planes and tangent cones of paraboloids 


The implicit equations of the two paraboloids in (2.39) can be rewritten 


as 
2 2 


F(x) :=0(x,x)-2z=0 with o(x,x)=524. 
a 
Since the gradient of F’, 


e Wy 
grad F(x) = 2(5, * 52? -1), 


defines the direction of the surface normal at any point x on the 
paraboloid, we obtain the equation of the tangent plane tp at the point 
P with position vector p = (xp, yp, zp) on the paraboloid, i.e., with 
a(p, Pp) = 2zp, as 


x 
o(p,x) -(z+zp)=— ae y-z-zp=0. (2.48) 
a 
In the case zp # 0, we can rewrite this equation as 
uxt+ovyt+twz-1=0. 


Then, analogously to (2.8), the coefficients (u,v,w) satisfy the 
paraboloid’s dual or tangential equation 


au? + bv? + 2Qw = 0. (2.49) 


Since the coefficient of z in (2.48) is -1, tangent planes of the paraboloid 
P are never parallel to the z-axis. 


Similar to ellipsoids, we use (2.48) to define the polar plane of the pole 
p w.r.t. the paraboloids P. and P,. Of course, for p on the paraboloid, 
this is the tangent plane tp. Otherwise, we notice that if any point q 
lies on the paraboloid and in the polar plane of p, 7.e., 0(q,q) = 2zg and 
o(p,q) — (zp + 2g) = 90, then conversely, p lies in the tangent plane of q. 
Also w.r.t. paraboloids, we call two points p, q conjugate w.r.t. P if one 
lies in the polar plane of the other, i.e., if 


o(P,q) — 2p - 2q = 9. (2.50) 
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When the pole P runs along a diameter line, t.e., parallel to the z-axis, the 
polar plane mp remains parallel. In the sense of Lemma 2.1.1, diameter 
lines of a paraboloid are polar to lines at infinity. Since z is linear in the 
paraboloid’s equation, each diameter line has a single point of intersection 
with the paraboloid. Hence, for each plane, not parallel to the z-axis, 
there exists a single parallel plane which contacts the paraboloid P. 


Lemma 2.3.2 The tangent cone Cg of a point Q (with position vector 
q) to the paraboloid P satisfies, in terms of the bilinear form (2.1), the 
equation 


[7(q, a) - 22@] lo(x,x) - 22] -[o(a,x) - z-zQ] = 0. (2.51) 


Readers are invited to derive a proof similar to the one of Lemma 2.11 in 
Exercise 2.3.5. 


In (2.51), the tangent cone Cg is represented as a point set. Then, in 
the case Q « P, the quadratic cone degenerates to the tangent plane TQ, 
counted twice. The tangent cone of Q could also be defined in a dual 
way, as the set of tangent planes of P passing through Q. Then, in the 
case of a hyperbolic paraboloid, the tangent cone of Q € P;, consists of 
two pencils of planes with the generators through Q as respective axes. 


Theorem 2.3.3 The point S is the intersection of three mutually orthog- 
onal tangent planes 7, T2, and 73 of the paraboloid P in (2.39) if, and 
only if, the point S is located in the plane 


22-5 (a? +b*). (2.52) 


In the case of an equilateral hyperbolic paraboloid, this is the tangent plane 
at the vertex. 


Readers will supply the proof, which is similar to those in Exercises 2.1.4 
and 2.2.6, in Exercise 2.3.6. 


According to Theorem 2.3.2, all sections of the paraboloids in (2.39) with 
planes parallel to the z-axis are parabolas or straight lines. Other planes 
intersect the hyperbolic paraboloid P;, along hyperbolas or pairs of lines. 
This reason lies in the fact that, for each plane ¢ that is not parallel to the 
z-axis, there exists a parallel tangent plane of P;,, and this plane contains 
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FIGURE 2.35. Elliptic paraboloids carry two families of circular sections, in- 
cluding null circles at the two umbilical points U; and U3. 


two generators parallel to ¢«. The intersection P;,M<« is the set of points 
where the generators of ?,, meet the plane ¢. Therefore, the intersection 
curve can never be empty. From the dual point of view, tangent cones Cg 
of P;, can never be empty. 


Besides parabolas, non-empty intersection curves of an elliptic paraboloid 
P.- with non-contacting planes are ellipses or even circles. 


Theorem 2.3.4 There are two one-parameter families of parallel planes 
which intersect the elliptic paraboloid P. — thus satisfying the first equa- 
tion in (2.39) with a > b — along circles. These planes are parallel to the 
x-axis. The coordinates of the two umbilic points Pe are listed in (2.53). 
2)2 2 4 


Proof: The sphere x2? + y? + (z- 21 -a = xj + a“, centered on the z-axis, contacts the 
2 


paraboloid Pe at the two points (21,0,21) where 2a2 21 = xj. The intersection between Pe 
and the sphere splits into two circles in planes parallel to one of the planes 


bz + yV a? —b? =0. 
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The two umbilic points 


1 T 
Ui2 = (0, +bV a2 — b2, se 7 0°) (2.53) 
of Pe are characterized as points of contact with tangent planes included in the two pencils of 
parallel planes (see Figure 2.35). a 


The orthogonal hyperbolic paraboloid 


As already mentioned, in the case of an orthogonal hyperbolic paraboloid, 
all generators of one regulus are orthogonal to the vertex generator of the 
complementary regulus. Therefore, any plane parallel to all generators 
of one regulus (note Theorem 2.3.1) must be orthogonal to any plane 
parallel to all generators of the complementary regulus. Consequently, 
the particular top view, as shown in Figure 2.33, must be a rectangle. 
On the other hand, this is sufficient for a hyperbolic paraboloid to be 
orthogonal. 


Theorem 2.3.5 The hyperbolic paraboloid passing through a skew 
quadrilateral with vertices ABCD is orthogonal if, and only if, the four 
vertices are located on a cylinder of revolution with an axis connecting the 
midpoints of the diagonals AC and BD. 


Each orthogonal hyperbolic paraboloid is mapped onto itself by a rotation 
about a vertex generator through 180°. 


Figure 2.16 illustrates the following statement: Along each skew generator 
g of a ruled surface R, the correspondence between tangent planes Tp 
and points of contact P obeys a common formula, depending only on the 
distribution parameter 6 of g. The vertex generators of the hyperbolic 
paraboloid P), in (2.39) with b = a have the distribution parameter 6 = +a” 
and the vertex as the striction point (Exercise 2.3.8). Therefore, along 
each skew generator g € FR, there exists a contacting orthogonal hyperbolic 
paraboloid with vertex generator g. A rotation about g through 90° 
reveals that the surface normals along g form one regulus of an orthogonal 
hyperbolic paraboloid”. Generators of the complementary regulus are axes 
of one-sheeted hyperboloids of revolution which contact the given ruled 
surface R along g. 


12We will encounter this result again in Chapter 9 (note Figure 9.7). 
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Definition 2.3.2 For two given point sets $1, S2 in E? or E%, the set of 
points being equidistant to S and SQ is called bisector of S; and So. 


In the case of two given points P,Q ¢ E?, the bisector is the orthogonal 
bisector plane apg of P and Q. The standard definition of a parabola in 
E? as bisector of its focal point and directrix reveals that each paraboloid 
of revolution in E® is the bisector of a point F and a plane 6 not pass- 
ing through F. However, the equilateral hyperbolic paraboloid is also 
a bisector, as reported, e.g., in [109, p. 154] and stated in the theorem 
below. 


Theorem 2.3.6 Let g and h be two skew lines in E> with 2p :=4gh and 
the shortest distance 2d := gh. 


1. The bisector of g and h is an orthogonal hyperbolic paraboloid P;,. If 
g and h are given by z = +d and xsiny = tycos y, then 


S 
Ph: oo 


2 
= ay = 0. (2.54) 


2. The axes of symmetry eo and fo of the two skew lines (g,h) are the 
vertex generators of P;,; the common perpendicular of g and h is the 
paraboloid’s aris s. The lines g and h are polar w.r.t. Pp, t.e., each 
point G €g is conjugate w.r.t. Pp, to all points H €h, and vice versa. 


3. At any point X € Py, the tangent plane Tx to Pp is the plane of 
symmetry of the pedal points G,H of X w.r.t. g and h, respectively. 
Hence, Py is the envelope of all bisecting planes of points G € g and 
Heh. 


4. The generators of Pp, are exactly the axes of rotations in E® which send 
the line g to the line h. Therefore, they are also the axes of one-sheeted 


hyperboloids of revolution passing through the given skew pair or lines 
(g,h). All hyperboloids have the same secondary semiazis b = dcot yp. 


Proof: 1: Let the line g be given in vector form as p + Rv with ||v|| = 1. Then, its distance to 
any point X with position vector x satisfies 


Xg* = ||x- pl? -(x-p, v)?. (2.55) 
We specify 
p = (0,0,+d) and v = (cosy, +siny, 0). 
Then, Xg = Xh is equivalent to 


a +y? +(z-d)? -(xcosy+ysiny)? = 27 +y? + (z+d)? —(acosy—ysiny)* 
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and, furthermore, to 
dz+axycospsiny = 0. 
The rotation (x,y,z) + (2#’,y’,z’) about the z-axis through 7/4 with 
1 £ fs 1 y y Fi 
—(a2'-y’), =—(a' +y’), z=2, 
7a! yy), ¥ Wak y) 


T= 
yields the standard equation 


2d 
of an orthogonal hyperbolic paraboloid (Figure 2.37). 


2. The corresponding polar form (2.50), 
sin 2p 

2d 
can be transformed into the polar form 


(2G2'y - ¥G¥) + (2G +2); 


sin 2p 
2d 


of (2.54). Obviously, we obtain zero when we plug in the coordinates (rq cosy, rqsiny, d) 
of Geg and (rgcosy, -rysiny, —d) of Heh. 


(toyH +2HYa) + (26 + 2H) 


The common points of P;, and the vertex plane z = 0 satisfy ry = 0. 


FIGURE 2.36. At the point X, the orthogonal bisector plane of G and H is 
tangent to the bisecting paraboloid of the lines g and h. 


3. Let Ge g and H €h be the pedal points of X ¢ P;,. Then, X is uniquely defined as the 
point of intersection between the orthogonal bisector plane ogy of G and H and the planes 
orthogonal to g and h through the respective points G and H. Now, we focus on the top view 
of the scene in the [z, y]-plane (Figure 2.36): 


The top view of the axis s of Py, is the common point of g’ and h’. Since G and H are in 
equal distance to the [x,y]-plane, but on different sides, the bisecting plane ogy intersects 
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the [z,y]-plane along the perpendicular bisector of the top views G’ and H’. The Thales 
circle with diameter X's’ passes through G’ and H’, and also through the pedal points E’ 
and F’ of X’ on the x- and y-axes, which are the vertex generators fo and eg of P,. Hence, 
E and F in the [x, y]-plane are the trace points of the two generators e and f of Pp, passing 
through X; they span the tangent plane Tx to Pp, at X. On the other hand, since g’ and h’ 
are symmetric w.r.t. eg and fo, points E’ and F” bisect the two arcs bounded by G’ and H’ 
on the Thales circle. Therefore, the connecting line [E’, F’] coincides with the traces of og 
and Tx, which proves that these two planes must coincide. 


FIGURE 2.37. The bisector of the two lines g and h. 


4. The reflection in ogy exchanges G with H and sends g to a line g; through H. We apply 
a second reflection in a bisecting plane of gi and h. This reflection keeps H fixed. Therefore, 
the product of these two reflections sends g to h and G to H. It acts like a rotation about 
the line r of intersection of ogy and the second mirror plane. Since each point of r remains 
fixed, it has equal distances to g and h. Consequently, r is a generator of Py. 


The rotation about r also transforms the orthogonal plane of g through G onto the orthogonal 
plane of h through H. Both planes share on r a point which remains fixed under the rotation. 
Since this point also belongs to og, it coincides with X. Therefore, the generator r passes 
through X. 

Conversely, if r is the axis of a rotation with gh, then each point X ¢ r has equal distances 
to g and h, hence rc P;,. If we specify one orientation g, then rotations about axes taken 
from different reguli of P;, send g to opposite orientations of h (Figure 2.38). La 
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FIGURE 2.38. All pairs of skew lines (g,h) which share the bisecting orthogonal 
hyperbolic paraboloid P;, are located on a Pliicker conoid C. Generators r of P), 
are axes of rotations with gv h. 


Let us focus on the paraboloid P;, with the equation (2.54) and ask the 
following: Where are all pairs (g,h) of lines for which Py», is the bisector? 
The answer, as given below, was disclosed in [64]. 


Corollary 2.3.3 All pairs of skew lines (g,h) which share the bisect- 
ing orthogonal hyperbolic paraboloid Pp, are located on a Pliicker conoid 
(cylindroid). 


Proof: Let the lines g and h be given in the same way as in Theorem 2.3.6. Then, the bisector 
Pp remains the same if the quotient sin 2y/d does not change. Obviously, all points of g and 
h satisfy 


(x? + y")z- zy =0. (2.56) 


sin 2p 
This equation defines a Pliicker conoid C, as introduced in (2.26) (see Figure 2.38). The 


cylindroid passes through the axes of the coordinate frame. The z-axis contains the cylindroid’s 
double line (cf. Figure 2.20). B 


Remark 2.3.1 a) Surprisingly, there seems to be no close connection between the property of 
Pliicker’s conoid C mentioned in Theorem 2.2.4 (note Figure 2.19) and the statement above 
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FIGURE 2.39. The surface normals of the Pliicker conoid C along the two mean 
generators g1,g2 form an orthogonal hyperbolic paraboloid Pp. 


in Corollary 2.3.3, though both are related to one-sheeted hyperboloids of revolution. By the 
same token, another remarkable property of the cylindroid is reported in [117]. 


b) By virtue of item 2 in Theorem 2.3.6, the polarity in the orthogonal hyperbolic paraboloid 
Pr with Eq. (2.54) maps the cylindroid C from (2.56) onto itself. 


c) The limit g + h of the result stated in Corollary 2.3.3 reveals: The paraboloid Py, is, at the 
same time, the surface of normals of C along both vertex generators (see Figure 2.39). 


@ Exercise 2.3.1 Projection of a skew quadrangle onto a parallelogram. 


Prove the following statement: For each skew quadrilateral with vertices ABCD, there is a 
direction for a parallel projection which maps the quadrilateral onto a parallelogram. 


@ Exercise 2.3.2 A statement equivalent to Theorem 2.3.5. 


Prove that the hyperbolic paraboloid passing through the skew quadrilateral with vertices 
abcd is orthogonal if, and only if, 


((a—b) x (c-d), (a-c) x (b-d)) =0. 


e@ Exercise 2.3.3 All points parametrized by (2.41) satisfy an equation of degree 2. 

The parametrization x(u,v) in (2.41) of a hyperbolic paraboloid shows an affine combination 
of a,...,d on the right-hand side. This is invariant under affine transformations av a’,..., 
d+ d’ which can be represented, in matrix form, as 


x + x’ =a’ +((b’—a’) (c’—a’) (d’-—a’))((b-a) (c-a) (d-a)) “(x-a), 
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where the involved (3 x 3)-matrices are represented by their three column vectors. Show that 
in the particular case 


a’=(1,0,1)7, b’=(0,1,-1)7, e’=(-1,0,1)", d’=(0,-1,-1)7 
the image points (x’,y’,z’) satisfy the standard equation of a hyperbolic paraboloid. 


e@ Exercise 2.3.4 Filling hyperbolic paraboloid. 


Verify for the hyperbolic paraboloid P;, passing through the sides of the skew quadrangle 
abcd (Corollary 2.3.1) that the axis has the direction of the vector s in (2.42) and the vertex 
has the position vector x(u,v) from (2.41) with parameters (u,v) listed in (2.43). 


@ Exercise 2.3.5 Proof of Lemma 2.3.2. 


Verify the equation (2.51) of the cone of tangents drawn from the apex q to the paraboloids 
Pe or Ph- 


Hint: Proceed in a similar manner to the proof of Lemma 2.1.2. 


@ Exercise 2.3.6 Proof of Theorem 2.3.3. 


The cone with apex S and tangent to the paraboloid P must be dual to an equilateral cone. 
This means that the trace of the cone’s tangential equation must vanish. In order to obtain 
this equation similar to Exercise 2.1.4, we homogenize the dual equation (2.49) of P and 
translate the coordinate frame such that S becomes the new origin. Then, the trace of the 
tangential equation is a? + b? +229. 


e@ Exercise 2.3.7 Three mutually orthogonal tangents. 
Prove the following theorem: Given a paraboloid P satisfying one of the equations in (2.39), 
the locus of points Q from which three mutually orthogonal tangents of P can be drawn is a 
coaxial paraboloid P* of revolution satisfying 

+(x? + y”) -2(b? +a”)z = 07d", 
which, in the case of an orthogonal paraboloid (lower sign, b= a), is empty and degenerate. 
Each point X ¢(PNP*) is the meet of two orthogonal generators of P. 
Hint: By virtue of [46, p. 459ff], the cone with apex Q and tangent to P must be equilateral. 


In this case, the trace of the quadratic form (2.51) which is included in the Cartesian equation 
of the tangent cone, must vanish. 


e@ Exercise 2.3.8 Distribution parameter of vertex generators. 


Prove that the two vertex generators of the orthogonal hyperbolic paraboloid in (2.39) with 


b=a have the distribution parameters 6 = +a?. 


@ Exercise 2.3.9 Real and imaginary part of the complex function z?. 


Show that the real part and the imaginary part of the complex function (a + iy)? represent 
two congruent orthogonal hyperbolic paraboloids. Their intersection splits into two parabolas 
in orthogonal planes (Figure 2.40). 


e Exercise 2.3.10 Generalization of Theorem 2.3.6. 


Prove the following generalization of Theorem 2.3.6: The ruled quadrics can be defined as the 
set of points for which the ratio of the distances to two given skew lines is constant [6, p. 236]. 
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FIGURE 2.40. Visualizing the complex function f(z) = 27. 


2.4 Shared metric properties 


Here, we present a couple of properties which hold for all types of quadrics 
simultaneously. The first result is a three-dimensional version of a result 
on conics (see [46, Theorem 4.2.3]). 


Theorem 2.4.1 Let QO be a quadric symmetric w.r.t. the plane o. For 
each point P € Q outside o, we denote with P, its pedal point in o and 
with P, the point of intersection of o with the surface normal np to Q at 


P. Then, P; + Pp are corresponding in an affine transformation in o, 
which keeps the axes of Q fixed. 


Proof: All central quadrics Q satisfy an equation of the type 
ax? + By? +727 -1=0 
with ay #0. The tangent plane at the point P = (x1, y1, 21) € Q satisfies 
Tp: amx+ Byiyt+y2z-1=0. 


Therefore, the surface normal at P to Q can be parametrized as 


Ly ax, 
mp: | yi Jt+t] By |, teR. 
21 21 


Without restricting generality, we choose o as the plane z = 0. Then, we obtain point P, for 
t=-1/y. Hence, 


_ _ 
Ps = (#1, y1, 0) P= (2 £1, oe 0) 


is an affine transformation in a, which fixes the z- and y-axis. 
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Figure 2.41 shows the surface normals of an ellipsoid along the ellipse c = Qne as well as 
their respective intersections czy and cyz with the [z, y]- and the [y, z]-plane, which are again 
ellipses. In Figure 8.25, the plane spanned by the ellipse e is orthogonal to the plane of 
symmetry o. Therefore, the surface normals np along e intersect the plane o along a line d. 


FIGURE 2.41. The surface normals of the quadric Q along the conic c= One 
intersect the [a, y]- and [y, z]-plane along curves c,, and c,,, respectively, which 
are related to c in affine mappings. 


In the case of a paraboloid P, we set up the quadric’s equation as 
P: ax? + By? -2z=0. 
Then, the tangent plane at Pe P satisfies 


Tp: axyxt Byry -(z+21) =0. 


We choose o: x = 0 and obtain the mapping 


a= 1 
Pz = (0, yi, 21) + Pa=(0, Pas a+). 


This is the composition of a translation parallel to the z-axis and a scaling of y-coordinates. 


For quadrics of revolution, all points P” lie on the axis; the affine transformation P, + Pry is 
singular. a 
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There is another theorem concerning the surface normals of a quadric Q. 


Theorem 2.4.2 Given any quadric Q, for any two points Py, Py € Q out- 
side of any plane of symmetry, there is a similarity between the respective 
surface normals n, and ng, mapping P, onto Py and, for each symmetry 
plane o of Q, the point of intersection ny No onto ngNo. 


This statement follows from properties of confocal central quadrics and 
confocal paraboloids. Therefore, the proof is left as an exercise in Chap- 
ter 7 (Exercise 7.1.4). For central quadrics, the affine ratio of any three 
points in question can be expressed in terms of squared semiaxes. 


iP 


FIGURE 2.42. Two-dimensional version of JACOBI's focal property PA; = P’A’. 


The following theorem addresses one of the so-called Jacobi focal proper- 
ties'® (see [127, p. 208]). It generalizes the standard definitions of ellipses 
and hyperbolas (Figure 2.42). 


Theorem 2.4.3 Let Aj A A3 and A\A5A% be two non-congruent trian- 
gles in a plane o. Then, the locus of points P in E>, whose distance to 


A, for i=1,2,3 is equal to the distance of a point P'€o to At, i.e., 
PA, =P'A}, PA g=P!AS, PA3 = P'AS, 


is a regular or singular quadric, symmetric w.r.t. 0. Conversely, each 
quadric can be generated this way. 


13Cart Gustav Jacos Jacost (1804-1851), German mathematician. 
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Qa LINX a WY 


H. 


FIGURE. 2.43. Three-dimensional version of JACOBI’s focal property: 
PA; = PA! for i= 1,2,3. 


Proof: In Chapter 7, we will learn that the statement in question is a direct consequence of 
Ivory’s theorem in 3-space. However, we can verify Theorem 2.4.3 in an analytic way, but we 
confine ourselves to two particular cases. 


(a) Let QO be a one-sheeted hyperboloid with the standard equation 


as depicted in Figure 2.43. The plane o of symmetry is chosen as [,y]-plane. In a, we focus 


on the focal ellipse 


— + _v 1 0 
ef: =1, z=0, 
P42 Pre 
which passes through the focal points of the principal sections of Q in the [a, z]- and [y, z]- 


planes. There is an affine mapping 


” we : Va? +c? Vb? +c? 
ay: by with \ := ——— and p:= ———, 
0 a b 
which sends points P,Q,... € Q to points P’,Q’,... € o in the closed exterior of the focal 
ellipse ef. We specify three mutually different points A1, A2, A3 on ef with their a1-preimages 
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A‘, AS, AS on the gorge ellipse of Q, i.e., 


Ay=| ye JeQ, Arc=] wy Jeep, 7=1,2,3. 
0 0 


Then, we obtain PA; = P’A‘, since 


PA,” - PA,” 


[(a - Axi)? + (y - wys)? + 27] - [Cw - 24)? + (uy - ys)? ] 
(0-8) oe (1 B) 0] [aE 1) GE) 


2,2 By 2 
ante u; b*+c Pree 2 
ao + por ae |- c+c* =0 


| 
| 
9 
| | 
is} | 8 
+ 
ae 
| 
ae x, 
a | 
+ 
Qo 
Rt 
) 
he 


because of P = (x,y,z) € QO and A; = (Axi, yi, 0) € fe. In addition, Figure 2.43 illustrates 
that the affine transformation a preserves distances along the generators of Q, i.e., PQ = P’Q’. 


(b) In the case of a paraboloid Q with focal parabola fp, satisfying 


a2 y? 2 7 
QO: ata 24-0, a a aa =0, o: y=0, 
we use the affine mapping 
xz Ax 
Va2 — b2 
a2: y bw 0 with \ := —————. 
b? a 
z z+a 


It sends points P € Q to points P’ € o in the closed exterior of the focal parabola fp. For 
any three mutually different points Ai, A2, A3 € fp with their a2-preimages A}, A>, A5 on the 
principal section Qn<o, i.e., 


Aj = 0 € Q, Aj = 0 7 € fp; ¢=1,2,3, 
a ate 


we obtain PA; = P’A', since 


PA,” - Pray” [(e- Ani)? +y? + (2-4-4 2] - [xe -0i)? + (2+ 21)? 
= [22 (1- SE) + y? - 2287] - |=? - ) + 22:07] 


2 A - 
fare -22]-07 [Soe 2(ai+ 5) +09] -0, 


because of P = (x,y,z) € Q and Aj = (Axi, 0, 2 + a € fp- 


(c) Conversely, it is sufficient to prove that the affine transformation defined by the two 
triangles A) A, A ++ A; A2A3 can always be expressed in one of the two ways given above. 
This follows from the singular-value-decomposition of the induced linear map. For the proof 
of the three-dimensional analogue, see Chapter 7. a 


The result below generalizes what is depicted in Figure 2.4. In fact, this 
result has a projective background. A proof can be found in Chapter 4 
(note Exercise 4.2.5). 
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Theorem 2.4.4 Letc andd be two different conics on the regular quadric 
Q. If the line of intersection between the planes of c and d is tangent to Q, 
then there exists one quadratic cone or cylinder connecting c and d. Oth- 
erwise, there are two quadratic cones or cylinders passing simultaneously 
through these two conics. 


Given a quadric Q, let Cp and Cg be tangent cones with different apices 
P and Q. If the line [P,Q] contacts Q, then the two tangent cones share 
a single conic. Otherwise, the intersection CpNCg splits into two conics. 


FIGURE 2.44. Stereographic projection Q > a. 


Finally, we want to emphasize that the stereographic projection is not only 
defined in the standard position, from a sphere into a plane parallel to 
the sphere’s tangent plane at the center C’ of projection. Any quadric Q 
can be projected from a point C' € Q into any plane 7 where C'¢ z. If QO 
is a ruled quadric, as depicted in Figure 2.44, then all planar sections of 
Q are projected onto conics in 7 passing through the trace points E, F 
of the generators e, f through C. The only exceptions are sections with 
planes through C. 
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Suppose that two curves cj,co ¢ QO meet at a point P # C, and fj, to 
are the respective tangents at P. Then, the tangents ¢,, t2 and the two 
concurrent generators ep, fp c Q form a cross ratio 6, which remains the 
same under stereographic projection, where the generators are depicted 
as lines through F and F’,, respectively. In the standard case of the stereo- 
graphic projection, the generators of Q are isotropic, and the trace points 
FE, F are the absolute circle points of 7. Therefore, conics are mapped to 
circles, and the mapping is conformal, due to LAGUERRE’s formula which 
relates the cross ratio 6 = cr(t;,t2,ep, fp) to the angle measure a between 
ty and tg as 6 = e7%, 


Quadrics of revolution 


We conclude this section with a few results which are valid for all quadrics 
of revolution. In this case, all intersections with planes through the axis 
of revolution, called meridians, are congruent. Circles located in planes 
orthogonal to the axis s of revolution are called parallel circles of the 
quadric. Meridians and parallel circles form an orthogonal net on the 
quadric. 


Theorem 2.4.5 Let Q be a quadric of revolution with a real focal point 
F of the meridians on the axis of revolution. If a conic e c Q is located 
in a plane through F’, then the focal point F of Q is also a focal point of 
e. If the carrier plane € of the conic e does not pass through F’, then the 
cone connecting e with F is a cone of revolution. 


Proof: The quadrics of revolution Q with real focal points on the axis s are either central and 
hence prolate ellipsoids of two-sheeted hyperboloids, or elliptic paraboloids. The statement of 
Theorem 2.4.5 is trivial when the cutting plane ¢ is orthogonal to the axis s. In all remaining 
cases, there is a unique plane 7 orthogonal to € and passing through s. Then, the orthogonal 
projection into 7 shows an edge view of ¢€ and, likewise, of all planes orthogonal to s. Below, 
we confine ourselves to an inspection of such orthogonal views in a (note Figures 2.45 and 
2.46). 


(a) To begin with, we assume that Q is a prolate ellipsoid of revolution E with focal points 
F, and F2. The principal vertices A, B of e = Qné satisfy 


Fi\A+FeoA=F\B+FoB=k=const. and hence FiA-F\ B= FoB- FoA. 


As a result, the focal points F), F2 are points on different branches of a hyperbola hc 7 with 
focal points A and B (Figure 2.45, left). In order to show that h is the focal hyperbola of 
e=Ene, we recall (note [46, p. 143]) that all points X of the focal ellipse of h have the same 
sum of distances Fy X + F)X, and the choice X = A reveals that this sum equals the constant 
k. On the other hand, all points in 3-space with this constant sum lie on the ellipsoid €. 
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FIGURE 2.45. Intersection e of a prolate ellipsoid € of revolution with the plane 
€: Left: The cones C,,C2 connecting e with the focal points F,, F) of € are cones 
of revolution. Right: The focal points F.,,F-, of e are points of contact of € 
with inscribed spheres. 


Since the points F, and F are located on the focal hyperbola of e, their connecting cones C, 
and C2 with e are cones of revolution. In the limiting case Fi c ¢, the point Fi must be a 
focal point of e [46, Theorem 4.2.1]. 


As an exercise, readers are invited to consider the case of a two-sheeted hyperboloid of revo- 
lution. 


(b) Let O be a paraboloid P of revolution with the focal point F’. Then, the ideal point of the 
axis serves as a kind of second focal point. Hence, one of the connecting cones in question is 
replaced by the cylinder C2 through e with generators parallel to the axis s (see Figure 2.46, 
left). In order to prove that this cylinder is a surface of revolution, we choose an arbitrary 
point XeecP. 


According to the standard definition of parabolas, the point X is the center of a sphere which 
passes through F' and contacts the director plane \ of P at a point Xo. The sphere in question 
which is centered in ¢€, also passes through the image F of F under reflection in the plane e. 
Let Mo denote the point of intersection between and the line [F, Fj. Then, the power of 
Mo with respect to the sphere (note [46, p. 49]) equals 


MoXo- = MoF- MoF, 
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FIGURE 2.46. Planar section e = P ne of a paraboloid of revolution: Left: The 
cone C; connecting e with the focal point F of P and the cylinder C2 through 
e parallel to the paraboloid’s axis s are surfaces of revolution. Right: The focal 
points F.,, F., of e are points of contact of ¢ with spheres inscribed into P. 


and this is constant for all X ¢€ e. Therefore, the orthogonal projection of e into the plane X 
yields a circle eg, and we obtain a right cylinder Co. 


Next, we prove that the hyperbola h with focal points A,B and passing through F' has the 
axis of Cg for an asymptote. It follows from 

AF=AX, BF=BX, and hence BF-AF=B-A), 
and this, as a limit of the standard definition of hyperbolas, characterizes s as a line parallel 
to one asymptote of h. The asymptote itself passes through the midpoint of AB and coincides 
with the axis of Cg. Since C2 is a cylinder of revolution, e is the focal ellipse of h and C1 isa 
cone of revolution, too. 


(c) We conclude with an alternative proof, which is valid for all quadrics but uses the complex 
extension of the Euclidean 3-space. The tangent cone of Q with apex F is an isotropic cone Cr 
[46, p. 457]. The intersection Cp ne must contact the conic c = Qne in points of the polar plane 
wp of F w.r.t. QO. This means for planes € through F' that the isotropic lines through F in ¢ 
are tangents of e, which characterizes F' as a focus of e [46, p. 274]. For planes ¢« not passing 
through F’, the quadratic cone connecting e with the vertex F is regular [46, Lemma 4.3.1]. 
Its intersection with € contacts e at two points. Consequently, the isotropic cone with apex F 
contacts Cr along two generators, which characterizes Cr as a cone of revolution. a 


Remark 2.4.1 At each point X of the conic e, the tangent plane Tx to the quadric of revolution 
O bisects the angle between the lines [X, Fy] and [X, F2]. Therefore, the reflection in Q along 
e exchanges the two cones. Since the cone connecting X with the focal hyperbola h of e is also 
a cone of revolution, the tangent to e at X encloses congruent angles with the lines [X, Fi] 
and [X, F2] (see [46, Fig. 4.18]). 
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The following theorem, depicted in Figures 2.45, right, and 2.46, right, 
generalizes Dandelin spheres as used in [46, p. 129ff] for planar sections 
of right cones or cylinders. 


Theorem 2.4.6 Let Q be a quadric of revolution and the conic e be the 
curve of intersection with a plane ¢. If there is a sphere tangent to € and 
contacting Q along a parallel circle, then the point F of contact between 
S andé is a focal point of e. 


Proof: Again, we use the complex extension of the Euclidean space. Each sphere inscribed 
into Q along a parallel circle c intersects €¢ along a circle which can be real, or empty, or a null 
circle. The points of contact lie on the line of intersection between ¢€ and the carrier plane of 
the parallel circle c. For the sphere mentioned in Theorem 2.4.6, the circle is a null circle, 7.e., 
it splits into two isotropic lines through the point F’. Both lines are tangent to e; hence, F' is 
a focal point of e. The points of tangency lie on the polar line / of F' w.r.t. e, which lies in 
the polar plane of F’ w.r.t. Q, a director plane (note the lines J, and lg in Figures 2.45, right, 
and 2.46, right). 

Note that, contrary to the case of right cones or cylinders, there need not exist such contacting 
spheres for each planar section e of Q. A necessary and sufficient condition is a non-empty 
intersection of Q with the plane passing through the polar line | (directrix) of F’ w.r.t. e and 
orthogonal to the axis of Q. a 


@ Exercise 2.4.1 Surface of normals along a generator. 


Prove the following statement (compare with Figure 9.7 on page 398): The surface normals 
along a generator of any ruled quadric Q form an orthogonal hyperbolic paraboloid N which 
is tangent to the planes of symmetry of Q. In accordance with Footnote 8 on page 34, the 
first part of this statement is valid for all skew generators of any ruled surface. 

Hint: Note Theorem 2.4.1. A plane T contacts a hyperbolic paraboloid N if, and only if, the 
intersection T MN is reducible. 


@ Exercise 2.4.2 Affine transformation preserves distances. 


Verify that both affine transformations a; and ag: Q > o, as used in the proof of Theo- 
rem 2.4.3, preserve distances along the generators of the corresponding quadrics Q. 


Hint: Two points P,Q « Q belong to the same generator if, and only if, they are conjugate. 


e@ Exercise 2.4.3 Planar sections of a two-sheeted hyperboloid of revolution. 


Modify the proof of Theorem 2.4.5, as given in (a), for the case that the quadric in question 
is a two-sheeted hyperboloid. 


e@ Exercise 2.4.4 Planar section of a quadric of revolution. 


Prove the following statement: On a given quadric of revolution Q with a real focal point F 
let c c QO be a conic, not coplanar with F (compare with Figures 2.45, left, and 2.46, left). 
Then, the pole of the plane of c w.r.t. Q lies on the axis of the cone of revolution connecting 
c with F (note Theorem 2.4.5). 
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2.5 Flexible models of quadrics 


For more than 100 years, two types of physical models of quadrics habe 
been known which are also flexible [37, pp. 258, 261]. These models were 
designed in order to visualize quadrics and the variation of their shapes.‘ 


e Type 1 is based on a flexible grid of parallel sections. Each section is 
manufactured from cardbord or wire. The design of such models is at- 
tributed to OLAUS HeEnricI.!° First physical models of this type were 
produced in 1874 by ALEXANDER VON BRILL!® (see [127, p. 182]). 


e Type 2 consists of a framework of generators with spherical joints 
at each crossing point. These models were also invented in 1874 
by HENRICI [127, p. 208]. Later, their design was improved by H. 
WIENER". 


Both types of models admit flat limiting poses. 


Type 1, sliceform models 


Figure 2.48 shows an example where the sections of the surface with 
two discrete sets of parallel planes are realized as slotted cardboard 
pieces, one as “slot-from-the-top”, the other as “slot-from-the-bottom” 
(Figure 2.47).'8 Thus, the whole structure is made flexible, as the an- 
gle between the planes can vary simultaneously. We are going to prove 
that the variation of the angle acts as an affine transformation on the 
represented quadric. 


14These models were distributed by the German companies M. ScuiLuinc, Halle a. 
d. Saale, and B.G. TruBner, Leipzig (see, e.g., the catalogues [112, pp. 111-114], 
[138] or [139, pp. 13-18]).Henrici’s flexing hyperboloid is depicted, e.g., in [73, 
Abb. 7| and [56, Figs. 23a,b]. Models made from cardboard have the advantage that 
they can be produced by students or teachers. Such models are also shown in [71, 
Fig. 500, p. 441], [118], or online, in collections of mathematical models, e.g., at 
http://www.geometrie.tuwien.ac.at/modelle/. 

15O.aus Henrici (1840-1918), German mathematician, was professor at University College 
London and director of the Laboratory of Mechanics. 

16 ALEXANDER WILHELM VON BriLL (1842-1935), German mathematician, was professor at 
TH Darmstadt and TH Munich. 

17HeRMANN Lupwic Gustav WIENER (1857-1939), German mathematician, was professor 
for Geometry at TH Darmstadt. 

18 Additional stickers mounted at the slots might be necessary to prevent the slices from sliding 
along the slots, and thus, falling apart. 
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FIGURE 2.47. Two slices $1, S2 of a sliceform model with a revolute joint in 
between. 


Lemma 2.5.1 The restriction of the affine transformation 


x x! AL 
a ty fe] y P=] py (2.57) 
Zz z! Zz 


on the planes with equations mx + ny =0 is an isometry if, and only if, 
(2 — 1)n? + (wu? - 1)m? = 0. 


Proof: It is necessary and sufficient that 
x”? +y? 427% = 9? +y" +27 for ma2+ny=0. 


This is equivalent to 
(A? = 1): (uw? -1) = -y? : 2? = —m? :n?, 


24 n?. a 


and hence to n?\? + m2? =m 
The model depicted in Figure 2.48, left, is based on the mutually congru- 
ent sections parallel to the principal planes of a hyperbolic paraboloid. 
These curves belong to a net of translation curves on the paraboloid, as 
stated in Theorem 2.3.2. Figure 2.48, right, shows the same surface, but 
this time with the two reguli. By virtue of Theorem 2.3.1, the generators 
of each regulus are located in mutually parallel planes. 
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FIGURE 2.48. Flexing models of a hyperbolic paraboloid. 


A similar physical model can be produced with parabolas opening to the 
same side, thus representing an elliptic paraboloid. 


In the model shown in Figure 2.48 (right), we have m:n=b:a. Ac- 
cording to Lemma 2.5.1, the scaling factors \ for x-coordinates and wy for 
y-coordinates obey 

e7 = a7? + 7b? = a? +b. 


Therefore, the flexions of this sliceform model show the two reguli of 
hyperbolic paraboloids with the equations 
gl? y” 


9 
268) oa ESS 3 ne) 


with flat terminating poses for t > 0 or t > 7/2. All paraboloids of the 
family (2.58) intersect any plane z = const. # 0 in confocal hyperbolas.!9 


We continue with sliceform models obtained from circular sections of 
quadrics (note [56, Figs. 25a,b]). The triaxial ellipsoid E) with semiaxes 
a>c>b has its circular sections, by virtue of (2.4), in planes parallel to 


Va2 — b2 V c2 — b2 
eae 


19 After an appropriate translation of each single paraboloid along the axis, hyperbolic 
paraboloids can be brought into confocal positions, in the sense of Definition 7.1.1 (see 
Chapter 7). 
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In view of Lemma 2.5.1, we set 


a , b 


mins 


and obtain that all affine transformations a from (2.57) satisfying 


ee -b?) , ra -¢’) Fr 4 
c?(a? — b?) c?(a? — b?) 


induce isometries of all circular sections and keep the three coordinate 
planes fixed. 


FIGURE 2.49. Top views of a sphere € and an ellipsoid E(t), produced with 
the same sliceform model. 


This gives rise to a one-parameter family a(t) of affine transformations 


with 
c fat-b e.faz=h 
X(t) = a ae cost, u(t) = ‘ ae sint, 
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which we can restrict to A, 20, to say O0<t< 4. Therefore, the 
semiaxes of the affine image E(t) = a(€) are 


a? — b? a? —b? , 
op cost, b(t) =p(t)b=c “2a aint, nije: 


a(t) = A(t)a=c 
The circular sections of €(t) match the proportion 
m(t) : n(t) =sint: cost. 

Therefore, 2¢ equals the angle between any two non-parallel circular sec- 
tions of E(t) (see top view in Figure 2.49). 

For variable t, the points (a(t), b(t),0) trace ellipses with the semiaxes 
a(0) and b(4) in the plane z = 0, displayed as dotted curves in Figure 2.49. 
This confirms that, in the top view, each circular section of € performs 


an elliptic motion |46, p. 54] during the deformation. This also holds for 
the tangent planes at the umbilical points (2.5), which also trace ellipses. 


FIGURE 2.50. Sliceform model of an ellipsoid consisting of circular sections. 


The limiting cases of €(t) are flat elliptic disks 


az — b? 
t= 0% a(0) =c Zope b(0)=0, c(O0)=c 
T T T a? =o T 
ae a(5)=0, b(5)=c\/>—5. cb)=c. 


az —¢2’ 
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There is always a sphere included satisfying a(t) = b(to) = c, because 


; c2 — b2 or a2 — ¢2 
costg =\/—>5—5 = sinto=\/>—>- 
a2 — b2 a2 — b2 


Therefore, without loss of generality, the initial ellipsoid € can be re- 
placed by a sphere together with an arbitrary angle 2t9 between distin- 
guished planar sections satisfying 0 < to < |. Then, the semiaxes of the 
set of ellipsoids E(t) read 


t int 
a(t) = a(0)cost= =", W(t) = (S) sint= ——,_ c(t) =e. (2.59) 
cos to sin tg 


Note that for t > tp we get b(t) > a(t) in contrast to the conditions stated 
above. 


Theorem 2.5.1 When the planes of symmetry of the considered slice- 
form model of a triaxial ellipsoid are kept fixed, then all flexions including 
the flat elliptic disks are in line contact with two cylinders of revolution. 


Proof: By virtue of (2.8), the dual equation of E(t) is a(t)?u? + b(t)?v? + c?w? - 1 = 0, and 
hence 
[a(0)?u? + (Pw? - 1)] cos? t + [o(4)° vu? + (ew? - 1)| sin? t = 0. (2.60) 


This is a linear combination of two terms. Each of them, if set to equal zero, is the condition 
for any plane to be tangent to one of the two limiting ellipses, seen as ‘flat’ ellipsoids €(0) and 
E( 3) Hence, each common tangent plane of these two ellipses is also tangent to all flexions 
E(t). These common planes envelop two cylinders, which must be cylinders of revolution since 
they are also circumscribed to the sphere E(to). a 


The two cylinders mentioned in Theorem 2.5.1, can be seen in Figure 2.49. 
One of these two cylinders is also depicted in Figure 2.50, but there the 
ellipsoid E(t) is no longer concentric with € but translated in direction 
of the cylinder’s generators.7? 


There are similar models generated by circular sections of elliptic 
paraboloids and one-sheeted or two-sheeted hyperboloids. When, again, 
half of the angle between two non-parallel section planes is used as a pa- 
rameter ¢ for 0<¢t< 4, then the deformed quadrics can be represented 


?0These cylinders are also depicted in [71, p. 441, Fig. 501]. 
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as 


2 
x c 
se ge SO), 


cos?t  sint 


cosh? to 9 sinh? to > 9 29 
———_v - yi +2 =C, 


elliptic paraboloid: 


one-sheeted hyperboloid: x 3 
cos? t sin’ t 


sinh? to 9 cosh? to 2 9 98 


two-sheeted hyperboloid: —-Z°=¢ 


x 
cos? t sin? t 
with any constant c # 0 and to > 0. The respective tangential equations 


are 


elliptic paraboloid: 
ccos* tu? —4sintu+cw? =0, 


one-sheeted hyperboloid: 
21.9 2,2 
40 1 cos” t — 2 -~c’w* +1]sin?t=0, 
cosh* to sinh* tg 
two-sheeted hyperboloid: 


2,2 2.30 
cu omny ; 
aa —c’w? - 1| cos? t- —— + +1 sin’ ¢ = 0. 
sinh” to cosh“ to 


These equations reveal that only the hyperboloids belong to a range of 
quadrics. In the case of paraboloids, there is no range, even when trans- 
lations in direction of the y-axis were permitted. 


Nets of translation curves on paraboloids 

Let two parabolas in the symmetric planes xsint ¥ ycost = 0 for 0<t< > 
be given with the z-axis as the axis of symmetry and the origin as vertex. 
The parameters of the parabolas are denoted by p and q, respectively. 
These two parabolas serve as translation curves of a paraboloid P(t). In 
affine coordinates (€,7,¢) based on the vectors 


cost cost 0 
by = sint 5 bo a —sint i bs = 0 5 
0 0 1 
1.€., 
x 3 
y |=(bi bz bs)] 7 |, 
z ¢ 
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the paraboloid P(t) has the equation 
1 9 1 2 
Pi CoP ey. 
(é): ¢ ap? or 


After transformation into Cartesian coordinates, we obtain the represen- 
tation 

P(t): 8pqz = a 74 eit) ee (2.61) 
cos* t sint cost sin’ t 
for the set of paraboloids that can be generated with a cardboard model 
of the type presented in Figure 2.48, left. The corresponding tangential 


equation reads 
P(t): 2w = (p+q) cos” tu? +2(p—q)sintcost uv + (p+q)sin? tv. (2.62) 


Special cases: 


a) g=p: Then, P(4) is a paraboloid of revolution. The dual equation 
P(t): (pu? - w) cos” t + (pu? - w) sin? t = 0 


reveals that all produced paraboloids belong to a tangential pencil. Each 
common tangent plane of this range matches u? — v? = 0. Therefore, the 
common developable consists of two parabolic cylinders. Each cylinder 
has line contact with each paraboloid P(t), even with the two parabolas, 
which are singular surfaces in the range. 


b) q=-p: The corresponding equation 


x 
P(t): z= TY 
2psint cost 
shows that all regular surfaces of this family are orthogonal hyperbolic 
paraboloids sharing the x- and y-axis as vertex-generators. Both degen- 
erated flat forms consist of translated parabolas through the origin. 


Type 2, Henrici’s flexible ruled quadrics 


Let two one-sheeted hyperboloids P and P’ with confocal principal sec- 
tions be given. Such hyperboloids are called confocal (see Definition 7.1.1). 
We set 


2 2 2 
xv z 

Pr + BF - S =1, 
- ie % 

1. xv y z 


a gg oS 
G-@ fae eee? 
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FIGURE 2.51. Confocal hyperboloids between flat limiting positions: The gen- 
erators on the surfaces are materialized as rods with particular spherical joints. 


where a> b>k>0Oandc#0. After multiplication with k? and the 
substitutions 
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we obtain v?>1>)?>y?>0 and 


P: (l=?) 2? + =p? yy? + =) 2’ =P, 


t=)? 1-7 1-v? (2.63) 
pl: 2 a 2 _ £2. 
V2 . ye y ie ee 
The affine transformation 
x x’ AL 
aly Pedy f= py with P+» P’ (2.64) 
z z! Vz 


preserves the distance of two points X; = (2;,y;,2:) € P, i= 1,2 if, and 
only if, 


(x1 — 22)? + (y1 — yo)? + (21 - 22)? = (2{ - £4)? + (y| — 9g)? + (4 - 4)? 
<=> (1-A*)(a1 - 22)? + (1-H?) (yn — ye)? + (1-7) (1 - 22)? = 0, 


Because of X1, X2 €P, this is equivalent to 
(1-d)ayro + (1- pw? )yryo + (1 —v”) 2129 = k?, 


which means that X, and X2 are conjugate w.r.t. P (compare the proof 
given in [56], pp. 26-28). Only in this case, X; and X2 are located on the 
same generator of P. This well-known property! holds also for confocal 
hyperbolic paraboloids (see (2.58)). 


The foregoing results, which were first proved by ARTHUR CAYLEY 
(1879), are summarized below: 


Theorem 2.5.2 Let a be an affine transformation that maps the ruled 
quadric P onto a confocal quadric P', while the common planes of sym- 
metry are fixed. Then, the restrictions of a onto the generators of P are 
isometries. 


Therefore, when some generators of P(0) are materialized by rods with 
spherical joints” (see Figure 2.52) at each intersection between two rods, 


21The quadrics P and P’ can be embedded into a differentiable family of quadrics such that 
each pair of points corresponding under a belongs to the same orthogonal trajectory. Now, 
a well-known theorem by Gauss (see, e.g., [129, p. 217]) concerning geodesic coordinate 
systems implies that a is length-preserving for each (geodesic) generator of P. 

?2Tn the catalogues [138] and [139], this type of joint is proudly advertised as “H. WIENERS 
geschranktes Verbindungsgelenk”. 
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this structure is flexible. In the limiting cases t = b and t = 0, we ob- 
tain flat poses; the generators are tangent to the focal conics of this set 
(see Chapter 7). This is the famous model of confocal hyperboloids de- 
signed by OLAUS HENRICI. This design works even for hyperboloids of 
revolution, where the focal hyperbola degenerates into the axis. 


FIGURE 2.52. H. WIENER’s design of the spherical joints. 


The analogous version for confocal hyperbolic paraboloids 


2 2 


ioe y 
PAO By Bat 


=4(z-t) with -b’<t<@ (2.65) 


(compare with (2.58)) is displayed in Figure 2.53. A cardboard model is 
shown in Figure 2.48. 


FIGURE 2.53. A flexible model of hyperbolic paraboloids out of a confocal 
family. The rulings within the bounding quadrangle are materialized by strings 
which remain taut while bending the quadrangle. 


Check for 
updates 


3 Linear algebraic approach 
to quadrics 


The picture shows a triaxial ellipsoid together with some ellipses which can move 
on the ellipsoid (courtesy: F. GRUBER). 


© Springer-Verlag GmbH Germany, part of Springer Nature 2020 91 
B. Odehnal et al., The Universe of Quadrics, 
https://doi.org/10.1007/978-3-662-61053-4_3 
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3.1 Principal-axes transformation in E” 


Following the terminology of Linear Algebra, a quadric is synonymous 
with a surface of degree two in the Euclidean space E”, n > 2, and defined 
as the set of points whose Cartesian coordinates (x1, %2,...,2%n,) satisfy a 
quadratic equation 


ayia7 + 2aj9%1 02 +-°+ + 2aqn%1 Xp + a22X% + 2a93%2%34+°+++ Cgie, 3 1) 
+2a121 + 2agx9 +--+ + 2antn +a=0 , 
with ajj;,a,,a € R. Only for formal reasons, we included the factor 2 at 
all mixed quadratic terms and all linear terms on the left-hand side in the 
polynomial of degree two. 


Since quadrics are defined as sets of points, we can modify the underlying 
Cartesian coordinate frame, 7.e., its origin and the orthonormal basis 
of R”. Below, we prove that for each quadric there is an appropriate 
coordinate frame where the quadric’s equation has a simple form, a so- 
called normal form. We can eliminate all mixed terms and almost all 
linear terms, so that finally, beside a constant, the purely quadratic terms 
and at most one linear term remain. This will be the starting point for a 
classification of quadrics. 


By the same token, in this chapter we find the most general definition of 
quadrics. It refers to all dimensions n > 2, includes regular and singular 
ones and, of course, also the conics for n = 2. 


The n-dimensional Euclidean space E” 


Following the analytic approach, Euclidean geometry takes place in the 
vector space V = R” equipped with the scalar product for any two vectors 
u, v € R”, which is defined as a positive definite bilinear form. There exist 
orthonormal bases B = (bj, b2,...,b,) with (b;,b;) = 6;;, such that, for 
u =u bj, +---+Uy,b, and v = v1 b, +--+: + up,bn, the scalar product has the 
standard form 

(U,V) = Uzv1 + UgQvg $+++ + UnUn. 


Vectors v with (v,v) = 1 are called unit vectors. Two vectors u,v with 
(u,v) = 0 are called orthogonal. In this sense, an orthonormal basis of R” 
consists of n mutually orthogonal unit vectors. 


In addition, the Euclidean space E” also has an affine structure. It is the 
union of affine subspaces A = u+U with ue R” and with U as a subspace 
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of the vector space R”. In the case d = dim U, the affine subspace u+ U is 
called d-dimensional. Two affine subspaces A; = u;+U;, i=1,2 are called 
totally orthogonal if any two vectors v1 € U, and v2 € U2 are orthogonal. 


The one-dimensional affine subspaces are called lines, those of dimension 
two are called planes. Affine subspaces of dimension zero are points. In- 
stead of the point {a}, we write point a for short. At the beginning, it 
might be confusing that points and vectors are denoted in the same way. 
However, in most of the cases it will be clear what is meant. We usu- 
ally prefer the symbols a,c,...,p,x for points and b,u,v,... for vectors. 
Sometimes, we speak of the position vector a of the point A in order to 
avoid any confusion with a direction vector of a line. 


In order to define a Cartesian coordinate frame in E”, we have to specify 
an orthonormal basis B = (b1,b2,...,b,) of R” and a point o as the 
origin. Then, the point X with position vector 


X=0O+2,b, +-:-+ 2nd, 


receives the Cartesian coordinates (171,..., Zn) w.r.t. the coordinate frame 
(o; B). We often write X = (x1,...,@) for short and call the column vec- 
tor x = (%1,...,%p) the coordinate vector of X w.r.t. (0; B), occasionally 
denoted by x(o,p). In this sense, the original position vector x of X is 
the coordinate vector w.r.t. the canonical coordinate frame in R” with 
the zero-vector 0 = (0,...,0) as origin and the vectors e; = (1,0,...,0), 
+, Cn = (0,...,0,1) of the canonical basis FE’ of R”. 

If we replace the coordinate frame (0; B) by another coordinate frame 


(o’; B’), then the original coordinates (x1,...,%n) of point X have to be 
replaced by new coordinates (a},...,2/,) such that 


o+ aby +-+++2pby =0' +2) b, +--+ 2) bi. 


Each new basis vector b/ can be expressed as a linear combination of the 
original basis vectors as bi = ty; by +--+ + tn; bp, with certain coefficients 
tj; € R. Furthermore, we can set o’ —-o = tjb, + ---+t,b,. Then, the 


comparison of coefficients yields 
/ 
Ly ty ti, --. tin vy 


Ln tn Lito ce Upiy Ln 
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or, in matrix form, as the relation between the new coordinate vector and 
the original one for each point X ¢ E” 


X(0;B) =t+ TE X(o,B") - (3.2) 


We note that the vector t contains the coordinates of the new origin o’ 
w.r.t. the original coordinate frame (0, B), #.e., t = O(0.B): Similarily, the 


columns in the n x n transformation matrix Te consist of the original 
B-coordinates of the new basis vectors b{,...,b/,. Therefore, the column 
vectors are linearly independent, and furthermore, they are mutually or- 
thogonal unit vectors. Thus, the transformation matrix is orthogonal, 


which means that (TE) * = (TRY)". 


Sometimes, it is useful to combine the column vector t and the orthogonal 
nxn matrix T2 in a single (n+ 1) x (n+1) matrix of the form 


We call T.? the eztended transformation matriz. This matrix is again 
invertible. If we also extend the coordinate vectors x(9,g) € R" of the 
points X to vectors X(o; B) € R”*! by inserting 1 in the first row, we obtain 
the extended matrix representation of the coordinate transformation 


i 1 of il ; 
x* ; = = 1 — T 7 x7 1.BI)\+ 3.3 
(0;B) ee ( t Te ( X(o0!;B’) B (0';B’) ( ) 


The advantage of this representation becomes apparent when different co- 
ordinate transformations have to be applied repeatedly. Then, the trans- 
formation matrix of the composition is just the product of the extended 
matrices of the single transformations. Moreover, the inversion of a coor- 
dinate transformation is more transparent. 


Quadratic functions 


In Linear Algebra, a bilinear form on any vector space V over the sym- 
metric field F is defined as a mapping 


ao: VxV->F, (u,v) o(u,v) 
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which satisfies, for all u,u’,v,v’ € V and A€F, 


o(ut+u’,v) = o(u,v)+o(u',v), o(u,vt+v’) = o(u,v) +o(u,v’), 


o(Au,v) = Ao(u,v), o(u,Av) = Ao(u,v). 


A bilinear form o which satisfies o(v, u) = o(u, v) for all u,v € V is called 
symmetric. 
When the bilinear form is restricted to the case v = u, we obtain a 
quadratic form 
0: VF, us o(u)=o(u,u), 
It satisfies 
o(u+v) = o(ut+v, u+v) 

= o(u, u) +o0(v, v) + 0(u,v) + 0(v,u) (3.4) 

= o(u) + e(v) +0'(u,v) 
with o’(u, v) = 0(u, v)+o(v,u) as asymmetric bilinear form. Conversely, 
this can be used for defining a quadratic form o over the vector space V, 


independently from any bilinear form, as a map g: V > F which firstly 
satisfies 0(\u) = A?0(u) and where secondly the mapping 


o: (u,v)  o(u+v)-—o(u) - o(v) 


is a bilinear form, and symmetric by definition. The restriction of & to 
the case v = u is a quadratic form @ with 


O(u) = e(2u) - 2e(u) = 2 e(u). 


From now on we exclude the case that the field F is of characteristic 2. 
Then, we can state that for each quadratic form go there exists a symmetric 
bilinear form 


&: (uv) + 5[o(u+v)-o(u)- o(v)], 


which yields again 9, when restricted to v = u. This bilinear form is 
called a polar form of o. It is easy to show that o1 is unique, because from 
o2(u,u) = 0;(u,u) for all ue V follows o1(u+v, u+v) = g9(ut+v, u+v), 
and hence, 


o1(u, u) + 20;(u,v) +01(v, Vv) = 02(u, u) + 209(u, Vv) + o2(v,Vv) 
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and, consequently, o1(u,v) = 02(u,v). 
Now, we combine a quadratic form oe with a linear form y: V > F and 
add a constant a¢ F. This results in the mapping 


yw: VF, x (x) = 0(x) +29(x) +4, 


which we call a quadratic function on V. We will see that it makes sense 
to understand quadratic functions on R” as mappings of points into R, 
where W(X) = U(x), provided that x is the position vector of point X. 


Let us return to the Euclidean n-space, i.e., to the case F = R and 
V = R", equipped with a Cartesian coordinate frame (o;B) where 
B = (by,...,bn) is a basis of R”. In order to express ~(X) in terms 
of the (o; B)-coordinates (x1,...,%n) of the point X, we recall that the 
basis B assigns to the polar form o of the quadratic form 9 a symmetric 
matrix 


A= : : with ai; = 0(b;,b;) = Aji; 
Gani *** Ann 
and hence, 
n ; n-l n 
o(2b,4 a a eae © Bie) = oe Ayr; + 2 > by AjjLj{L;. 
i=l i=1 j=i+1 
Analogously, the basis B assigns to the linear form y the row vector 


a! =(a1,...,4n), where a; = y(b;), 


and hence, 


n 
y(a1b, +--+ + anbp) = D> ajay. 
i=l 


However, we must also pay attention to the origin o of our coordinate 
frame (0;B). Since the coordinate vector (%1,...,%) of the point X 
w.r.t. (o; B) originates from the representation x = 0+ x1 b, +--+ + Xpbn, 
we take (3.4) into account, which yields 


n 


oo So} = o( Sabi So} +0 (0 Sob} + o(o). 


z 
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On the right-hand side, we have, beside the quadratic form, a linear 
form and a constant. This shows that the choice of the origin affects the 
vector a! of the linear form as well as the constant a in the coordinate 
representation of the given quadratic function w. Only the matrix A, 
which represents the corresponding quadratic form, remains unchanged. 


The same can be concluded from the matrix representation of quadratic 
functions, as shown below. This representation is based on a fixed Carte- 
sian coordinate frame (0; B), which assigns to the points X of the Eu- 
clidean n-space the coordinates (x1,...,%). For the sake of brevity, we 
denote the column vectors X(9,g) of coordinates by x only, but we will 
not forget that they depend on the choice of the coordinate frame. Thus, 
we can set up any given quadratic function w: R” > R in matrix form as 


W(X) =xTAx+2alx+a= 
a1 °° Gin \ f 241 Ly 
=(Chiguccy yt. os > | +2(a1,...,dn)] i |t+a 
Ani *** Ann In In 


(3.5) 


with a symmetric matrix A ¢ R”*”, a vector a € R”, and an additional 
constant a € R, which is the image 7(o0) of the origin of the underlying 
coordinate frame. It is easy to see that the explicit form of the polynomial 
on the right-hand side is exactly the same as the one written on the 
left-hand side in the quadric’s equation (3.1), shown at the beginning of 
this chapter. According to our definition, even the zero-function with 
W(X) =0 for all points X is a quadratic function. 


Sometimes, it is advantageous to combine the n? coefficients a,j of A with 


the n components (a1, ..., Gy) of the row vector a! and the constant a 
in a symmetric (n+ 1) x (n +1) matrix in the form 


We call this symmetric matrix A* ¢ R(*Y)*@) the extended (0; B)- 
matriz of the quadratic function ~. If we also use the extended coordinate 
vectors x* ¢ R”*! of points X, as introduced in (3.3), we obtain the 
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extended matrix representation of the quadratic function as follows: 


a ay... Gn 1 
W(X) =x* TA x* =(1,21,...,2n) = ae — be (3.6) 
Qn Ani --- Onn In 


= Example 3.1.1 Extended matrix of a quadratic function. 


The quadratic function 7: R? > R, given in canonical coordinates, with 
w(x) = 2a? - 23 + dary a3 - Gr —- 24345 


can be written in matrix form as 


2 02 Ly Ly 
w(x) = (a1, %2,23)] 0-1 0 || wo ]+(0, -6,-2)] wo | +5. 
2 00 x3 x3 


Therefore, the extended matrix of ~ w.r.t. the canonical coordinate frame is 


AY = 


Definition 3.1.1 If ~: R” > R is a quadratic function other than the 
zero-function, then the set of zeros 


Q(w) = w (0) = {x] v(x) = 0} 


m 
. 


is called a quadric of the Euclidean n-space 


When the condition 7(x) = 0 is expressed in Cartesian coordinates, we call 
this the equation of Q(w) w.r.t. the underlying coordinate frame (0; B). 
In the case of the canonical coordinate frame, we speak of the canonical 
equation. 


= Example 3.1.2 Selected quadrics. 


1. In E?, the quadric given by the canonical equation x? + x3 —1=0 is the unit circle. In E°, 


the same equation defines a circular cylinder of revolution. 


2. In E?, the equation x? -«2 = 0 defines the pair of lines x1 +22 = 0. In E?, the same equation 


describes a pair of planes intersecting in the x3-axis. 


3. The set of zeros of w(x) = x? in E? is a single line, namely the x-axis x, = 0, but with 
multiplicity two in the language of algebraic geometry. 

4. In the case w(x) = x? + #2, the quadric Q(w) in E? consists of a single point, the origin of 
the cooordinate frame. In the complex extension, we obtain a pair of conjugate complex lines 
£1 + ig = 0. In E%, the equation w(x) = 0 defines a pair complex conjugate planes through 
the (real) x3-axis. 


1S 
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These examples reveal that the quadratic function ~ determines the 
quadric Q(w) uniquely. In the converse direction, this does not hold. 
For example, the two quadratic functions w, and w2 with the canonical 
representations 


W1(x) = a + x and w(x) = Qa" + 2 


share the sets of zeros Q(w1) = Q(w2) = {o} in E?. However, if we extend 
the underlying field R to C, then the quadric defines the corresponding 
function uniquely, up to a scaling factor, except for the case that ~(x) is 
the square of a linear function, since the sets of zeros of (x) = 21 and 
w(x) = 27 are the same. 


Simplifying quadratic functions by coordinate transformations 


Our goal is to classify the quadrics in E”. We achieve this by developing 
an algorithm which modifies the given coordinate frame in such a way 
that the given quadratic function is transformed into a normal form. 


= Example 3.1.3 An ellipse and the normal form of its equation. 


The quadratic function 7: E? > R with the canonical representation 
w(x) = 92? — 4aryxo + 622 — 32x1 — dara + 24 


defines as its set of zeros Q(z) an ellipse with the semiaxes \/2 and 1 (Figure 3.1). This 
follows from a transformation to an appropriate coordinate frame, where the new coordinates 
(2,24) are related to the original coordinates by 


xy \_ i -3 it i 2-1 £1 
xy V5 -4 V5 1 2 x2 
(compare with (3.2)). Then, the set QO(w) satisfies the equation 


12 1...f2 
ry +5%9 -1=0, 
which is written in normal form. 


We can confirm this by straight forward computation. First, we look for the inverse coordinate 
transformation. Since the transformation matrix is orthogonal, we obtain this by transposition: 


(2)-sa(2)(E8)-()- (221) 


We plug this into the given quadratic function ~(x) and obtain, after some computations, the 
new equation. 


Let us analyse how a transformation of coordinates, by virtue of (3.2), 
affects the matrix representation (3.5) of a quadratic form. For the sake 
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2 | £5 
Q(v) 
ial 
vi 
0 _ 
(0) Ly 


FIGURE 3.1. The quadric with the canonical equation 9a7 — 4a, 22 + 6x3 
—3221 - 4x2 + 24 = 0 is an ellipse with the semiaxes V2 and 1. 


of brevity, we write temporarily x, x’, and T instead of X(0;B): X(o!;B’) 
and TS, respectively. When plugging x = t + Tx’ into 

W(X) =x Ax+2a'x+a, 
we obtain 


o(X) = (th +x/TTT)A(t+ Tx’) +2al(t4+ Tx’) +a 
x T(TTAT)x’ + (t7ATx’ +x’ TTAt+2a'Tx’) 
+ (tTAt+2alt+a). 


In the second row, the term which is linear in x’ can still be modified. 
Because of AT = A, the real number x/TT At can be rewritten as 


x TTAt= (x'™ETAt) =t'ATx’. 
Thus, the linear term is 
2tTATx’+2alTx’ =2(t'A+a!l) Tx’. 


Lemma 3.1.1 When the Cartesian coordinate frame (0; B) is replaced 
by (0; B’'), where X(o,B) = t + TX(o.Br) then the quadratic function w, 
represented as w(X) = X(o:B) 4 X(o:B) +2a'x(o.p) +a, gets the new matrix 
representation 


W(X) = X(o, pn A'X(orBy + 2a” X (01:89 +4 
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where 
A’ = TTAT, 
a’ = T'(At+a), (3.7) 
a’ = t'At+2a't+a=Y(0). 


The transformation shown above becomes more transparent when ex- 
tended matrices are used. The substitution 


e-(2) (0) er 


* 


in (3.6) transforms x*? A* x* into 


x"? TA” ee where A”™ — TT A TT’. 


Now we start with the simplification of the quadric’s equation w.r.t. a 
given Cartesian coordinate frame (0; B), 


x'Ax+2alx+a= 0, 


by an appropriate choice of a new basis B’ and a new origin o’. We 
proceed in two steps. 


Step 1: We diagonalize the polar form of the corresponding quadratic 
form. In this way, we can eliminate all mixed terms a;;x;7; (i # j) in the 
quadrics equation (3.1). 

A well-known theorem from Linear Algebra states that, for each symmet- 
ric bilinear form o over R", there exists an orthonormal basis B’ such 
that o(b;,b’) = 0 for all (7,7) with ¢ + 7. With respect to the given basis 
B, the vectors b/ are eigenvectors of the representing matrix A = (ai;) 
with a;; = o(b;,b;). We recall that if bj is an eigenvector of A with 
eigenvalue \;, then 


Ab; = );b}. 
Therefore, for all 7,7 € {1,...,n}, 
a(bibj) = byt A by = Ay (byTbi) = As (bi, b5) 
im T ee T = 
= (A bi‘) bi = Aib;* bj = di (bj, bi). 


This implies 
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e o(bj, bj) = Ai|bj ||? = Ai, and 
e in the case A; + Aj, (bj, bi) = 0, which means that the vectors bj and 
bi, are orthogonal. 


Thus, we obtain the transformation matrix 
B’ 
Tz = (bj... b,) 


with the B-coordinates of the eigenvectors b{,...,b/, as column vectors, 
which transforms the matrix A representing o w.r.t. B into the new ma- 
trix 
M1 0 
A’= ", ; 
0 Xn 


in diagonal form. We write A’ = diag(\1, ..., An) for short. 


Another result from Linear Algebra states that, for symmetric bilinear 
forms over R”, the eigenvalues show the same distribution of signs, re- 
gardless of the used basis B. If we have p positive eigenvalues and o has 
the rank r, then there are r - p negative eigenvalues, and 0 is an (n-1)- 
fold eigenvalue. We call the triple (p, r-p, n-1) the signature! of the 
symmetric bilinear form o and of its representing matrices. 


We reorder the eigenvalues with the corresponding vectors of our new ba- 
sis B’ such that we have p positive eigenvalues at the beginning, followed 
by r-p negative eigenvalues, and finally n-r zeros. Furthermore, we 
replace the positive eigenvalues \; by 1/ a? and the negative ones with 
-1/ a, where a; > 0. As a result, the quadratic terms in the equation of 
Q(w) obtain the form 


12 12 12 12 
x x D4 x 
x TAs’ = Aya t + Apal? = SL og te PL Le ged oS —, 
f a? az? a2 
1 Pp pt+l r 


where 0< p< r=rk(A) <n. 


Elimination of linear terms in the quadric’s equation 


We continue to simplify the coordinate representation of a given quadratic 
function 7 on R”. We learned already that the modification of the origin 


1In the literature, often the pair (p, r-p) of natural numbers is called signature of a, and also 
the symbol (+--+ ---+:-) with p plus and r—p minus signs can be found. 
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does not affect the quadratic form, which is included in wy. This means 
that we will not alter the diagonalization of the bilinear form 0, when we 
modify the origin such that most of the linear terms a;x; in the equation 
of Q(w) will vanish. Hence, before we start with Step 2, we assume that 
in the equation w.r.t. (0; B), 


x’Ax+2alx+a=0 


with a # 0, we have already a diagonal matrix A = diag(\1,..., An), 
where \; = 1/a? for i=1,...,p, 4 =—1/a? for i=p+1,...,r, and finally 
A; =0 foriarti,...,n. 


Step 2: In order to eliminate the linear terms, our goal is to obtain 
a new Cartesian coordinate frame (o’; B) where the vector a’ vanishes. 
By virtue of (3.7), we have a’ = T'(At+a). Since the transforma- 
tion matrix T is invertible, it is necessary and sufficient that the (0; B)- 
coordinates of the new origin o’, i.e., the vector t = (6:8) fulfills the 
system of n inhomogeneous linear equations 


At=-a (3.8) 


There are two cases to distinguish. 


Case 2a: The system (3.8) is solvable: 
In this case the rank of the matrix A must not increase if we extend the 
matrix A by the column ~a to a matrix € R’("*)), Consequently, 


rk(A’‘|a) =rk(A) =r, 


hence, a@;41 =-+: = Gy, = 0, provided that r <n. Each vector m which satis- 
fies (3.8) is the position vector w.r.t. (0; B) of a center of the quadric. The 
space of centers is (n -1)-dimensional and called center space. Quadrics 
with a center are called central quadrics. 


In the Cartesian coordinate frame (m;B) the equation of the quadric 


Q(w) has the form 


12 12 12 12 

x v U4 x ! 

SA eee BL PE ee r +a’ =0. (3.9) 
Qy Oy O41 Qs. 


The set Q(w) of points with coordinate vectors satisfying this equation 
will not change if we multiply the equation with any factor other than 
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0. In the case a’ # 0, we multiply with —1/a’ which yields the constant 
-1. In the case a’ = 0, we can assume that p > r-—p, i.e., there are at 
least as many positive summands as negative ones, since otherwise we can 
multiply the equation with -1. 


In our simplified equation (3.9), only the squares of the (m;B)- 
coordinates x}, ..., 2), of points X show up. Therefore, with 7(x’) = 0, 
w(-x’) = 0 also holds. This means that each center m is a center of 
symmetry of the quadric Q(w). 


If r = rk(A) <n, there exists a (n-1)-dimensional space of centers. Then, 
beside m, each vector m’ ¢ m+ U satisfies (3.8), provided that U is the 
eigenspace to the eigenvalue 0, 7.e., it solves the system of homogeneous 
equations Ax = 0. 


In the case a’ = 0, the quadratic polynomial on the left-hand side of (3.9) 
is homogeneous, and each center m is a point of the quadric. Then, the 
quadric is called conical or quadratic cone, since with each point x € Q(), 
the full line connecting m and x belongs to the quadric, due to 


> Ai(tx})? = t? D° Aa}? =0 for all teR. 
i=1 


i=1 i= 


Case 2b: The system (3.8) has no solution, the quadric has no center: 


In this case with r = rk(A) <rk(A|a) <n, not all linear terms a;x; in the 
quadric’s equation can be eliminated. As will be revealed, we can achieve 
that only the last term remains. This follows from a decomposition of the 
vector a in a sum of two orthogonal components, as stated below. 


Lemma 3.1.2 When the linear system Ax = —a in (3.8) has no solution, 
we can represent the vector a as a sum of orthogonal vectors ag +a, such 
that ag # O is an eigenvector of A with eigenvalue 0 and, on the other 
hand, the system Ax =—ay, is solvable. 


Proof: We refer to the sequence of eigenvectors bi1,...,bn of A in the same order as used 
before in Step 1. The r-dimensional space of vectors {Ax|x ¢ R”} is spanned by the first 
r eigenvectors bi,...,b, of A, because of Ab; = A;b;, while the remaining eigenvectors 
b;+1,-.-,bn span the eigenspace to the eigenvalue 0. Hence, in order to split a into the 
requested sum, it is sufficient to represent a as a linear combination of the basis vectors 
b,,..., bn and to decompose the sum into 


a; := (a,bi)bi +---+(a,b;)b,; and ao := (a, br+1) br41 +++: + (a, bn) bn. 
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According to our assumption, we have ag # O, since otherwise the system Ax = —a would be 
solvable. a 


When specifying a new origin o’, 7.e., when replacing x with x’+o0’, then, 
due to (3.7), the coordinate vector a of the linear form w.r.t. (0; B) has 
to be replaced by 


7 / / 
a =Ao +a=AO0 +a, +4. 


By virtue of Lemma 3.1.2, there exists a vector o’ which solves the system 
Ax =-a,. Consequently, in the quadric’s equation, the linear form al x’, 
or explicitly, 


(ag, brs1) 741 ees ae (ag, by) 27, 


remains. We recall that, according to Step 1, the vectors b,41,...,Dny 
have to form an orthonormal basis of the (n - r)-dimensional eigenspace 
of A to the eigenvalue 0. Moreover, the vector ag + 0 belongs to this 
space. Hence, we will not spoil the obtained diagonal form of the matrix 
A when we choose, within this subspace, a new orthonormal basis with 
b,, in the direction of ao, i.e., with ag = a),b, and a}, + 0. This reduces 
the coordinate representation of the linear form to the last term 2a/,z/.. 
On the other hand, because of rk(A) = r <n, there is no term with 2/? 
in the quadric’s equation. 


Finally, we can eliminate the constant a’, when we replace the origin 
o’ by o” = o' + zb, with an appropriate  €¢ R. This means that we 
substitute x}, = «//-. Thus, we obtain, on the left-hand side of the 
quadrics equation, 


2 
Ait; + 2a} (xl -d) +a, 
i=l 


and we can set \ = a/2a),. 


We continue our efforts of simplifying the quadric’s equation. We can 
assume that, in the particular case in question, among the quadratic terms 
the number p of positive summands is not smaller than that of negative 
summands, at least after multiplying the equation with -1. After the 
division of the equation by |a/,|, the last coefficient is reduced to 2 or -2. 
In the first case, we can reverse the direction of b, and hence replace 27’ 
by -2f, 
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We now summarize the forgoing results: Due to an appropriate choice of 
a Cartesian coordinate frame for each given quadric Q(y), we can reduce 
the equation to one of three normal forms, as given below. 


Theorem 3.1.1 (Classification of quadrics in E”) There are three 
types of real quadrics to be distinguished. Their normal forms are as 
follows: 


Type 1, conical quadrics: 0<p<r<n, p>r-p, 
rk(A*) = rk(A|a) =rk(A) =r: 


2 2 
xy Tp Pp+1 ae 
oy ie ea dirs Gur a ar. tet 
ay Ap 41 or 


Type 2, central quadrics: 0<p<r<n, 
rk(A*) > rk(A ja) =rk(A) =r: 


2 2 2 2 

ry Lp pti Ly _ 
Sag eg a = LO 
On Oe.  Osay a? 


Type 3, parabolic quadrics: 0<p<r<n, p>r-p, 
rk(A|a) >rk(A) =r: 


2 2 2 2 

rj Lp @p+l Ess 

cr ar a a al 
1 Pp pt+l1 t 


Central and conical quadrics with r <n and parabolic quadrics with r < 
n-1 are also called cylindrical. 


Now, we are able to define the term ‘regular quadric’ for all dimensions. 
We have already used this term in Chapter 2. 


Definition 3.1.2 A quadric is called regular if its extended matrix A* 
has full rank. Otherwise, we speak of a singular quadric. 


In (3.3), it was shown that each coordinate transformation acts on the 
extended matrix of a quadric in the form of a right-multiplication with a 
regular matrix. This reveals that the term ‘regular quadric’ is invariant 
w.r.t. coordinate transformations. We conclude from the classification in 
Theorem 3.1.1 that regular quadrics are either central or parabolic, but 
never conical. 


3.1 Principal-axes transformation in E” 107 


v3 


FIGURE 3.2. Examples of singular quadrics in E?: quadratic cone (left) with hy- 
perbolas, elliptic cylinder (middle) and hyperbolic cylinder (right) with asymp- 
totic planes. 


Remark 3.1.1 It should be pointed out that, in order to figure out the type of any given 
quadric, it is not necessary to determine all eigenvalues of A explicitly. Firstly, the char- 
acteristic numbers p and r in these normal forms follow from the signature of the included 
quadratic form, and this can be found by elementary operations on rows and columns of the 
representing matrix A. Secondly, the decision between the three types can be made by com- 
paring the ranks of the matrices A, (Ala) and the extended matrix A*, as listed above in 
Theorem 3.1.1. 


In Chapter 2, we learned that one-sheeted hyperboloids and hyperbolic 
paraboloids are the only regular quadrics which are ruled surfaces. A 
generalization for higher dimensions will be presented in Section 4.3: The 
maximum dimension of linear spaces on quadrics in the real projective 
n-space depends on the signature of the representing quadratic form. For 
the sake of completeness, we anticipate this result w.r.t. the normal forms 
in E”. 


Theorem 3.1.2 Referring to the normal forms of quadrics Q, as given 
in Theorem 3.1.1, the maximum dimension d of linear spaces on Q is as 
given below: 


Type 1, conical quadrics: d=n-p. 


Type 2, central quadrics: for 2p>rt+1: d=n-p, 
for In<r+1: d=p-lt+n-r. 


Type 3, parabolic quadrics: d=n-p-1. 
d<0 means that QO = {}. 
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Principal axes and vertices 


The normal form of a given quadric Q is always related to a particular 
Cartesian coordinate frame (0; B) with B as a basis of eigenvectors of 
the matrix A. However, this frame need not be unique. In the case of an 
eigenvalue of multiplicity & > 2, there is a free choice of the orthonormal 
basis within the corresponding k-dimensional eigenspace. If the center 
space of Q has a dimension (n-1r) > 1, then the coordinate frame can be 
translated parallel to this space. 


Whenever a coordinate axis of a normalizing frame (0; B) is an axis of 
symmetry of the quadric Q, it is called a principal axis. Hence, for central 
or conical quadrics Q, all coordinate axes of the frame (0; B) are principal 
axes. For parabolic quadrics Q, only the axis in direction of the last basis 
vector b,, is an axis of symmetry, since the mapping (71,...,@n-1,2n) 
(-21,..-,-@n-1,%n) transforms Q onto itself. 

A quadric Q of type 2, in the sense of Theorem 3.1.1, intersects the axis 
m+b,R, 1<j <p at points with coordinates (0,...,0,2;,0,...,0) where 
x Jods —1=0, and hence x; = +a;. These points are called vertices of Q, 
and the corresponding distance a; to the center is a semiazis of Q. The 
principal axes m+b,;R with p+1< Jj <r are also called secondary axes 
of Q. Their points of intersection with Q have an imaginary coordinate 
2j = +1,/-Qj. 

Quadrics of type 3 are called parabolic, because their intersections with 
planes spanned by the axes x, and x; for j <r are parabolas satisfying 
the equations a5 |; + 2x, = 0 (note the Figures 3.4 and 3.7). 


Corollary 3.1.3 Let x'Ax+2a!x+a=0 be the equation of the quadric 
OQ inE” w.r.t. any coordinate frame (0; B). If Q is a central quadric, then 
the space of centers m satisfies the system of linear equations Ax = —a. In 
the case of a conical quadric, this system defines the (n — r)-dimensional 
apex, provided that rk(A) =r. 


The proof is left as an exercise for the readers (Exercise 3.1.1). 


= Example 3.1.4 Principal axis transformation of a conic. 


We apply the algorithm, as presented above, to the ellipse depicted in Figures 3.1 and 3.3 
with the canonical equation 


W(x) = 9x} — 4122 + 6x3 -— 32a) — 4x0 + 24=0. 
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x2 | 
bs 
| Q(v) 
ann 
| 
oO Ty 


FIGURE 3.3. The principal axes of the ellipse with the canonical equation 
Qa? — 42129 + 6x2 -322, — 4x9 + 24= 0 (Example 3.1.1). 


In the notation of (3.5), we have 


9-2 -16 
a=(3 a) a-(~)] and a= 24. 


Step 1: The characteristic polynomial of A, 


9-rA -2 


det(A - AI2) = det( 4 6-2} 


)=a?-15a.+50, where Ta = ( j a 


has the zeros 

A, = 10, and Ag = 5. 
These are the eigenvalues of A. Corresponding eigenvectors satisfy the system (A-A;I2)x = 0. 
Thus, we obtain an orthonormal basis of eigenvectors 


Step 2: According to Corollary 3.1.3, the center m satisfies 
Ax=-a. 


Its unique solution is m = (2,1). The transformation of the given canonical coordinates (0; F) 
to the principal axes (m; B’) can be expressed as 


& )-mre (7) with T2' = (bj, b4) = (4 a) 
This generates the simplified equation 
Aya? + Ag ah? + v(m) = 1024? +524? -10=0. 
After division by 10, we obtain the normal form 
12,152 4.9 


xy + 3X2 


with the semiaxes a, = 1 and ag = V2. The vertices of this ellipse are marked in Figure 3.3 
and have the coordinates 


(26=. is), (2+/2 1eay/?), 
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The next example shows the algorithm in the case of a parabolic quadric 
of E°, 


= Example 3.1.5 Principal axis transformation of a parabolic quadric. 


Let the quadratic function 7): R® > R be given by its coordinate representation w.r.t. any 
given Cartesian coordinate frame (0; B) as 


w(x) = ret + 22129 +a +471 + 2x9 - 4x23 -3=0. 


A comparison with the matrix representation x! Ax + 2a!x +a results in 


1 10 2 
A=] 110], a=] 1], a=-s. 
000 -2 


Step 1: The characteristic polynomial 
det(A — X13) = -\?(A - 2) 


yields as zeros the eigenvalue A; = 2 with multiplicity 1 and the two-fold eigenvalue A2 = 0. 


is a normalized eigenvector to 1. It spans the eigenspace U1 := {Ax | x ¢ R?}, which is the 
image space of the linear mapping R? > R? with x + Ax. This eigenspace is orthogonal to 
the two-dimensional kernel of this mapping, the space U2 := {x| Ax = 0} as the eigenspace of 
Ag = 0. 


Step 2: Before we specify an orthonormal basis of U2, we check the system Ax = —a, given in 
Corollary 3.1.3. 


Obviously, a is not contained in Uj, i.e., not a scalar multiple of b{. According to Step 2b in 
our algorithm given above, we have to decompose a into a sum of two orthogonal components 
ao +.az, where a; € U, and ag in the eigenspace U2 of Az = 0. This yields 


1 1 1 
ai = (a, bi)bi = 5 1 and agra Sa AS -1 
0 -4 


Normalization of ag yields the third vector of our orthonormal basis of eigenvectors, namely 


re oe e and i apts! 2 
3 3/2 a ’ 2 3 3 i 


For the origin o’ we choose, as a particular solution of Ax = —a,, for example 


-3/2 
o! = 0 
0 
The coordinate transformation 
v1 t vy , 
a2 |=0'+TZ | 2 | with TZ =(b}, bb, by) 


uf 
x3 Ly 
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yields, by virtue of (3.7), the new matrix representation with 


0 
0 
3/2 


Consequently, the simplified equation of our quadric is 


2 0 0 27 
A’=] 00 0], a’= , a =-—=y7(0'). 
000 


Qa? +3a4V/2 - 27/4 = 0. (3.10) 


We combine the last two summands as 


v3 (0 - 7) -sva(a5- 2) - 3V2 af 


Thus, we replace the origin o’ by 


; 9/8 
o” =0' + —=b3 =] -3/8 
4/2 -3/2 


Finally, we multiply the equation (3.10) with 2/(3V2) and reverse the direction of b4. In 
order to avoid a left-handed coordinate frame, we simultaneously replace bi, by —b5. The 
basis B” = (b{,-b,-b) and the origin o” define a coordinate frame, w.r.t. which our 
quadric obtains the normal form 


This is the equation of a parabolic cylinder (see Figure 3.7 on page 117). The coordinate 
transformation between the original coordinate frame (0; B) and (0”; B’’) can be expressed 
by 


£1 3 3-2/2 -1 all 
x 1 ]¢+ 3 2/2 1 m 
02, anes a 2 + A 
x3 Bla} 3v2\o va oa J\ at 


; 6 ‘ 3 3. 0 
ay |=—=]| -4V/2 |+—=] -2V2 2V2 -v2 || 2 
gl! 4\/2 7 3/2 -1 1 4 

3 


@ Exercise 3.1.1 Center of a given quadric. 


Prove in matrix form the statement of Corollary 3.1.3: If the quadric Q has the equation 
xTAx +2alx+a = 0, then each vector m satisfying the system Ax = —a is the position 
vector of a center of symmetry of Q, i.e., the reflection in m maps Q onto itself. 
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3.2 Quadrics in the Euclidean plane and 3-space 


We continue with a detailed discussion of Theorem 3.1.1 in the form of 
enumerations of the quadrics in the Euclidean spaces E? and E®. Accord- 
ing to the underlying definition of quadrics in this Chapter, this results 
in a list of curves and surfaces of degree two (note Figures 3.4 and 3.7). 


Regular and singular quadrics in E? 


Type 1, conical quadrics: The conditions 0< p<r<2and p2>r-p 
for the characteristic numbers (r,p) admit three cases: 


la) (r,p) = (2,2), W(x) = ae a ae ’ O() = {O}, 
1 2 
1b) (r,p) = (2,1), W(x) = a = a , Q(w) consists of two lines, 
1 2 
Ic) (r,p) = (1,1), v(x) = 27, Q(~) is a single line (with multiplicity 
two). 


In the case lc, but also in the case 1b, the quadratic function y(x) is 
reducible over R, since 


a ae (= =2) (= =) 
as st ot = = "8 
a? ae Ay ag Ay ag 


Type 2, central quadrics: There are five cases: 


2a) (r,p) = (2,2), U(x) = . 3 ad: OG) eeuvine: 

2b) (7,p) = (2,1), W(x) -4 -3 -1, Q(w) is a hyperbola, 

20) (r.p)=(2,0), Wx) =-4 - 3 -1, OW) = 0, 

2d) (r,p) = (1,1), W(x) -4 —1, Q(w) consists of two parallel lines, 
26) (rp) = (1,0), W(x) =-4 -1, OCW) = 0. 


An ellipse with a, = a2 is a circle with radius a;. For an ellipse with 
Q 1 > a, the first coordinate axis is called major axis with the major 
semiaxis a1. The other is the minor axis with the minor semiazis ay. 


3.2 Quadrics in the Euclidean plane and 3-space 113 


2 
Type 1, conical quadrics 4 + “2 = 0 single point 
2 @ 


intersect- 


2 
x . : 
~2-9. : single line 
a2 ing lines 


Type 2, central quadrics A e ellipse 
ay ; 
-1 — +2 =1 hyperbola VY : empty set 


parallel eadpiyeeat 


Type 3, parabolic quadrics parabola 


FIGURE 3.4. Quadrics in the Euclidean plane E?. 


In the case of a hyperbola, the first coordinate axis is sometimes called 
principal axis, while the axis with non-real vertices is the secondary azis. 
The two lines through the origin with the equation = = +— are the 


Qa a2 
asymptotes of the hyperbola. They form a quadric of type 1b. 


Type 3, parabolic quadrics: There are two normal forms to be distin- 


guished. 

2 
3a) (r,p) = (1,1), v(x) = a -—22x2, Q(w) is a parabola with the vertex 
i 

at the origin, 


3b) (r,p) = (0,0), w(x) =-ax2, Q(%) is a single line. 
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FIGURE 3.5. Parabolic water trajectories, illustrating Exercise 3.2.1. 


The constant a7 in the parabola’s equation is called the parameter. 


According to Definition 3.1.2, the only regular quadrics in E? are ellipses, 
parabolas, and hyperbolas. In the complex extension, the empty quadrics 
(type 2c) have to be included, too. Among the various common properties 
of the three types of conics, we pick out their Apollonian definition [46, 
p. 13ff] and their role as orbits of particles solving the two-body problem 
[46, p. 63ff]. 


Regular and singular quadrics in E? 


There are many more cases to be distinguished in E*, as depicted in 


Figure 3.7 on the pages 116-117. The irreducible quadrics are printed in 
italics. 


Type 1, conical quadrics: The numbers (r,p) are restricted by 0 < p< 
r<3and p2>r-p. This yields five cases: 


la’) (r,p) 7 (3,3), W(x) =o Too too Q(v) = {0}, 


xy v3 v3 
2 
a; a a; 


x lg aie 
1b’) (r,p) = (3,2), ¥(x)= 4 +4 -4, Q(y) is a quadratic cone, 


2 
ay a5 a3 


lc’) (7,p) = (2,2), ¥(x) = an +, Q(~) is a single line, 
1 


a a5 
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FIGURE 3.6. The cupola of St. Charles Church Vienna (“Karlskirche”) has the 
shape of an ellipsoid with an elliptic base (ratio of semiaxes approx. 3:2). The 
depicted contour is an ellipse with the ratio of semiaxes width: height ~ 1.03. 


2: 2 
d’) (r,p) = (2,1), v(x) = s = - , Q(wv) consists of two planes, 
1 2 


e’) (r,p) = (1,1), v(x) =2?, Q(W) is a single plane. 


Type 2, central quadrics: — we ne nine cases: 


2a’) (r,p) = (3,3), (x) = - + a + = -1, Q(w) is an ellipsoid, 
2 3 

2 2 2 

b’) (r,p) = (3,2), (x) = al + a = = -—1, Q(%) is a one-sheeted 
a a a 
hyperboloid, : : ° 
2 2 2 

2c’) (r,p) = (3,1), W(x) = ss 7 - - = -1, QW) is a two-sheeted 
hyperboloid, , ° ‘ 


a’) (rp) = (3,0), ve =-4 a -§ -1, Ob) =, 


116 


Type 1, conical quadrics 


cone 


intersect- 
ing planes 


Type 2, central quadrics 


et ot of one-sheeted 
— + —_—_—-— oo 
a? a2 a2 hyperboloid 
x2 a3 22 __ empty 
Tee ae ak Ret 
A 2: 8 
x? x3 1 hyperbolic 
ane Ta i 
aj a5 cylinder 
2 
vy 1 parallel 
a? planes 


FIGURE 3.7. Quadrics in the Euclidean 3-space 
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: : x? a3 elliptic 
Type 3, parabolic quadrics += + - 2r3 =0 . 
ap a5 paraboloid 


hyperbolic parabolic 


paraboloid cylinder 


FIGURE 3.7. Quadrics in the Euclidean 3-space E?, ctd. 


, 2 
2e") (rp) = (2,2), v(x) = - + 7 -1, Q(~) is an elliptic cylinder, 
1 2 
2 2 
20) (rp) = (2,1); vs) = - - 7 -1, Q(~) is a hyperbolic cylinder, 
1 2 
; wi 2% 
2g’) (r,p) = (2,0), U(x) = 5 ee -1, Qh) ={}, 
1 2 


2h’) (r,p) = (1,1), w(x) =2?-1, Q() consists of two planes, 
2i’) (r,p) = (1,0), (x) =-a2j-1, Q(p) = {}. 
The two hyperboloids (types 2b’ and 2c’) have asymptotic cones with the 
2 


x? x x 
respective equations + + — — 2 = 0. These cones are of type 1b’. 
a a5 a3 


23 


The regular quadrics in are ellipsoids, one- and two-sheeted hyper- 
boloids, and elliptic and hyperbolic paraboloids. In the complex exten- 
sion, the empty quadric of type 2d’ is also regular. Figure 3.2 shows 
quadratic cones (compare with [46, p. 449]) and cylinders as examples of 


singular, but irreducible quadrics. 


Type 3, parabolic a There remain the following normal forms: 


Ba) (Fp) = (2,2), vox) = “. +2 2 25, Q(w) is an elliptic paraboloid, 
a3 


2 
3b’) (7,p) = (2,1), ox) = a <a -2x3, QO(w) is a hyperbolic paraboloid, 
1 % 


2 
ac) (Fp) =(1,1), ox) = - — 2x3, Q(w) is a parabolic cylinder. 
1 
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@ Exercise 3.2.1 Parabolic water trajectory. 


When neglecting air resistance, we can set up the water trajectory which is displayed in 
Figure 3.5 in parametrized form in E? as 


(a0) (ae) ae) 


Herein, t designates the time, v the initial velocity, a the initial slope angle, and g the gravita- 
tional acceleration on Earth » 9.80665 m/s”. Find an equation of this parabola and its normal 
form. What is the parameter of this parabola, as defined on page 114? 


@ Exercise 3.2.2 Principal axis transformation. 
Find the types, normal forms and, in non-parabolic cases, the center space of the following 


quadrics. 

(a) w(x) = 5a? —42122+ 8x2 + 4/521 -16V/5 22 +4, 
(b) (x) = 8x? + 42122 -4219%3 - 2x49%3 + 201 - 23, 
(c) (x) = 132? - 10122 + 1323 + 1823 - 72, 


(d) ~(x) = 2? — 49102 + 2V3 0903 -2\/321+ V/322+23, 


(e) W(x) = 4a? + 82122 + 4x23 - 23 + 4x3. 


Solutions: 
1 1 
(a) U(x’) = i ai + F x4? —1; center (0, V5), direction of principal axes: (2, 1) and (-1, 2). 


(b) Q(~) is conical (type 1) with a line as center space G = (t,-4 — 2t,2t), t¢ R. Since 
w(x) = (2x1 - @3)(4a1 + 2x2 +1), Q(w) consists of two planes through G. 


ny te ee wy ; iat ; 
(c) w(x’) = a + i + aa 1=0; quadric Q(w) is an oblate ellipsoid of revolution. 


(d) w(x’) = Bal? +(/2-1) 24? -(V2+1)04?-4 = 0; quadric Q(w) is a one-sheeted hyperboloid. 


V6(3+ V105)a1? — V6(/105 - 3) x4? 
8 8 


(e) v(x’) = + 225 = 0; quadric Q(w) is a hyperbolic 


paraboloid. 


Check for 
updates 


4 Projective and affine quadrics 


Dupin ring cyclide with a three-web consisting of Villarceau circles of both kinds 
and of isogonal trajectories of the circular curvature lines. In a conformal model 
of elliptic geometry, the cyclide represents a Clifford surface, where each kind of 
Villarceau circles is a family of Clifford parallels, while the isogonal trajectories 
play the role of coaxial helices. 
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The projective space is the proper setting for many properties of quadrics 
and associated polarities. It will be shown that, in the real projective 
3-space, there are only two types of quadrics to be distinguished, ruled 
and non-ruled quadrics. With regard to polarities, there are three, apart 
from null polarities. The affine classification of quadrics can be done by 
analyzing their relative position to the plane at infinity. 


In this chapter, we expect the reader to be already familiar with the basics 
of Projective Geometry in the plane as presented in [46, chapters 5—7]. 


4.1 Three-dimensional Projective Geometry 


Models of projective spaces 


To begin with, we give a short overview of the axiomatic approach to the 
projective 3-space P®, called projective space for short. It consists of a 
set P of points, a set L of lines, and a set € of planes. Lines and planes 
are always considered as sets of points. Sometimes we emphasize this by 
calling them a range of points. Similarly, planes are considered as sets of 
points and lines, and we speak sometimes of a field of points or field of 
lines. 


The set of planes through some line g is called pencil of planes E, with the 
carrier or axis g. The set of lines through some point V is called bundle 
or star of lines Ly, and the set of planes through V is the bundle or star 
of planes Ey with the carrier or vertex V. For a pencils of lines, t.e., the 
set of lines through some point V in some plane ¢€, we use the notation 
Ly,-. Again, the point V is the vertex or carrier and ¢€ is the carrier plane 
of this pencil. We use the symbols P- and L, for the sets of points and 
lines in the plane ¢, respectively. 


If, for some point P ¢ P and some line / € £, the relation P €1 holds, we 
say that P is contained in the line 1, P is incident with 1, P lies on 1, | 
goes through P, or | passes through P. A similar wording is used for the 
incidence P € € of the point P with the plane ¢ and for the incidence | c € 
of the line / with e. Any set of points on the same line is called collinear 
or aligned. Lines or planes through the same point are called concurrent, 
points and lines in the same plane are coplanar, and planes through the 
same line are coazial. 
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The following list of axioms makes the triple (P, £,€) a three-dimensional 
projective space or projective 3-space P?. 

(A1) Any two different points P # Q can be joined by a unique line 
1=[P,Q], the connecting or spanned line. 


(A2) Any point P and any line / with P ¢/ can be joined with a unique 
plane [P,l], the connecting or spanned plane. 


(A3) For any line / and plane ¢ with / ¢ «, there exists a unique common 
point Ine, the point of intersection or piercing point. 


(A4) There exist five points such that no four of them are coplanar. We 
call this quintuple a fundamental figure of P?. 

Two projective spaces P? = (P,L,€) and P*’ = (P',L',E’) are called 
isomorphic if there exist bijective mappings Kk: P > P’, K*: L- L’, 
and &: € — E€' such that each incidence P ¢ 1, P€ ¢, orl ce in P? 
holds if, and only if, the respective incidence K(P) € K*(1), K(P) € #(e), 
or K*(1) ¢ R(e), holds in P?’. We also say that in this case the triples 
(P,L,E) and (P’,L',E’) are models of the same abstract projective 3- 
space. 


Below we present two three-dimensional projective spaces. As will be 
shown, the first is isomorphic to a particular case of the second. 


(i) The projectively closed Euclidean 3-space. Similarly to the 
projective closure of the Euclidean plane in [46, p. 180], we begin with 
the Euclidean 3-space E?. We assign to each class of parallel lines in E% 
a unique ideal point or point at infinity and define that each line out of 
this class passes through this ideal point. The set of all ideal points of 
the 3-space is called ideal plane or plane at infinity. If we concentrate 
only on lines parallel to a given plane ¢, the set of associated ideal points 
is called ideal line or line at infinity of the plane ¢. Obviously, parallel 
planes share their line at infinity. 


Now, we define P as the union of the set of points of E® and the set of all 
ideal points. £ is the union of the set of lines of E? with the set of ideal 
lines. Finally, we obtain € as the set of planes of E?, which is extended by 
the plane at infinity. It is easy to verify that the triple (P,£,€) satisfies 
all axioms (Al) to (A4). The extended space is called the projectively 
closed Euclidean 8-space or the real projective space, and we denote it by 
P3(R). Points, lines, and planes belonging to E? are called finite or proper 
in the projective closure P?(R). 
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Connecting the finite point P with an ideal point Q means drawing a 
parallel through P to some line of the class associated with Q. In order 
to obtain the connection of two different ideal points P and Q, we choose 
any finite point V. Then, [P,Q] is the ideal line of the plane spanned by 
the lines [V, P] and [V,Q]. The point of intersection of any finite line / 
with the plane at infinity is the ideal point of /. The line of intersection 
of any finite plane ¢ with the plane at infinity is the ideal line of «. 


(ii) The vector space model of a projective space. Let F be an 
arbitrary (commutative) field and F* a four-dimensional vector space over 
F. It can be shown that the set P of one-dimensional subspaces, the 
set £L of two-dimensional subspaces, and the set € of three-dimensional 
subspaces of F* defines a projective 3-space. We call it the vector space 
model of a projective space and denote it by P?(F). 


If point P is spanned by the non-zero vector p € F*, then, instead of P = 
{Ap|A ¢ F}, we write P = pF or sometimes only P = p for short. The line 
1 spanned by the points pF and qf is written briefly as / = pF + qF, which 
means 1 = {\yp + A2q| (Ai, 2) € F?}, provided that p and q are linearly 
independent, which means that the two points are different. Similarly, 
for three linearly independent vectors {p,q,r}, the plane spanned by the 
three corresponding points is denoted ¢ = pF + qF +rF. 


Any basis (bo,...,b3) of F* gives rise to coordinates for each vector in 
F* and also homogeneous coordinates for each point P = pF in P?(F), 
according to the rule 


P= (ap: 21:42:23) = > p=2pbo9 +--- + x3b3. 


Apparently, the coordinates of points are only unique up to a common 
non-vanishing scalar. 

Now, we show that the choice of a basis yields also homogeneous coordi- 
nates for each plane: The set of solutions of any linear equation 


UpXo + Uj XL, + UQXQ + UZx3=0 with (iis, ta) (10,5555 0) 


is three-dimensional, and therefore, a plane of P?(F). Conversely, a point 
xF belongs to the plane « = pF + qF + rF if, and only if, the vectors 
{p,q,r,x} are linearly dependent. In this case, the system of linear equa- 
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tions 
uopo + ... +ugp3 = 0 
uogg + ... +u3q3 = 0 
Uoro + ... FUZT3 = 0 
Upto + ... +UZBLZ = 0 
with the unknowns (uo,...,u3) has a one-dimensional solution, and x 


must satisfy the last linear equation. We call the coefficients (ug : ++: : 
u3) homogeneous plane coordinates of ¢ and write also ¢ = uF, if u := 
(uo,-.., ug). Using the notation (-,-) for the standard scalar product, 
we can state: 


Lemma 4.1.1 Point xF lies in the plane uF if, and only if, (u,x) = 0. 


A change of the basis in F* yields new coordinates for each point. Due to 
a standard result of Linear Algebra, there is a regular 4x 4 transformation 


matriz T such that for each point the old coordinates (xo : +++: #3) and 
the new ones (xo : +++: £4) are related in matrix form by 
x Xo 
=— 
xs x3 


Because of the homogeneity of the point coordinates, the transformation 
matrix T is unique only up to a non-vanishing scalar. Note that we 
still retain the convention introduced in Chapter 3 of writing coordinate 
vectors as columns. 


Instead of choosing a basis of F* for coordinatizing the projective space 
P3(F), we can proceed in a more geometric way by specifying any funda- 
mental figure (Ag,...,A3, £) in P3(F): 

If A; = a;jF for i=0,...,3, then {ag,...,a3} is a basis of F*. This yields 
for the fifth point E = eF a representation 


e= jag t-:-+Agag with Ag...A3 #0. 


Now, we use a; = \;a; as the new coordinate vector of A; for each i € 
{0,...,3}. The new basis {aj,...,a} brings about a coordinatization of 
P3(F) with the following properties. 


1In the language of Linear Algebra, planes are one-dimensional spaces in the dual space of F*, 
which can also be introduced in a coordinate-free way as the space of linear forms over F*. 
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Theorem 4.1.1 For each fundamental figure (Ao,...,A3,E) in P?(F), 
there is a coordinate frame such that Ag = (1:0:0:0), ..., Ag = (0:0: 
0:1) and E=(1:1:1:1). The points Aop,...,A3 are called base points 
of this frame, and point E is the unit point. 


Finally, we show that, in the projectively closed Euclidean 3-space, we 
can introduce homogeneous coordinates as well. This will confirm that 
this projective space is isomorphic to the projective 3-space over the field 
of real numbers, which justifies the introduced notation P3(R). 


It is quite natural to start with a Cartesian coordinate frame in the Eu- 
clidean 3-space E?, though the same procedure could be performed with 
affine coordinates: If (ap, yp, zp) are the coordinates of any (finite) point 
P, we extend them by adding 1 as the first coordinate, and we permit 
that these four coordinates can be multiplied with any factor \ « R\{0}.? 
If Q is the point at infinity of a line with direction vector (xg, yg, 2q), 
then we insert 0 as additional coordinate at the beginning. Of course, the 
direction vector is unique only up to a non-vanishing scalar. Thus, we 
assigned to each point in the projective extension of E? four homogeneous 
coordinates. 


Conversely, from any given coordinates (2 :-+-: 23) with (2o,...,23) # 
(0,...,0), we can retrieve the original point: In the case xp # 0, we get 
Ly v2 X3 
(x.y.2)= (4, ms? =), 
XO XO ZO 


In the case xp = 0, the vector (#1, 72,23) # (0,0,0) gives the direction of 
the point at infinity. 

We call these particular homogeneous coordinates homogeneous Cartesian 
coordinates. In the language of P?(R), the base points of this coordinate 
frame are the origin and the ideal points of the coordinate axes. The unit 
point has the Cartesian coordinates (x,y,z) = (1,1,1). 


First consequences of the axioms 
From the four axioms of projective 3-spaces (Al)—(A4) we can deduce a 


sequence of statements, as listed below. 


?The same extension of coordinates was already used in Chapter 3 when extended coefficient 
matrices of linear mappings and quadrics were introduced. 
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e If P,Q €e, then [P,Q] ce, and vice versa. 


e For any three non-collinear points P,Q, R, i.e., for each triangle, there 
exists a unique plane ¢ with P,Q, R € ¢, which is denoted by [P,Q, R] 
and called the connecting or spanned plane. 


e Each plane contains at least a quadrangle, i.e., four coplanar points such 
that no three of them are collinear. 


e Any two different planes ¢€,7) have exactly one line in common, the line 
of intersection L=enw. 

e If two different lines g,h share a point, then they are coplanar, hence 
spanning a plane [g,h]. Conversely, any two different but coplanar lines 
have exactly one point in common, the point of intersection. 


Thus, we can state: 


e For each plane ¢ in P?, the incident points and lines, i.e., the sets P- 
and £,, form a projective plane (see, e.g., [46, Sec. 5.1]). 


Each set of four non-coplanar points {O, P,Q, R} is called a tetrahedron 
with the six edges [O,P],...,[Q,R]. Let ¢ denote the plane [P,Q, R]. 
Then, the mapping 


nm: P?\{O} +P, X + 0(X) =[X,O] ne, 


is called a projection with center O and image plane e. 


FIGURE 4.1. The projection 7: X + 7(X) with center O and image plane e. 


The restriction of the projection 7 to any plane w not passing through O 
is bijective and preserves the collinearity of points (Figure 4.1). Hence, 
this is a collineation Py, > P-. As a consequence, for any two planes ¢, y 


126 Chapter 4: Projective and affine quadrics 


in P?, the induced projective planes are isomorphic in the sense of [46, 
p. 179]. 

e Conversely, if for two different planes ¢,7 in P? there is a collineation 
A: Pz + Py, where each point of the line of intersection «nN w remains 
fixed, then is the restriction of a projection. 


e There exist pairs of skew lines in P?, i.e., lines g,h having no point in 
common and being non-coplanar. 


In each projective space P?, there exist five planes such that no four 
share a point. For example, given a fundamental figure {Po,..., Py}, the 
five planes [ Po, Pi, Po], [Pi, Po, Ps], ..., [P1, Po, Pi] have this property. 
Hence, similar to projective planes |46, p. 182], for each three-dimensional 
projective space P3, we can state the 


Principle of Duality. Any valid theorem formulated in terms of points, 
lines, planes, connection, intersection, and incidence remains true if we 
interchange the words points and planes, intersection and connection, but 
keep lines as lines and all incidences between points, lines, or planes. 

In other words, if P? = (P, £,€) is a projective space, then P? = (€,£,P) 
is also a projective space provided that we switch € and > as well as c and 
>. The space P? is called the dual space of P?. When any statement is 
dualized, the obtained new result is called the dual. 


The proof of the principle of duality consists in verifying that, from the 
axioms (Al) to (A4), all respective dual statements can be concluded, 
and this has already been done above. 


In this spatial duality, the fields of points correspond to stars of planes, 
and the fields of lines (or ruled planes) to stars of lines. Therefore, for all 
points V, the pair (Ey, Ly) is a projective plane, as well as (Ly, Ev). 


We recall that a projective plane is called a Fano plane if the axiom of 
FANO holds, 7.e., for each quadrangle the three diagonal points are not 
collinear. Similarly, we call a projective 3-space a Fano space if it contains 
a Fano plane. 


Since any two planes are isomorphic, all quadrangles in a Fano space have 
a diagonal triangle. The principle of duality in the plane guarantees that, 
for the dual of a quadrangle, a quadrilateral, the three diagonals are never 
concurrent. It can be shown that P3(F) is a Fano plane if, and only if, 
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the characteristic of the field F is different from two (note |[46, p. 184]. 
Otherwise, we speak of an Anti-Fano plane. 


In this book, we will mainly focus on Fano planes without specifying so. 
Only in very exceptional cases, we will assume that this axiom does not 


hold. 


For the axiomatic approach to projective planes, two other axioms are 
important, the axiom of DESARGUES and the axiom of PAPPUS (note 
[18], [46, p. 185-187], or [57]). 


The first one states that if two triangles are perspective to a point, then 
their sides are perspective to a line. In other words, if, for two given 
triangles P, P2P3 and Q1Q2Q3, the points P;, Q; are collinear with a point 
(perspector) Z for i = 1,2,3, then the pairs of sides ([P1, P2], [Q1, Q2]), 
([ Po, P3], [Q2,Q3]), and ([P3, Pi], [Q3,Q1]) are concurrent with a line 


(perspectrix) a. 


The axiom of Desargues guarantees the existence of perspective 
collineations in the plane. Furthermore, it can be proved that any De- 
sarguesian plane is isomorphic to a projective plane P?(F) over a field F 
which needs not be commutative (see [18]). 


The situation in projective spaces is quite different: 


e In each plane of a projective 3-space, the axiom of Desargues holds. 
Proof: Suppose that the two triangles P, P2P3 and Q1Q2Q3 in different planes are perspective 


w.r.t. Z (Figure 4.2). Then, the points {Z, P,, P2,Q1,Qz2} are coplanar. Therefore, the sides 
[P1, P2] and [Qi, Q2] share a point A3 on the line of intersection a = [P1, P2, P3|N[Q1, Q2, Qa]. 
A cyclic permutation of the subscripts reveals that the sides of the two triangles are perspective 


w.r.t. a. 


If two triangles P, P2P3 and Q1Q2Q3 belong to the same plane a and are perspective w.r.t. 
a point Z, we can confine ourselves to the case that the seven points Pi,...,Qi,...,Z are 
mutally different. Now, we interpret the scene as a projection of the spatial situation. This 
means that we choose a point O ¢ 7 and, on the line [O, Z], another point Z + O,Z. Then, 
there exist the points P; = [O, P;)]n[Z, Q;] for i = 1,2,3, which do not belong to 7. This results 
in a triangle P, P2P3 which is perspective to Q1Q2Q3 w.r.t. Z. Due to the spatial version of 
Desargues’s theorem, the sides of these two triangles are perspective w.r.t. a = [P,, Po, P3] nT. 
The point of intersection [P1, P2]n[P1, P2] must coincide with As = [ Pi, P2]n[Q1, Q2], which, 
after cyclic permutation of the subscripts, proves the original planar version. a 


Finally, we call a projective space a Pappian space, if it contains a Pappian 
plane. Again, the isomorphy between any two planes guarantees that each 
plane is Pappian. 


A standard result from the theory of projective planes states that each 
Pappian plane is isomorphic to a projective plane P?(F) over a commu- 
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FIGURE 4.2. Proof of Desargues’s theorem for the perspective triangles P; P2 P3 


and @1Q2Q3 via the spatial version with the triangle P; P2P3. 


tative field F (see [18]). Hence, the projective space P?(F), as introduced 
above, is Pappian. 


Collineations, perspectivities, and projectivities 


Definition 4.1.1 A collineation x: P® > P®’ between two projective 
spaces is a mapping that sends points to points and satisfies the following 
two conditions: 


(1) Collinear points are mapped to collinear points. 


(2) The mapping is one-to-one and onto. 


Apparently, each isomorphism of P* = (P,£,€) to P?’ = (P’,L',E’) de- 
fines a collineation «: P + P’. However, the converse is also true: 

e Each collineation P? > P?’, defined as a mapping K: P > P’, induces an 
isomorphism between the two spaces, and hence the bijections K*: L > L' 
and &: € > €'. Each incidence in P? is equivalent to the incidence 
between the corresponding elements in P?’. 


For a proof, the reader is referred to the literature, e.g., to [18]. 
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This result reveals that the restriction of any collineation «: P? > P%’ 
to each plane ¢ of P® is a (planar) collineation P- > Pre). The duality 
guarantees that the same is true for corresponding stars Eg and €,,s). 


m m 


FIGURE 4.3. Perspectivities in the projective space: First row, from left to 
right: 1(X)AS-(a), 1((X)Am(E), and S.(”)Am(E); second row, from left to 


Ss a a 
right: [(X) KU’(X'), Se(x) % S2(x’), and 1(X) AUX’). 


Now, we are going to extend perspectivities and projectivities from the 
projective plane to the projective 3-space. 


Definition 4.1.2 Let Pj, £s,- and €,, be, respectively, a range of points, 
a pencil of lines, and a pencil of planes. Any bijection between any 
two of these sets is called a perspectivity if corresponding elements are 
incident (Figure 4.3). We denote them for short 1% S-,/Am, and S:%m, 
respectively, or more extensively, by indicating corresponding elements, 
in the form 


UX)AS(@), UX)Am(g), S-(x)Am(E), 


or in opposite order. 


Any composition of finitely many perspectivities is called a projectivity 
and usually expressed with the symbol x. 
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If, in particular, the lines / and /’ are coplanar with S, we call the compo- 
sition 1(X) % S-(x) Al/(X’) a perspectivity 1 7 l’ with center S. Similarly, 
we speak of a perspectivity S; R S¢ with the axis a for two coplanar pen- 
cils or pencils with a common carrier, when either S:(x) A a(X) ~ S2(2’) 
or S.(x) Ka(€) K S-(x’), respectively. Finally, we speak of a perspectivity 
between two pencils of planes | xl’ with the axis a when l(g)xaKl'(€') 
and the carriers / and I’ are coplanar. 


The perspectivities, as defined above in the projective 3-space, are exten- 
sions of those related to the projective plane. Therefore, the set of pro- 
jectivities between ranges of points or pencils of lines seems to be larger 
than that of the planar counterparts. However, a detailed case analysis 
reveals that each 3-space projectivity between coplanar ranges of points 
or pencils of lines is also a projectivity in the sense of planar Projective 
Geometry. This justifies keeping the same notations. Furthermore, the 
fundamental theorem of plane geometry is still valid. This means (note 
[46, p. 190]): 


Lemma 4.1.2 In a Pappian projective space, any projectivity between 
ranges of points, or pencils of lines or planes, is uniquely defined by three 
pairs of corresponding elements. 


The following lemma is also an extension of a result from plane geometry. 


Lemma 4.1.3 A projectivity between two different ranges of points with 
coplanar carriers is a perspectivity if, and only if, the common element 
remains fixed. 


The same holds for projectivities between different pencils of lines that are 
either in a common plane or share a common center. Finally, a similar 
statement is valid for projectivities between two different pencils of planes 
with intersecting carriers. 


On the other hand, we can adopt, from the vector model P3(F), the 
statement (note [46, Theorem 5.4.1]): 


Lemma 4.1.4 Each projectivity between ranges of lines in P?(F) can be 
described by a bijective linear mapping between the corresponding two- 
dimensional subspaces of F*. 
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In this sense, the group PGL(1) of projective mappings of any line / onto 
itself in the projective space is not bigger than that in the projective 
plane. It equals the factor group GL(F,2)/D(F) of the general linear 
group, where D(F) is the group of dilations, represented by all scalar 
multiples of the unit matrix Ip (note [46, Theorem 5.4.2]). 


Definition 4.1.3 We call a collineation projective if its restriction to a 
range of points or to a pencil of lines or planes is a projectivity. 


It is easy to verify that the restriction of a projective collineation to all 
ranges of points or pencils of lines or planes is a projectivity. Hence, the 
restriction to any plane is projective, too, and the projective collineations 
P’ + P? form a group. 

From the projective plane, we recall that under projective collineations all 
cross ratios remain unchanged (|46, Theorem 5.3.1]), which in the vector 
model can be defined in the following way: 


If, on the line / = [A,B] = aF + bF, two more points are given as C = 
(\;a+A2b)F and D = (a+ p2b)F, then 


Az HA 


cr(A, B,C, D) := 
At [2 


(4.1) 
We call (11 : 42) projective coordinates of the point D w.r.t. the coordinate 
frame with the base points A and B and the unit point (a+ b)F. 


Similarly, a quadrangle Aj A; A2F defines in its spanned plane a projective 
coordinate frame with the base points A; = a;F, i = 0,1,2, and the unit 
points E = (aj +a,+a2)F, which assigns to any point P = (apap + 41a; + 
x2a2)F the homogeneous triplet (xo : v1 : £2) as coordinates. 

A fundamental theorem of Projective Geometry over commutative fields 
states: 


Theorem 4.1.2 Each projective collineation P?(F) > P?(F) of a Pap- 
pian projective space onto itself can be described by a bijective linear map- 
ping f: F‘ > F*. This mapping is unique up to a scalar. 

Conversely, any linear mapping f : F* — F* induces a projective 
collineation «: P3(F) > P3(F) with pF + f(p)F. 


We learn from the real projective plane that, in the real projective space 
P?(R), each collineation is projective. 
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By the same token, all collineations in P3(F) > P’(F) are induced by 
bijective semilinear mappings F4 > F*, i.e., by the compositions of lin- 
ear mappings with automorphisms of F (see, e.g., [18, 57]). A standard 
example of a non-projective collineation in the complex extension P3(C) 
of the real projective space P?(R) is the complex conjugation 1, which re- 
places each coordinate by its complex conjugate value. This conjugation 
is involutive and exchanges each non-real point P, line g, or plane € with 
its respectively complex conjugate element P = 1(P), 1 = 1*(1), or F =T(e). 
Elements which remain fixed under ¢ are called real, as they are already 
included in P3(R). Otherwise, we call them non-real or imaginary. There- 


fore, P = pF is imaginary if, and only if, the vectors {p,p} are linearly 
independent. In this case, the connection of P and P is real. For the 
same reason, two different complex conjugate planes ¢ and = contain a 
single real line, the line of intersection ené. 


The situation for lines is slightly different: If a line contains two different 
real points, then it is real. However, the converse is also true: If the 
line / = pF + qF remains fixed under the conjugation, which means that 
| = pF+qF, where both pairs of vectors (p,p) and (q,q) are linearly 
independent, then the two points R = (p+p)F and S =(p-D)F on / are 
real. Moreover, the two points R and S must be different. 

For imaginary lines | and 1, there are two possibilities: 

e Either, they intersect each other. Then, they share a real point and 
span a real plane. We call them imaginary of the first kind. 

e Or, the lines J and J are skew. Then, | neither includes a real point nor 


does it belong to a real plane. Line / is called imaginary of the second 


kind. 


Perspective collineations 


Suppose that a collineation « in the projective space P® keeps all points 
of a plane ¢ fixed. Then, this collineation is projective by Definition 4.1.3. 
Moreover we can prove: 


Lemma 4.1.5 If under a collineation «: P? + P® all points of a plane ¢ 
remain fixed, then there exists a point Z with the property that all lines 
and planes through Z remain fixed, too, and vice versa. 
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Proof: If a point Z ¢ ¢ remains fixed, #.e., «(Z) = Z, then each line g through Z is a connection 
of Z with another fixed point gn¢, and therefore, a fixed line. Furthermore, each plane through 
Z is the connection of two fixed lines. 


There remains the case that, for all points P ¢ ¢, we have «(P) # P. Then, the line p = 
[P,«(P)] is fixed, since its image «*(p) is the connection of «(P) with the fixed point pn¢. 
For any other point Q ¢ p,¢ the fixed line g = [Q,«(Q)] is coplanar with p, since g = [P,Q] 
and «*(g) =[kK(P), «(Q)] meet at the point gn¢. The point Z := pnq remains fixed as the 
intersection of two fixed lines. Hence, Z € ¢. 


Each line x through Z must be fixed, too, since, in the case x ¢ ¢ and x # p, it contains any 
point Q ¢¢,p, and, by the same argument as used above, x equals the fixed line [Q, «(Q) ] = q. 


The converse statement holds due to duality. a 


Definition 4.1.4 A collineation « which keeps each point of a plane ¢ 
and each plane through a point Z fixed is called perspective collineation 
with the center Z and the azis or azial plane ¢. 


In the case Z € ¢, the collineation « is called elation and otherwise ho- 
mology. 


All perspective collineations which share the center Z and the axis ¢ 
form a group. We denote it by PK(Z,¢). A standard result of Projective 
Geometry states that the commutativity of this group is equivalent to the 
validity of the Pappus theorem. 


Suppose that a perspective collineation « € PK(Z,¢), i.e., with center 
Z and axis ¢, has another fixed point P + Z, P ¢ ¢. Then, each point 
Q ¢ [P,Z] remains fixed as the intersection of two fixed lines [Q,Z] 
and [Q,P]. However, each point R on the fixed line [P, Z] is also the 
intersection with another fixed line [R,Q], and therefore, fixed. Hence, « 
is the identity mapping idps. 


Lemma 4.1.6 Any perspective collineation with center Z and axis € is 
uniquely defined by a pair of corresponding points P,P’ collinear with Z 
and P,P! ¢C. 


Proof: If there were two perspective collineations k,A ¢ PK(Z,¢) with P > P’, then the 
product \~! o« keeps P fixed. This implies A~! 0k = idps and, consequently, « = A. a 


Homologies in the plane have a characteristic cross ratio defined by the 
pairs of corresponding points, the center, and the collinear point on the 
axis. The analogue in 3-space is also valid: For all points X + Z, X ¢¢, 
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the cross ratio 
d=cr(Z,X¢,X,6(X)), where X¢=¢n[Z,X], 


is the same, since the restriction to any plane through Z has a charac- 
teristic cross ratio, and any two planes through Z share a line through Z 
(note Figure 4.4, left). A homology is involutive if, and only if, its charac- 
teristic cross ratio is -1. In this case, the pairs (X, K(X)) are harmonic 
w.r.t. Z and the axis ¢; we speak of a harmonic homology. 


Suppose that in a Pappian projective space P*, a projective collineation K 
has a fundamental figure of fixed points Po,...,P,. Then, the restriction 
to the plane ¢ = [Po, Pi, P2] has a quadrangle of fixed points, since en 
[ P3, P4] also remains fixed. Thus, this restriction is the identity, and the 
collineation « is perspective with two more fixed points outside the axis 
€. This yields « = idps. An immediate consequence is formulated below. 


Theorem 4.1.3 In Pappian projective spaces, for any two fundamen- 
tal figures Po,...,P, and Pj,...,P{, there exists exactly one projective 
collineation with P; + P! fori =0,...,4. 


In other words, projective collineations act sharply transitive on funda- 
mental figures. Since Pappian projective spaces are isomorphic to pro- 
jective spaces over commutative fields, this result can also be concluded 
from Theorem 4.1.2. 


After introducing a coordinate frame in P%(F), each projective 
collineation «: (ao : +++: @3) + (a +++: @§) can be written in matrix 


form as 
2 XO 
K: : J=My]: J, (4.2) 
x x3 


where M is a regular 4x4 matrix. Suppose that the image point lies in the 
plane with coordinates (ug :--+: us), which can be written in matrix form 
as u’/? x’ = 0. The coordinates (up : +++: ug) of the preimage satisfy the 


linear equation (u’ TM) u=0. Therefore, the associated transformation 


of planes is given by 
Up Uo 
a: [= |=(my" [= |. (4.3) 
Us U3 
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A point (zo: ...: #3) remains fixed under « if, and only if, there exists 


A€R\ {0} with 


a0) Ha) Xo 0 
(7 }-m(?} and hence an-ato ("= (*) 
v3 r3 X3 0 


with I, as unit matrix. This reveals that 1 must be an eigenvalue of the 
matrix M. Once an eigenvalue A is found, it depends on the rank of the 
matrix (M-AI,) whether we get a fixed point, a line, or a plane consisting 
of fixed points only. A k-fold eigenvalue effects a rank deficiency of at least 
1 and at most k. 

Note that, for each eigenvalue of M, the reciprocal 1/. is an eigenvalue 
of M~!, since det(M — \I,) = 0 is equivalent to det[M-1(M — AI4)] = 
det(Iy, - \M~') = 0, which defines fixed planes of &~! and %. 


FIGURE 4.4. Left: characteristic cross ratio cr(Z, X¢, X,«(X)) of a homology; 
Right: characteristic cross ratio cr(X1,X2,X,«(X)) of a biaxial collineation 
with axes a; and ag. 


In this way, we can classify projective collineations at hand of their config- 
uration of fixed points. An appropriate tool, provided in Linear Algebra, 
is the Jordan normal form (see, e.g., [53, 108]). For an algebraically closed 
field F, there are already 13 different types to be distinguished, together 
with the identity idps (compare with (5.6) in Chapter 5). Otherwise, we 
obtain much more types. For example, in the real projective space, there 
are projective collineations without any fixed point, since the spectrum 
of M may consist of two pairs of complex conjugate eigenvalues. 


Below, we concentrate on three types of projective collineations. 
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(i) The fixed points of a projective collineation « can form a tetrahedron 
Ag,...,A3. In this case, the restriction to each edge of the tetrahedron is 
a hyperbolic projectivity. If the fixed points are chosen as base points of 
a coordinate frame, we obtain a diagonal matrix M as analytic represen- 
tation of k. 


(ii) If a projective collineation « # idps has, besides a fixed tetrahedron, 
another fixed point F’, then F’ must be located either in a face or on an 
edge. In the first case, « is perspective. In the second case, « has a line 
consisting of fixed points only, and the collineation is called uniazial. 


(iii) It is even possible that « has two skew lines a; and ag with fixed 
points. We call such a collineation biaxial with the axes a; and ag. Here 
all transversals, meeting both axes, remain fixed, and the restriction to 
each line is a hyperbolic projectivity. The restriction to any plane through 
one of the axes is a homology, and any plane through a, shares with any 
plane through ag a transversal. Therefore, the characteristic cross ratios 
in all these planes and on all transversals are the same. We call 


6:= cr (X41, Xo, X, K(X)) with Xj E Aj, ‘= 1,2, (4.4) 


the characteristic cross ratio of the biaxial collineation (Figure 4.4, right). 
The involutive case with 6 = -1 is sometimes called a skew involution. 


@ Exercise 4.1.1 Projective collineations are products of perspective collineations. 


Prove the following theorem: In Pappian projective spaces, each projective collineation is the 
product of four perspective collineations at most. 


Hint: Reduce it to the two-dimensional analogue. 


@ Exercise 4.1.2 Perspective collineation in vector form. 
Prove that any perspective collineation « in Pp? (F) with center zF and axis uF can be repre- 
sented as K: XF + x’F, where x’ = x + (u,x) z, provided that 1+ (u,z) #0. 
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4.2 Polarities 


We proceed with a synthetic approach to polarities. From now on, the 
symbols P? and P?’ stand for Pappian projective spaces. Later, the un- 
derlying fields (with characteristic + 2) will be mainly restricted to R and 
C. 


Correlations and polarities 


Let « be a collineation of P* = (P,£,€) to the dual space P?’ of P?’ = 
(P',L',E'). Then, «: P > E’ is called a correlation P? + P?’. 

According to Definition 4.1.1, «& is bijective and sends collinear points 
to coaxial planes. Due to previous results, it induces an isomorphism 
P? = P?’, This means that when a point P runs along a line 1, then the 
plane «(P) forms a pencil with the carrier «*(1) € £’. When P runs in a 
plane ¢, the corresponding planes «(P) pass through the point & (e) € P’. 
Note that &-!: P’ > € is again a correlation, but in the opposite direction. 
We call 7! the adjoint correlation of k. 


Definition 4.2.1 1. Let « be a correlation P? > P?’. Then, each point 
Q’ in the plane K(P) is called conjugate to P w.r.t. k. Similarly, each 
plane y’ through the point #(e) is called conjugate to e. 


2. In the case of identical spaces P?’ = P?, the correlation is called self- 
adjoint or involutive if the adjoint correlation &~! coincides with the orig- 
inal correlation kK, 7.e., &o« =idp. The correlation x is called projective 
if its restriction to any range of points is a projectivity. 


Apparently, if the correlation « is projective, then its restrictions to all 
ranges of points or pencils of lines or planes are projective. Moreover, 
there exists exactly one projective correlation mapping a given funda- 
mental figure onto a given dual of a fundamental figure. 


Lemma 4.2.1 Each of the following two statements is equivalent to the 
self-adjointness of a correlation kK. 


1. The induced mapping K* : L = L is involutive, i.e., K*? = ide, while 
K* #idg. 
2. The conjugacy of points is a symmetric relation which means P € 


K(Q) = QeERK(P). 
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Proof: 1. For each correlation K: P > € 
Peg <> K(P)2&*(g) — > Fon(P) €K*7(g) 
holds. Therefore, if %o «= idp, then P € g is equivalent to P € «*?(g). This means that «*? 


keeps all lines fixed. Conversely, «*? = id¢ implies the equivalence P¢ g <> RoK(P)€g for 
all P, and hence Kok =idp. 


The mapping «* cannot be the identity, since it maps stars of lines onto coplanar lines. 
2. If « is self-adjoint, then P ¢ «(Q) implies K(P) 3 FoK(Q)=Q. 


Conversely, there exists a triangle Q1Q2Q3 in the plane «(P). This implies «(Q;) 3 Row(P) for 
i= 1,2,3, where the three planes «(Q1), K(Q2), and «(Q3) cannot be coaxial, and therefore, 
meet at a single point. If the conjugacy of points is symmetric, then P € K(Q,) for i = 1, 2,3, 
and therefore, P =o «(P) for all P. a 


Definition 4.2.2 A correlation «: P? > P® is called polarity if it is self- 
adjoint and projective.? 


From now on we use the symbol z for polarities. The following notations 
are restricted to polarities 7: P? > P?, 


Definition 4.2.3 1. The image m(P) of any point P is called polar plane 
of P, and conversely, P is called pole of the plane 7(P). Moreover, the 
line &*(g) is called polar line of g w.r.t. 7. 

2. A point P is called self-conjugate w.r.t. 7 if P € m(P). Similarly, a 
plane ¢ is called self-conjugate w.r.t. m if 7 (Ee) €€. 


3. A line g is called self-polar w.r.t. the polarity 7 if g = 7*(qg). 


If a point P is self-conjugate w.r.t. 7, t.e., P € m(P), then the plane 
m(P) is also self-conjugate, because it contains its pole 70 7(P) = P. 
Conversely, the poles of self-conjugate planes are self-conjugate, too. 


Lemma 4.2.2 A polarity 7 and two different points P,Q are given. 
Then, the line [P,Q] is self-polar if, and only if, the points P,Q are 
mutually conjugate and both are self-conjugate w.r.t. 7. 


Proof: From the right-hand side, 7.e., from P,Q € 7(P),7(Q) follows 7*([P,Q]) = 7(P)n 
m™(Q) = [P,Q]. Conversely, P,Q ¢ g and g = 7*(g) implies g c m(P),7(Q), and therefore, 
P,Qen(P),7(Q). . 


It turns out that there are different polarities to be distinguished. 


3 This definition is valid in all dimensions (see, [18]), particularly in the plane. 
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Definition 4.2.4 1. A polarity 7: P® > P® is called elliptic if there are 
no self-conjugate points, z.e., P ¢(P) for all points P. 

2. A polarity a is called hyperbolic if there are self-conjugate points as 
well as points which are not self-conjugate. 


3. A polarity 7 is called null polarity if all points are self-conjugate. 


Remark 4.2.1 Contrary to projective Fano planes, there exist null polarities in P?. It can be 
shown that, given a fundamental figure Ao,..., Aa, the correlation with A; + [Aj-1, Ai, Ai+1] 
(indices mod 5) is a null polarity. However, in what follows we focus only on elliptic and 
hyperbolic polarities. 


Theorem 4.2.1 Let 7 be an elliptic or hyperbolic polarity in P?. 
1. If the plane € is not self-conjugate, then the mapping 


Te: Pe > Le with Xe v:=7(X) ne 


is a polarity in the plane, called the induced polarity. Any two points 
X,Y €€ are conjugate w.r.t. 7 if, and only if, they are conjugate w.r.t. 
Te. 


2. When the polar lines g and n*(g) are skew, the mapping 
Tg: Pg > Py with Xo X':=7(X)ng 


is an involution and called induced involution or involution of conjugate 
points on g. 


3. Let a point A be a self-conjugate point. Then, for each line t in the 
pencil La x(a), the polar line t'! := 2*(t) belongs to the same pencil, and 
the mapping t » t’ is an involution in the pencil of lines. Fixed lines 
t =1*(t) are self-polar w.r.t. 7. 


Proof: 1. From X € ¢€ follows 7(X) € 7(e€). Since the pole #(e) of € does not belong to e, 
the mapping m7-: X » x = 7(X) Ne of points to lines is bijective and projective, and hence an 
elliptic or hyperbolic polarity in ¢. Null polarities are impossible in the planes of P*. 


Let X,Y be two points in ¢. If they are conjugate w.r.t. m=, then Y is a point of 7(X) Ne, 
and therefore, also conjugate to X w.r.t. 7. The converse is also true. 

2. From X € g follows 7*(g) € 7(X). The mapping 7g: X » X!:= 7(X) gq is a projectivity, 
since g(X)A7*(g) (7(X)) A g(X"). The point X’ is conjugate to X w.r.t. 7. Since conjugacy 
is symmetric, the induced projectivity 7, maps X’ back to X. Hence, 7 is either an involution 
or the identity. Below we show that the latter is impossible. 


Suppose that all points P € g are self-conjugate. Then, all points Q € 7*(g) must also be self- 
conjugate, because Q € 7*(g) implies 7(Q) € g. If Q ¢ 7(Q), then there is an induced polarity 
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in 7(Q) where all points P of the line g are self-conjugate. This contradicts the properties of 
planar polarities. 


Thus, we have a pair of skew polar lines g and g* := 7*(g) which contain only self-conjugate 
points. Now, through each point A ¢ g,g*, we can draw a transversal, which meets g at P and 
g* at Q. By virtue of Lemma 4.2.2, this transversal [P,Q] is self-polar. Hence, A € [P,Q] must 
be self-conjugate, too. The conclusion is that 7 must be a null polarity, which contradicts our 
assumption. 


3. The pencil of lines t¢ € £4, ,(4) is mapped onto itself by 7, since Ae€t and tc m(A) imply 
t! :=7*(t) € m(A) and Fon(A) =Aen*(t) =U’. 

Let g be any line in the polar plane 7(A), but not passing through the pole A. Then, the 
polar 7*(g) of g passes through A, but does not lie in (A). Thus, the two polar lines g and 
m™*(g) are skew, and the pairs of conjugate points on g form an involution 7. 


For X = tng, the polar plane 7(X) passes through t’ = 2*(t). Therefore, the point of 
intersection X’ := t’ng is conjugate to X. Since X and X’ are pairs of the involution 74, the 
relation between the two mutually polar lines t and t’ is also an involution. a 


Polarities and quadrics 


The next theorem refers to the vector space model P3(F). 


Theorem 4.2.2 Let the projective correlation k: P? > P? with xF + uF 
be represented by the matrix equation u= Mx with a regular 4x 4 matrix 


M. 

1. Then, & is an elliptic or hyperbolic polarity if, and only if, the matrix 
M is symmetric, 1.€., M! =M. 

2. & is a null polarity if, and only if, the matriz M is skew symmetric, 
i.e, M' =-M. 


Proof: If by (4.2) the projective correlation «: xF + u’F is represented by u’ = Mx, then by 
(4.3) we have &: VF + y’F with y’ = (M*)"!v. This results in 
Ror: y’=(M") Mx. 
« is self-adjoint if, and only if, Fo « = idps, hence 
(M*™)-!M = Aly with A ¢ F\ {0}. 
From M = \M™ follows M™ = \M and M = \?M with the two possibilities \ = +1 and A= -1. 


Both are sufficient for self-adjointness of the projective correlation 7, hence for characterizing 
mT as a polarity. 


A point xF is self-conjugate w.r.t. « if, and only if, (u,x) = (Mx, x) = 0. In matrix form, this 
condition is equivalent to (Mx)Tx = 0 or 


x™M™x=0. (4.5) 
Let a;z be the entries of matrix M and (zo,...,23) be the coordinates of x. Then, to be more 
precise, the condition (4.5) means 
3 


3 
AjeLiLE = Yd (Gir + Api) Lily + > ayia? =0: 
i,k=0 i<k i=0 
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For a skew symmetric matrix M, we have a;, = —axz,;, in particular a;; = 0, which shows that 
the quadratic form on the left-hand side is the nullform. Each point is self-conjugate; the 
polarity is a null polarity. 


Conversely, if 7 is a null polarity, then each point must be self-conjugate. When we substitute 
successively x = (1,0,0,0), (0,1,0,0), ..., (0,0,0,1) in (4.5), we obtain az, =--- = a3g3 = 0. 
Then, setting x = (1,1,0,0) and so on, we obtain agi + aio = 0 etc., which shows that only a 
skew symmetric matrix represents a null polarity. 


In the symmetric case, the set of solutions of (4.5) is either empty or a regular quadric with 
M as the extended coefficient matrix. The latter follows from Definition 3.1.2. a 


Thus, we can formulate as a corollary what is often called VON STAUDT’s 
definition of a quadric. 


Corollary 4.2.3 Given a hyperbolic polarity 7 in P?, the set of self- 
conjugate points w.r.t. 7 is a regular quadric in P?. Conversely, each 
regular quadric Q is the set of self-conjugate points of a hyperbolic polar- 


ity To. 


For the rest of this section, quadrics Q are always assumed to be regular, 
without specifying so. Moreover, instead of referring to pole, polar plane, 
and conjugate elements ‘w.r.t. the polarity w.r.t. Q’, we will use the 
shortened form ‘w.r.t. Q’. 


Two points pF and qF are conjugate w.r.t. QO if (Mp, q) = 0, and hence 
p'Mq=0. (4.6) 


The left-hand side here is exactly the polar form of the left-hand side of 
(5). 

Now, we apply Theorem 4.2.1 to the hyperbolic polarity to with the 
quadric Q as a set of self-conjugate points. The following definitions, 
originating from the theory of polarities, are obviously compatible with 
the terms introduced in Chapter 2: Any self-conjugate plane Q is called 
tangent plane of Q. It includes its pole, the point of contact. The dual 
of Corollary 4.2.3 means that the self-conjugate planes of any hyperbolic 
polarity in P? are the tangent planes of a quadric. 


Tangent planes of Q, given by (4.5), are self-conjugate, and therefore, by 
virtue of (4.3), their coordinates satisfy 


u'M 'u=0. (4.7) 


This is called the tangential equation or dual equation of Q. 
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We summarize: 


Theorem 4.2.3 If a regular quadric Q in P3(F) is given by 
o(x,x) := x'Mx =0 with M' =M, 
then two conjugate points pF and qF w.r.t. Q are characterized by 
o(p,q) =p'Mq=0. 
Tangent planes uF of Q satisfy the tangential equation 
u'M !u=0. 


Item 1 in Theorem 4.2.1 means w.r.t. the polarity 79 that the intersection 
of any non self-conjugate plane ¢ with Q is either empty or a conic. If, in 
the latter case, A is a point of this conic, then the points of its tangent t4 
are conjugate to A, and therefore, located in the tangent plane 7g(A). All 
lines through A and within the tangent plane 7g(A) are called tangents of 
Q. They are characterized as lines which are coplanar with their polars. 


As aresult of dualization, either the set of tangent planes passing through 
any point P ¢ Q is empty or the envelopes a quadratic cone (note [46, 
Sect. 10]), the dual of a conic. This cone is called the tangent cone of Q 
with apex A. The points of contact belong to the conic mg(A)n Q. 


Let g be any line being skew to its polar line g* = 76(g). Then, item 2 of 
Theorem 4.2.1 means that the points of intersection between g and Q are 
the fixed points of the involution zy. If they exist, they are the points of 
contact of the tangent planes through g*. 


From item 3 in Theorem 4.2.1, we can conclude: For A € Q, the intersec- 
tion of the tangent plane 7g(A) with Q consists either only of the point 
A or of a pair of lines, the fixed lines of the involution of polar tangents 


at A. 


Definition 4.2.5 A quadric Q is called ruled quadric if there exist self- 
polar lines of the polarity tg. These lines are called generators or rulings 
of Q. Non-ruled quadrics are called oval. 


Suppose that the line e is self-polar w.r.t. 7g, 7.€., TO(e) =e. Then, each 
point A € e is self-conjugate since A € e Cc 7g(A). Therefore, the line e is 
a subset of Q, which justifies the notation. 
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Moreover, each plane through e is self-conjugate, and therefore, a tangent 
plane of Q. Since polarities are projective, we obtain a projectivity 


Ye: Pe = &e with A > TQ(A). (4.8) 


This projectivity is called the contact projectivity along e c Q (note Fig- 
ures 2.14, 2.16, and 9.7). We summarize: 


Lemma 4.2.4 For each generator e of a ruled quadric Q, there is a pro- 
jectivity between the points A € e and the corresponding tangent planes 


1™Q(A) De. 


If the field F of P? is algebraically closed, then each quadric is ruled, since 
all involutions of mutually polar tangents at points A € Q are hyperbolic. 


The followings theorem provides information about the set of generators 
of a ruled quadric. 


Theorem 4.2.4 1. Ruled quadrics Q in P? contain two families of gen- 
erators, called reguli. Generators of the same regulus are mutually skew, 
while generators out of complementary reguli are intersecting. Each point 
P €Q is the meet of two generators, which span the tangent plane at 
P. The lines of one regulus intersect any two lines of the complementary 
regulus at points corresponding in a projectivity. 

2. Conversely, let e1(X1)Xe2(X2) be a projectivity between two skew 
lines. Then, the set of lines connecting corresponding points X1,X is 
a regulus of a quadric. The dual statement is also valid: If there is a 
projectivity e1(€1) ~ e2(2) between two pencils of planes with skew carriers 
€, and eo, the set of lines of intersection €1 &) between corresponding 
planes is a regulus, too. 


Proof: 1. Per definition, each ruled quadric Q contains a generator e. All points A € e are 
self-conjugate, and in the tangent plane 79(A) of A, there lies a second generator being 
the second fixed line f of the involution mentioned in item 3 of Theorem 4.2.1. The f-lines 
through different points A are mutually skew since the respective tangent planes through e 
are different. 


Let Aj, Ag be two different points of e and let f1, fg denote the respectively second generators 
passing through. For each point X1 € fi, the tangent plane 7g(X;) intersects the line f2 at 
a point X2, and the composition 


fi(X1) A7Q(X1)K f2(X2) 
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is a projectivity. The points X, € f; and X2 € fo are self-conjugate and also mutually 
conjugate. By virtue of Lemma 4.2.2, the connecting line is self-polar, hence a generator of 
Q. In particular, the point X , = A, corresponds to X2 = Ag. 


We call the set of lines [X1, X2], which includes the given line e, the e-regulus of Q, generated 
by the projectivity f1(X1) x fo(X2). The same line [X1, X2] is also the line of intersection 
of the tangent planes £1 = m9(X1) and £2 = mgQ(X2). Therefore, the e-regulus can also be 
generated by projective pencils of planes fi (£1) ~ fo(&2) with skew axes. 


Similarly, we can select two different generators e1,e2 of the e-regulus and prove that there are 
projectivities e1(Y1) Ae2(Y2) and e1(71) Ae2(y2) between skew ranges of points and between 
two pencils of planes which generate the complementary regulus, the f-regulus of Q. 


2. We prove the second statement in an analytic way in the vector model. Let the projectivity 
€1 Kez be given by three pairs of points A; + Aj, i = 1,2,3. Now, we introduce a coordinate 
frame with the base points Ai, A2,A{,A and with the unit point E specified on [As3, A§], 
but different from Ag and AS. Thus, we have assigned to the given points the respective 
homogeneous coordinates 


Ay = (1:0:0:0), Ag = (0:1:0:0), Ag = (1:1:0:0), 
Aj = (0:0:1:0), AS = (0:0:0:1), AS = (0:0:1:1). 


The projectivity between the two ranges of points with A; + A, for 7 = 1,2,3 can be represented 
as 

a: (Ar: A2:0:0) 4 (0:0:A1:A2), where (\1,A2) € F? \{(0,0)}. 
Points being collinear with any pair (X, a(X)) of corresponding points have coordinates 


(x0,.--, 23) € [(A1, A2, 0,0) pa + (0,0, A1, A2) 2] F = (Arp, Api, A1p2 A2H2)F 
with (111,42) €F? \{(0,0)}. These coordinates satisfy 


0 0 O01 xo 
ieee a ee La amie a 
= Bors — "102 = > (0 T1272 %3)1 Q _1 gg ]] xo |: 
1 0 00 £3 
which is the equation of a quadric. a 


We summarize what has just been shown. 


Theorem 4.2.5 For each ruled quadric Q, there exists a coordinate 
frame such that all points of Q satisfy the equation 


LQL3 —- %12Q = 0. 


In this frame, the quadric can be parametrized by pairs of homogeneous 
parameters (Ay, A2), (141; M2) € F?\ {(0,0)} in the form 


(ao 2%: XQ: 43) = (Arp: Agpey : Apia : Agfa). 


The parameter lines A, : Ag = const. and p14 : 2 = const. are the generators 
of the two reguli. 
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Finally, we note that the intersection of a ruled quadric Q with a plane 
€ can never be empty, since each generator e of Q has a point of inter- 
section with ¢«. When ¢ happens to be a tangent plane of Q, the curve of 
intersection degenerates into the two generators in €. 


As to the dual statement, the tangent cone from any point P to Q can 
never be empty, since each connecting plane [P,e] with e c Q is a tangent 
plane of this cone. For P € Q, this cone consists of two pencils of planes 
with the two generators through P as carriers. 


Corollary 4.2.5 The set of transversals meeting three mutually skew 
lines fi, fo, fg is a regulus. 


Proof: In order to get any transversal, we choose any point A «€ f3. Then, the transversal e 
through A is the intersection of the two connecting planes €; = [A, fi] and &2 =[A, fo]. The 
composition of perspectivities 


fi(€1) ® fs(A)% fo(€2) 


gives a projectivity which, by Theorem 4.2.4, generates a regulus. a 


Self-polar tetrahedra 


Definition 4.2.6 A tetrahedron Ag... As3 is called self-polar w.r.t. a pro- 
jective correlation « if & maps each vertex onto the respectively opposite 
plane, t.e., «(A;) = [Ajsi, Asse, Aitg], i= 0,1,2,3 mod 4. 


Note that any two vertices of a self-polar tetrahedron* are mutually con- 
jugate w.r.t. the correlation «. In the literature, self-polar tetrahedra are 
also called polar tetrahedra w.r.t. any quadric. 


Lemma 4.2.6 A projective correlation K is an elliptic or hyperbolic po- 
larity if, and only if, there exists a tetrahedron which is self-polar w.r.t. 
kK. 


Proof: Given a self-polar tetrahedron Ag... Ag3 w.r.t. «, each point X ¢€ [Ao, Ai] is mapped 
onto a plane K(X) through «(Ao)N«(A1) = [A2, A3]. Let X’ denote the point of intersection 
[Ao, A1] NnK(X). Then, we obtain a projectivity 


[Ao, Ai](X) x [A2, As] («(X)) A [Ao, A] (X’). 


This projectivity interchanges the points Ag and Ai. Consequently, it is an involution and 
maps X’ back to X. Therefore, K(X’) = [X, A2, A3] and 


RoK(X) =B(LX’, Ao, As]) = X. 


4Sometimes self-polar tetrahedra are also called polar tetrahedra in the literature. 
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The same holds for all other edges. Thus, the projective collineation % o & keeps all points on 
the edges of the tetrahedron Ao... A3 fixed. This characterizes Ko « as the identity and « as 
a polarity. 


Conversely, given an elliptic or hyperbolic polarity 7, there exists a point Ao ¢ ao := 7(Ao). 
Then, we find in ag a triangle A; A2A3 self-polar w.r.t. the induced polarity ta). Together 
with Ao, this yields a tetrahedron where any two vertices are conjugate w.r.t. 7. a 


Theorem 4.2.6 An elliptic or hyperbolic polarity is uniquely defined by 
a self-polar tetrahedron Ag...A3 and an additional pair B > B where 
Ao,...,A3,B is a fundamental figure and Ao,...,Ag3 ¢ 8. 


Proof: The five given pairs of corresponding elements define a projective correlation uniquely, 
and by Lemma 4.2.6, this correlation is a polarity. a 


Let the polarity 7 be given according to Theorem 4.2.6. Then, on each 
edge of the tetrahedron, the involution of conjugate points is fixed, e.g., 
on | :=[Ao, Ay] the pairs Ap + A; and IN B & In[B, Ag, Ag]. 

If, conversely, the induced involutions are given on three concurrent edges 
of the self-polar tetrahedron, then for any given plane { the pole is de- 
termined as the intersection of three planes. In the following, we use this 
method for defining a polarity. 


Theorem 4.2.7 Given an elliptic or hyperbolic polarity 1, let A not be 
a self-conjugate point and g be a line which is skew to its polar line g* := 
m*(g). 

Then, the harmonic homology y, with center A and axis 7(A) as well as 
the skew involution y2 with axes g and g* keep the polarity fixed, i.e., they 
send pairs consisting of a pole and its polar plane w.r.t. 7 again onto such 
a pair of corresponding elements. 


Proof: The given involutive transformations 7 and y2 map polar elements X and 7(X) w.r.t. 
the polarity 7 onto elements y;(X) and 4 07(X) of the projective correlation 1’ := 407074. 
This correlation is again self-adjoint, and therefore, a polarity, since 7’ = y; 0707; and 
on’ = idps. Two points X,Y are conjugate w.r.t. 7 if, and only if, y;(X) and y%;(Y) are 
conjugate w.r.t. 7’. 

We prove 7’ = 7 for i= 1,2 and begin with the harmonic homology 71: 


Since all points in the axial plane 7(A) remain fixed, the planar polarities induced by 7 and 
m’ are equal. Let A;A2A3 be a self-polar triangle of these planar polarities. Together with 
the center A, they form a tetrahedron, which is self-polar w.r.t. 7 and 7’. 


Now, it remains to be shown that, on the three edges 1; := [A, Aj], j = 1,2,3, the induced 
involutions are equal: There are two involutions acting on 1;, the induced involution TL, 
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and the restriction of 7, onto 1; with fixed points A and A,;. Since these two fixed points 
are corresponding under 7,, the two involutions commute (see, e.g., [46, Exercise 5.4.1]). 
Therefore, when the points X,Y € 1; are conjugate w.r.t. 7, i.e., Y = TL, (X), then 71(Y) = 
y1 0m, (X) =m, 0y1(X). This means that y1(X) and 71(Y) are also conjugate w.r.t. 7 or, 
in other words, the induced involutions of 7 and 7’ are the same. 


With regard to the skew involution 72 with axes | and I* := 7*(l), we choose two different, but 
mutually conjugate points A and A’ on | and show that y2 is the product of the two harmonic 
homologies with centers A and A’ and respective axes 7(A) and 7(A’). 


Under the product of the two homologies, all points on 7(A)n7(A’) = I* remain fixed, but so 
do all points on | = [A, A’], since the restrictions of both harmonic homologies to the line | are 
involutions with the same fixed points A and A’. Furthermore, the two harmonic homologies 
commute since the center of one homology lies in the axial plane of the other. Consequently, 
the product of the two homologies is involutive and biaxial, and therefore, the skew involution 
with the axes | and l*. a 


In the particular case 7 = 79, we can state: 


Corollary 4.2.7 Each quadric Q remains fixed under all harmonic ho- 
mologies with a point A ¢ Q as center and its polar plane w.r.t. Q as axial 
plane. 


If l and its polar line l* w.r.t. Q are skew, then the skew involution with 
axes | and l* maps Q onto itself. 


Collineations which keep a quadric Q fixed are called automorphisms of 


OQ. 
Quadrics in the real projective space 


Let AgA;A2A3 be a self-polar tetrahedron of an elliptic or hyperbolic 
polarity 7 in the real projective space P?(R). Then, each of its triangles 
is self-polar w.r.t. the induced polarity in the spanned plane ¢, and this 
planar polarity can be elliptic or hyperbolic. We recall (note |46, p. 266]): 


Lemma 4.2.8 If A,A2A3 is a self-polar triangle of a polarity tT: in a 
real projective plane €, then, in the case of an elliptic polarity, the in- 
volution of conjugate points on each side of the triangle is elliptic, while 
for a hyperbolic polarity, exactly on two sides the induced involutions are 
hyperbolic. 


We denote these two types of self-polar triangles by (eee) and (ehh), 
where ‘e’ stands for an elliptic involution and ‘h’ for a hyperbolic one (see 
[46, p. 278, Fig. 7.14]). 
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AZ» 


FIGURE 4.5. Left: Induced involutions of conjugate points on the sides of a 
self-polar triangle; Right: The point P is supposed to be self-conjugate. 


Proof: We define z- by a self-polar triangle A, A2A3 and an additional pair B + 6b of pole and 
polar line, where Aj,...,B is a quadrangle and Aj, Ao, A3 ¢ b. Then, on the side [A1, A], the 
involution of conjugate points maps A, onto Ag and the intersection B3 with b onto the point 
By, being aligned with B and A3 (Figure 4.5, left). A positive cross-ratio cr(A1, A2, B3, B) of 
the two pairs characterizes hyperbolic involutions, %.e., real self-conjugate points on [Aj, Ag]. 
The same applies to the other sides. Due to the theorems of Ceva and Menelaos, the product 
of the cross-ratios on the three sides must be negative, which results in the two cases. a 


A3 p 


type (iii) 


FIGURE 4.6. Induced involutions of conjugate points on the edges of a self-polar 
tetrahedron. 


By virtue of Lemma 4.2.8, for the involutions induced by any elliptic or 
hyperbolic polarity 7 on the edges of a self-polar tetrahedron Ap... Ag in 
P3(R), there remain three possibilities (see Figure 4.6): 


type (i): all involutions are elliptic; 
type (ii): the involutions are elliptic on exactly three coplanar edges; 
type (iii): the involutions are elliptic on exactly two opposite edges. 


If m7 is the polarity w.r.t. a ruled quadric Q, then each induced polarity 
must be hyperbolic, since each generator of Q meets all planes at self- 
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conjugate points. Therefore, each self-polar triangle must be of type 
(ehh), and consequently, all self-polar tetrahedra are of type (iii). 


Conversely, any self-polar tetrahedron of type (iii) defines self-polar lines, 
because there exist self-conjugate points on opposite edges (/,/*) and, by 
virtue of Lemma 4.2.2, the connection of a self-conjugate point P €/ with 
a self-conjugate point Q €/* is self-polar. 

If 7 is elliptic, then the induced polarity must be elliptic in each plane, 
too. Therefore, each self-polar tetrahedron must be of type (i). 


Conversely, the induced polarities are elliptic in the planes of any self- 
polar tetrahedron of type (i). Suppose that there is a self-polar point P 
outside the faces of Ap... Ag (see Figure 4.5, right). Then, the induced 
polarity in the plane ¢ := [Ao, A, P] must be hyperbolic. Together with 
Ag and Aj, the point of intersection Q := ¢n [A2, A3] forms a self-polar 
triangle of 7. of type (ehh). This yields a self-conjugate point on the side 
[Q, Ao] in the plane [ Ap, Az, A3], which contradicts our assumption. 


What remains now is that all self-polar tetrahedra of oval quadrics must 
be of type (ii). We summarize: 


Theorem 4.2.8 All self-polar tetrahedra of ruled quadrics in P3(R) are 
of type (iii) and those of oval quadrics are of type (ii). 


Let 7 be any elliptic or hyperbolic polarity in P?(R) with a self-polar 
tetrahedron Ag...A3. When the vertices Ag,...,A3 are used as base 
points of a coordinate frame, then the 7 representing matrix M al- 
ready has diagonal form diag(ago,...,@33) with ago,...,a33 # 0, since 
mtg: (1,0,0,0)F » (1: 0:0: 0)F, and so on. By (4.6), the two points 
X = (#9: 21:0:0) and X’ = (4p: 2{ : 0:0) on [Ap, Ai] are conjugate 
w.r.t. a if, and only if, 


agoLorh + a41 2124 = 0. 


This symmetric bilinear form characterizes the induced involution on 
[ Ao, Ai], which, in the case aggaj; > 0, is elliptic and otherwise hyper- 
bolic. The same holds for all other edges of the tetrahedron. 


If a is the polarity w.r.t. an oval quadric Q, we can assume that the 
involutions on the edges through A3 are hyperbolic. Now, we define 
the unit point such that the planes connecting one side of the triangle 
ApA,A2 with E intersect the opposite edge at a self-conjugate point. 
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This means, e.g., that the point [Ag, Ai, E] n[A2, Ag] with coordinates 
(0: 0:1: 1) is self-conjugate, which implies that ag2 + ag33 = 0 and, 
similarly, ago + 433 = a11 + a33 = 0. 

If the induced involution on an edge through A3, say on [Ao2, A3], is 
elliptic, we specify the plane [ Ap, Ai, E] such that the conjugate point of 
X =(0:0:1:1) is the fourth harmonic point w.r.t. Ag and A3, hence 
X' = (0:0:1:-1), which implies ag2 — a33 = 0, and so on. Finally, we 
may set a33 = —1, which gives rise to the following standard forms. 


Theorem 4.2.9 For each polarity 7 in P3(R), there is a coordinate frame 
such that the representing matrix M has one of the following forms: 


diag(1, 1,1, 1) = 7 is elliptic, 
M = 4 diag(1,1,1,-1) <= m=7g and Q is oval, 
diag(1,1,-1,-1) < m=79 and Q is ruled. 


For the sake of completeness, we shall mention that even a symmetric 4x4 
matrix M with rank r < 4 defines a symmetric relation called conjugacy 
between two points pR and qR by the condition (4.6), p'Mq = 0. There 
is a (3 -—1r)-dimensional space of singular points sR satisfying Ms = 0. 
Singular points are conjugate to each point in P?(R). When conjugacy is 
restricted to an (r—-1)-dimensional space of non-singular points, then for 
r = 3, we obtain pairs of conjugate points w.r.t. a planar polarity and for 
r = 2 we obtain pairs of an elliptic or hyperbolic involution. 


Theorem 4.2.10 The set of points in P?(R) satisfying x'Mx = 0 with 
a symmetric 4x 4 matrix M of rank r <3 is a singular quadric Q. 

When M has rank deficiency 1, i.e., r = 3, this is a quadratic or imaginary 
cone with the apex at the singular point. In the case r = 2, we obtain 
either two real or two complex conjugate planes intersecting at the line 
of singular points. For r =1, the set of singular points is a plane, which 
equals the set of self-conjugate points. 

In the case of r = 3, it is the sets of tangent planes of a conic that are 
dual to the singular point quadrics; for r = 2, it is pairs of line bundles; 
and for r =1, it is single line bundles. 
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Euclidean geometry in the projective setting 


When the real projective space P3(R) is introduced as the projective 
closure of the Euclidean 3-space E*, then it is endowed with additional 
structures. Below, we analyse some of them. 


The orthogonality in E® defines a bijectivity between bundles of parallel 
lines / and pencils of parallel planes ¢ orthogonal to /. This induces, in the 
plane w at infinity, a bijective mapping v: P,, > £L, with (Inw) & (enw) 
for 1 1 w. If runs through a pencil £4, of lines, the corresponding 
planes € 1 I are parallel to lines f perpendicular to y. Hence, w is a 
correlation. Since the orthogonality | 1 f between two lines is symmetric, 
the conjugacy between 1Nw and f nw is symmetric, too. Consequently, 
orthogonality in E* induces a polarity v in w, which is called the Euclidean 
absolute polarity. 


No real line can be orthogonal to itself. Therefore, the absolute polarity 
in w is elliptic. In the complex extension, the self-conjugate points form 
the absolute conic 7, which satisfies 


ao=0 and a%+a2+22=0, (4.9) 


when using homogeneous Cartesian coordinates (xo : 41 : 2: 43) = (1: 
x:y:z). Finite imaginary lines which meet j are called isotropic as well 
as finite planes tangent to 7. Pairs of orthogonal lines in any pencil £4\- 
form an involution with fixed lines passing through the absolute circle 
points of ¢. Hence, the absolute conic j7 comprises the absolute circle 
points of all finite planes ¢ in E’. 


We recall LAGUERRE’s formula from page 76: If 1; and [2 are two lines in 
the pencil P4- and 7 and i are the two complex conjugate isotropic lines 
in this pencil, then the measure a of the angle enclosed by [, and lg is 
related to the cross ratio of the four lines by 


er(11,l2,i,7) =e", where a =4Ijlo. (4.10) 


The dual formula holds for two intersecting planes €1,€2 and the two 
isotropic planes 2,7 through the line ¢; N €2 in the form 


er(€1,€2,1,0) = e"*, where a =} 1€9. (4.11) 
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Collinear transformations & which map the plane w onto itself, are called 
affine transformations. If « sends all pairs of orthogonal lines again to 
orthogonal lines, then « is called a similarity. In this case, the restriction 
of « to the plane w keeps the absolute conic 7 fixed. Consequently, by 
virtue of LAGUERRE’s formula, all angle measures between lines or planes 
remain fixed, too. Each triangle if mapped onto a similar triangle, i.e., 
scaled with a certain factor, and this scaling factor is the same for all 
distances. In other words, for each similarity « in E°, there exists a scaling 
factor f,, with K(A)K(B) = f,,- AB. Similarities with scaling factor f,, = 1 
preserve all distances and are called motions, whether they are continuous 


transformations or discrete. 


Important examples of motions are the reflections in planes. They are 
special harmonic homologies where the center is the ideal point orthogonal 
to the plane of the mirror. The reflection in a line g is a skew involution 
with axes g and g*, where g” is the ideal line of all planes orthogonal to 
g. Rotations about the axis g are examples of uniaxial collineations. 


Affine and Euclidean classification of quadrics 


From the viewpoint of the projective space P?(F), the affine space A3(F) 
can be defined by appointing any plane w to be the ‘plane at infinity’ and 
focusing on elements outside w, i.e., on finite points, lines, and planes. 
Affine transformations are collineations which keep the plane at infinity 
fixed. In order to classify quadrics Q in the real affine space A?(R), we 
have to study the relation of Q and 7g to the plane w. 


If w is self-conjugate, then the quadric Q is a paraboloid. Each finite line 
1 through the point of contact with w is called a diameter line of Q. Its 
polar line /* lies in w, and the skew involution with the axes | and 1”, 
which maps Q onto itself, is an affine reflection in |. This characterizes | 
as an axis of affine symmetry. Each plane through / is the axial plane of 
an affine reflection which also leaves the paraboloid invariant. 


Paraboloids can be oval or ruled and accordingly, they are called elliptic 
or hyperbolic. In the latter case, the paraboloid intersects w along two 
lines, taken from different reguli. Therefore, all finite generators of each 
regulus of Q are parallel to a fixed plane. 


If the pole M of w is finite, then M is called the center, and the quadric 
is a central quadric. The harmonic homology with the center M and axis 
w, which maps Q onto itself, is the reflection in M and shows that M is 
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a center of symmetry. When M A; A2A3 is a self-polar tetrahedron, then 
the edges through M form a triplet of conjugate diameters. The polar line 
of the diameter line J, = [M, A1] is lf = [Ag,A3] at infinity. The affine 
reflection in / maps Q onto itself. 


When the induced polarity in w is elliptic, Q is an ellipsoid. The self-polar 
tetrahedra are of type (ii). Each line through M is an edge of a self-polar 
tetrahedron and carries two real points of Q. 


A hyperbolic polarity in w belongs to a hyperboloid Q. In this case, the 
tangent cone with apex M contacts the hyperboloid along its curve at 
infinity; this cone is called asymptotic cone. It depends on the type of the 
self-polar tetrahedra whether the hyperboloid Q is oval or ruled. In the 
first case, each triplet of conjugate diameters contains only one axis with 
real points of Q, while the existence of a tetrahedron of type (iii) yields 
two axes with real points. Accordingly, the hyperboloids are two-sheeted 
or one-sheeted, respectively. Quadratic cones with an apex at infinity are, 
of course, quadratic cylinders. 


It can be shown that, for each regular quadric in A°(R), there exists a 
coordinate frame such that the equation can be reduced to one of the 
normal forms, as listed in Theorem 3.1.1, but where all coefficients a; are 
equal to 1. 


When classifying quadrics w.r.t. Euclidean transformations, we must ad- 
ditionally analyse the relation between the quadrics and the absolute po- 
larity in w. 

In the case of a paraboloid Q, let U denote its point of contact with w. 
The absolute polar u of U has a polar line u* w.r.t. Q, and this is the 
axis of the paraboloid Q, because the skew involution with axes u and u* 
is the reflection in u*, which maps the paraboloid onto itself. There are 
two cases to be distinguished: 


(i) Either there are exactly two tangents t,,t2 at U which are polar w.r.t. 
O and at the same time conjugate w.r.t. the absolute polarity. Then, the 
planes [t;,u*] and [t2,u*] are the only planes of symmetry. The reflection 
in each of these planes maps the paraboloid onto itself. 


(ii) When the absolute polarity as well as 7g induce the same involution 
in the pencil of lines £y,,, or, in other words, when the complex conjugate 
lines of intersection between an elliptic paraboloid and w are tangents of 
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the absolute conic, then each plane through u* is a plane of symmetry, 
and Q is a paraboloid of revolution. 


In the case of central quadrics Q, the induced polarity in w and the abso- 
lute polarity share at least one common self-polar triangle A; A2A3 (see 
[46, p. 278]). Then, the diameter lines | M, A;] are axes of symmetry of Q, 
and the self-polar tetrahedron is called the principal self-polar tetrahedron 
of Q. In the following two cases, the axes of Q are not unique: 


(i) When the quadric Q, which can also be imaginary, has a two-point 
contact with the absolute conic, each real point A; on the common chord 
is a point of a principal self-polar tetrahedron, and Q is a surface of 
revolution, an ellipsoid or a hyperboloid. 


(ii) When the induced polarity 7, is the absolute polarity, then, in the 
case of a hyperbolic polarity mg, the quadric Q is a sphere. 


Finally, a few words about elliptic polarities 7: On each line / through the 
pole M of w, the induced involution is elliptic. Consequently, there exist 
two points P, P’ €1 which are conjugate w.r.t. 7 and symmetric w.r.t. M. 


The harmonic homology y with center M and axial plane w is the re- 
flection in M and leaves 7 invariant, which means Yom 0 ¥ = 7, hence 
Fon =707. In this case, the product 7’ := 707 is also self-adjoint, since 


= 


R on’ =(Fo¥)o(roy) =Fon=idp. 


The point M is also the pole of w w.r.t. this composed polarity x’. If, 
on any line / through M, the points P and P’ are conjugate w.r.t. 7 
and symmetric w.r.t. M, then 7’ = 70y maps P via P’ to the plane 
m(P") which passes through P. Hence, P is self-conjugate w.r.t. 7’. This 
holds for each diameter line /. Therefore, the self-polar tetrahedra are of 
type (ii), and 7’ is the polarity w.r.t. an ellipsoid with center M. Thus, 
we proved 


13 
Wy 


Theorem 4.2.11 Each elliptic polarity in the projective extension of 
is the commutative product of the polarity w.r.t. an ellipsoid Q and the 
reflection in the center of the ellipsoid. This composition is called the 
anti-polarity w.r.t. Q. 
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If the ellipsoid Q is given in standard form, then the respective symmetric 
matrices Mo of Q and M of the elliptic polarity are 


: 1 1 1 : 1 1 1 
Mo = diag (-1, 5.5. 5 | and M=diag(1, 5.5.) 
In the literature, the ellipsoid Q is sometimes called the real representative 
of the imaginary quadric, associated with the elliptic polarity. 


Since the field of complex numbers is algebraically closed, in the complex 
extension of P?(R), every polarity 7 with a real symmetric transformation 
matrix M defines a quadric as the set of self-conjugate points. With each 
complex point P, the complex conjugate P is also self-conjugate. In the 
case of an elliptic polarity 7, we call this quadric empty or imaginary. 


Moreover, in the complex extension, every quadric is ruled, and it contains 
pairs of complex conjugate generators. When the polarity 7 is elliptic, 
the generators must be complex of the second kind, since otherwise pairs 
of complex conjugate generators would intersect at a real self-conjugate 
point. This means that complex conjugate generators of an imaginary 
quadric belong to the same regulus. On the other hand, the generators 
of oval quadrics are imaginary of the first kind, and the pairs of complex 
conjugate generators belong to different reguli. In particular, the gen- 
erators of a sphere are isotropic. The intersection of a sphere with any 
tangent plane is a null circle consisting of two complex conjugate isotropic 
lines of the first kind. 


If a polarity is elliptic and the induced polarity in w equals the absolute 
polarity, we call the corresponding imaginary quadric of self-conjugate 
points an imaginary sphere. Its generators are isotropic of the second 


kind. 


@ Exercise 4.2.1 Equations of a ruled quadric. 


Find a coordinate transformation which transforms the equation x9x73 - 7122 = 0 of a ruled 


quadric, as given in Theorem 4.2.5, to the standard form «a + a? - x3 - «3 = 0 given in 


Theorem 4.2.9. 


e@ Exercise 4.2.2 Polarity w.r.t. a ruled quadric. 

Prove the following statements: 

(i) Let an arbitrary line | intersect a generator e of the ruled quadric Q. Then, also the polar 
line l* of | w.r.t. Q intersects the generator e. 

(ii) If the four sides of the (non-planar) quadrangle A,...A4 are generators of Q, then the 
two diagonals [A1,A3] and [A2, Aa] are polar w.r.t. Q. 


156 Chapter 4: Projective and affine quadrics 


@ Exercise 4.2.3 Two pairs of polar lines. 


Prove the following statement concerning the complex extension of P?(R): Let (g,g*) and 
(h,h*) be two pairs of polar lines. Then, the four lines g,g*,h,h* belong to a regulus if, and 
only, if they intersect two different self-polar lines e1 and e2. 


@ Exercise 4.2.4 Reducible intersection of two quadrics. 


Prove the following statement: Jf two quadrics Q1,Q2 in P3(R) contact each other at two 
points P,Q, and the common chord | = [P,Q] and the intersection l* = Tp nTqQ of the 
corresponding tangent planes are skew, then all common points of the quadrics are located in 
two planes through l, which can also coincide or be complex conjugate. This is true also when 
one or both quadrics are quadratic cones. 


Hint: Choose a coordinate frame with the first two base points at P and Q and the two 
remaining base points on /*. Common points of Q1 and Q2 satisfy all linear combinations of 
the quadrics’ equations. There is a linear combination of the representing symmetric matrices 
with zeros in the first two lines and rows (see also Theorem 6.9.2). 


e@ Exercise 4.2.5 Proof of Theorem 2.4.4. 


Prove the statements of Theorem 2.4.4 concerning cones (or cylinders) passing through two 
different conics c and d of a regular quadric Q. 


Hint: Let J denote the line of intersection between the planes of c and d, and select any point 
C¢lin the exterior of Q as the center of a projection into the polar plane y of C’. Then in the 
image plane y, there are one or two centers V of planar harmonic homologies which map the 
contour of QO onto itself and exchange the contour points of c with those of d. Each homology 
can be continued to a harmonic homology in the 3-space which preserves Q and sends c to d. 
This confirms that its center V is the apex of a quadratic cone through c and d. 


The last statement in Theorem 2.4.4 follows by dualization. 


@ Exercise 4.2.6 Projective generation of quadrics in projective 3-space. 

Given two different points P,Q in P? (F), let «: Lp > Eg be a projective correlation between 
the bundles with respective carriers P and Q. Then, the set of points of intersection X = 
x(x) is a regular or singular quadric. Conversely, each quadric can be generated in this 
way. 

Hint: Choose a coordinate frame with P = (1:0:0:0) and Q=(0:0:0:1). Note that for 
describing a quadric in the form x’ Ax = 0, the matrix A need not be symmetric. 
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4.3 The projective n-space 


Let V be a vectorspace of dimension n+ 1 > 4 over a commutative field 
F with Char F + 2. Then, we obtain the analytic model? of the projective 
n-space P”(F) in the following way: 

The one-dimensional subspaces xF of V with x + O are the points X 
of P"(F). More general, the (d+ 1)-dimensional subspaces Uy,, of the 
vectorspace V, 1 < d <n, are the d-dimensional projective subspaces or 
linear spaces Sq of P"(F), when seen as point sets. In the particular cases 
d=1, 2, and n-1 we speak of lines, planes, and hyperplanes of P"(F). 


The intersection Sn S»2 of two projective subspaces is either a projective 
subspace of dimension d > 0 or it is empty, when for the corresponding 
sub-vectorspaces holds U; NU2 = {0}. In the latter case, we speak of skew 
spaces $1,59. The span or connecting space S, V So corresponds to the 
vectorspace U; + Ug. The well-known dimension formula for vectorspaces 
yields the projective dimension formula 


dim Si + So = dim($; N So) + dim($; Vv S3), (4.12) 


where dim(S; v S2) <n and dim(S,n S2) > —-1. Here, -1 characterizes an 
empty intersection. 


A set of d+1 points {poF,...,paF} of P” is called projectively independent 
if the points span a d-dimensional space, which means that the vectors 
Po,---,Pq are linearly independent. The set of d+1 points {poF,...,paF} 
is called a simplex or n-simplex in the spanned d-dimensional space Sq. 
A set of d+ 2 points in Sy, consisting of a simplex {poF,...,pqgF} and 
an additional point qF, is called a fundamental figure of Sq if, and only 
if, the point qF is projectively independent of any d points out of the 
simplex. 


Any basis (bo,...,bg) of the (d+ 1)-dimensional sub-vectorspace of V, 
0<d<vn, defines homogeneous coordinates of the points X in the corre- 
sponding d-dimensional projective space Sq. Conversely, for a given fun- 
damental figure Ag,..., Ag, & in Sg, there exists a projective coordinate 
frame in Sq, which assigns to the base points Aog,...,Aq the respective 


5For an axiomatic approach to projective spaces, defined as sets of points and lines, readers 
are referred to [18]. 


158 Chapter 4: Projective and affine quadrics 


coordinates (1:0:...:0),..., (0:...:0:1), and to the unit point E the 
coordinates (1:...: 1). 


Hyperplanes in P"(F) are the sets of points X with coordinates (29 : 
...!2p,) satisfying a linear equation up% +--+ + Un%p = 0 with coefficients 
u := (uo,.--,Un) # (0,...,0). The coefficients serve as homogeneneous 
coordinates (ug :...: Un) of the hyperplane, which will be denoted by uF 
for short. Consequently, the point xF lies in the hyperplane uF if, and 
only if, (u,x) = 0. If hyperplanes serve as basic elements in the projective 
n-space, we call this the dual space P"(F) of P"(F). 


Collineations, correlations, polarities 


A collineation K: P"(F) > P’"(F) between two projective n-spaces over 
F is a bijective mapping that preserves the collinearity of points. This 
implies that d-dimensional subspaces are mapped to d-dimensional sub- 
spaces, and this is one-to-one for d between 0 and n. A collineation is 
called projective, if the restriction to a line is a projectivity. 


The fundamental theorem states that each projective collineation P?(F) > 
P3(F) is induced by a bijective linear mapping f: V > V of the underlying 
vectorspace, and conversely, any linear mapping f: V > V induces a 
projective collineation «: P"(F) > P"(F) with xF & f(x)F. 


A projective correlation «: P"(F) > P’"(F) is a projective collineation of 
P"(F) to the dual space P’/"(F) with «: xF + u’F, where u! = Mx with a 
regular matrix M ¢ F°t)*(+) | Points y’F € «(xF) are called conjugate 
to xF w.r.t. the correlation k. 


A projective correlation of the projective n-space P”(F) onto itself is 
called a polarity if, and only if, conjugacy is a symmetric relation. The 
n-dimensional analogue of Theorem 4.2.2 states that « is a polarity if, 
and only if, the matrix M is either symmetric or skew symmetric. In the 
latter case, K is a null polarity with the property that all points X are 
self-conjugate, i.e., X € K(X). In this case, we conclude from 


det M = det(M") = det(—M) = (-1)"*! det M, 


that null polarities exist only in projective spaces of odd dimension. 

In the case of a symmetric matrix M, the self-conjugate points satisfy 
the equation x'Mx = 0. We call this set a regular quadric Q in P”(F) 
and « the polarity mg w.r.t. Q, even when the polarity is elliptic and 
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Q is an empty set (Definition 4.2.4). The hyperplane K(X) is called 
the polar hyperplane of the point X, and vice versa, X is the pole of 
the hyperplane. More general, the polarity in Q sends the points of 
a d-dimensional subspace Sq to the hyperplanes through an (n - d - 1)- 
dimensional space, called the polar space 7gQ(Sq) of Sq. Each point X € Sq 
is conjugate to all points Y € 7g(Sqa), and vice versa. 


A subspace Sq is called self-polar if tg(Sa) = Sg. With regard to the 
dimensions, we obtain the necessary condition 2d =n - 1. 


If Sq and its polar space 7g(Sq) are skew, then for each point X € Sq the 
mapping X % t9Q(X)n Sq is a polarity in Sg, which is called the polarity 
induced by mg. In Sq, the self-conjugate points w.r.t. the induced polarity 
equal the subquadric Qn Sy. In the particular case d = 1, this induced 
polarity is an involution. 


The polar plane 7g(X) of points X € Q is called the tangent hyperplane 
Tx to Q at X. Its intersection with Q is a quadratic cone with apex X, 
because each other self-conjugate point Y ¢ Tx, Y # X, is conjugate to X. 
Now, we can apply Lemma 4.2.2, which is valid also in higher dimensions, 
and conclude that, with Y € Q, the full line [X,Y] is contained in Tx nQ. 


Lemma 4.3.1 Every two points pF and qF of a regular quadric Q in 
P"(F) are projectively equivalent, t.e., there exists a projective collineation 
k which maps Q onto itself and interchanges the two points. 


If pF and qF are not conjugate w.r.t. QO, then a harmonic homology & 
with the center zF and the axial hyperplane tgQ(zF) has the requested 
properties. 


Proof: Let pF and qF be two different and not conjugate points of Q. Then, they are the 
points of intersection between Q and the connecting line pF + qF. Any other point zF on 
this line is not self-conjugate and can be represented by z = p+q. In particular, the point 
z* := p—q is conjugate to zF, because the two equations p' Mp = q? Mq = 0 imply that 


T 
(p+q)'M(p-q) =-p'Mq+q'Mp=-p'Mq+(q'Mp) =-p'Mq+p'Mq=0. 


Note that the four points pF, qF, zF, and z*F form a harmonic quadruple. 


On the other hand, when pF € Q and 2F ¢ Q, let qF be the remaining point of intersection 
between the line zF + pF and Q. There are two cases: If qF = pF, then zF lies in the tangent 
hyperplane 79(pF) and, vice versa, pF in the polar hyperplane 7g(zF) of zF. If otherwise 
pF # qF, then pF and qF are harmonic conjugates w.r.t. zF and z*F on pF + qF. 


In both cases, the harmonic homology with the center zF and the axial hyperplane 79(zF) 
sends pF to the point qF « Q. Hence, this harmonic homology maps Q onto itself. 
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If the two given points pF and qF of Q are conjugate, t.e., the connecting line pF + qF belongs 
to Q, then we use another point rF ¢ Q which is not conjugate to pF or qF. In this case, a 
composition of two harmonic homologies sends pF via rF to qF, while Q remains fixed. It is 
possible to specify two conjugate points on the lines pF + rF and rF +qF as centers of the two 
homologies. In this case, the product of the two homologies is also involutive. a 


The second part of Lemma 4.3.1 is an n-dimensional analogue of The- 
orem 4.2.7. The original proof of this theorem can easily be adapted 
to prove also for elliptic polarities that each non-null polarity 7 in P”(F) 
commutes with harmonic homologies whose centers and axial hyperplanes 
are polar w.r.t. 7. 


A simplex Ag... A, in P”(F) is called self-polar w.r.t. to a regular quadric 
O if the points are mutually conjugate. This means that for each point A; 
of the simplex, the polar hyperplane 7g9(A;) is the span of the remaining 
n points. For defining a self-polar simplex, we can select any non self- 
conjugate point Ag. The given polarity induces a polarity in the polar 
plane t9(Ao), and there, we specify any non self-polar point A;, and 
so on. If the points Ag,..., A, are chosen as base points of a projective 
coordinate frame, then the regular matrix M of Q must have diagonal 
form diag(Ao,...,An) with A; € F. 

A change of the unit point EF causes a coordinate transformation of the 
type (Z0,.--,2n) > (2O,---,)2n) = (Q0L0,---;An2n) with ao,...,Qn #0. 
Consequently, the matrix M is replaced by M’ = diag(Ao/a@,... , An/02). 
Now, it depends on the underlying field F whether other simplifications 
are possible: 


In the case F = C, each \; is a square, and therefore, we obtain for all 
regular quadrics the normal form M = diag(1,...,1). This means that 
in the complex projective n-space P"(C), any two regular quadrics are 
equivalent. The case F = R follows below. 


The real projective n-space 


For achieving normal forms of quadrics in the real projective n-space 
P” (IR), we can reorder the base points of any self-polar simplex such that, 
in the diagonal form of the coefficient matrix M, the entries Ao,..., Ap 
are positive and Ap+1,-..,An are negative. Then, after an appropriate 
change of the unit point FE, the coefficient matrix M of Q gets the form 
M = diag(1,...,1,-1,...,-1) with p+1 plus and n-p minus. Since we can 
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multiply the equation with —-1, it is no restriction to require p+12>n-p, 
2.e., 2Ip>n-1. 

Due to SYLVESTER’s law of inertia, the number p is independent of the 
choice of the self-polar simplex. However, the invariance of p has also a 
geometric background: 


Theorem 4.3.1 For each regular quadric Q in the real projective n- 
space, there exist coordinate frames such that Q has the equation 

: -1 

x’ Mx =a +--+ +25 - 25,1 -7- 2, =0 with p> a5 

The number p is the same for all possible coordinate frames, because d:= 
n—-p-1 is the mazimum dimension of linear spaces on Q. 


In the literature, the maximum dimension d is sometimes called the index 
of the quadric Q (cf. [18, I, p. 190]), and the d-dimensional linear spaces 
of Q are called generators. Theorem 4.3.1 is the projective version of 
Theorem 3.1.2, as far as regular central quadrics are concerned. 


Proof: All points X ¢ P”(R) whose coordinates (1g :...:2n) satisfy the system of p+1 linearly 
independent homogeneous equations 


LO = Lp4+1, L1 = Lp+2, +--+, Ln-p-1 =Ln, Ln-p =+''= Lp =0, 


belong to Q and form an (n — p- 1)-dimensional linear space S;. On the other hand, no real 
point of the p-dimensional subspace 


Se: Lpt1 = p42 =" = In =0 


satisfies the given equation of Q. Consequently, the quadric Q cannot contain a linear space 
of dimension greater than n-—p-—1, because otherwise it would intersect S2 in at least one 
point by virtue of (4.12), and this yields a contradiction. 


We recall from Chapter 3 that the pair of numbers (p+1,-p) is called the signature of the 
quadratic form x? Mx. a 


By virtue of Theorem 4.3.1, in real projective spaces of even dimension 
n = 2k, k € N, there exist & different types of non-empty quadrics. Here, 
the maximum dimension of linear spaces on quadrics is d= k-1 and the 
corresponding quadrics have the signature (k +1, k). 


For odd dimension n = 2k +1, there are i +1 different types of non-empty 
quadrics. The quadrics with the maximum dimension d = k of linear 
spaces have the signature (k+ 1, k +1). 


Note that, in the complex extension of P"(R), all regular quadrics are 
equivalent. Therefore, all of them carry linear spaces of the maximum 
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dimension d, as given before. In this sense, the following theorem (cf. [21, 
p. 232]) is also valid for all regular quadrics in P"(C). 


Theorem 4.3.2 1. In the real projective space P"(R) of odd dimension 
n=2k+1, the quadrics Q with signature (k+1,k+1) carry two nee 
parameter families of k-dimensional linear spaces. Each automorphic har- 
monic homology of Q interchanges the two families. 


For two different k-dimensional subspaces S,, Sj, of Q holds: 


Sz, 5; from different families —> dim(S,nS;,) €{k-1, k-3,...}, 

Sk, Si, from the same family — > dim(S;,95),) ¢€{k-2,k-4,...}. 
2. In the real projective space of even dimension n = 2k, the quadrics with 
signature (k+1, k) carry a Met) parameter family of (k-1)-dimensional 
linear spaces. The dimension of the intersection between any two of them 
varies between k —2 and -1. 


Proof: 1. By virtue of Lemma 4.3.1, it is no restriction to focus on the particular point 


P=(1:0:...:0:1) of the quadric Q satisfying #2 +---+2? - ay nn = 0. Its 
tangent hyperplane Tp: x9 — £2441 = 0 intersects Q in a quadratic cone which connects the 
apex P with the subquadric Q’: a? treet od - Geis ion x2, = 0 of signature (k,k) in the 


(2k — 1)-dimensional subspace 29 = ®2~41 = 0. The connection of each (k — 1)-dimensional 
linear space of Q’ with the apex P is a k-dimensional subspace of Q. 


From now on, we use the induction on k: For k = 2, the subquadric Q’ in the three-dimensional 
subspace is ruled and has two reguli. The connection with P defines two one-parameter families 
of planes on the quadratic cone Tp nQ. Planes from different families intersect along lines, 
planes from the same family share only the apex P. 


Let us assume, as induction hypothesis for k-1, that the subquadric Q’ contains two families 
of (k — 1)-dimensional linear spaces with dimensions of mutual intersections, as stated in 
Theorem 4.3.2, when k is replaced by k-1. After connection with P, we observe that we 
can split the k-dimensional spaces through P on Q into two families such that the stated 
dimensions of mutual intersections are fulfilled. 


Now, we extend the separation of k-dimensional spaces to all other points of Q. By virtue of 
Lemma 4.3.1, for each point Q ¢ Tp, there is an automorphic homology y of Q which switches 
P and Q. The (n - 2)-dimensional intersection Tp n Tg between the tangent hyperplanes 
remains fixed under y and intersects Q in a subquadric Q’ of the same type as studied before. 


Let us define that two k-dimensional subspaces S;, c Tp and Si c Tg belong to the same 
family on Q if, and only if, their intersections with Tp TQ belong to different families of the 
subquadric Q’. 

This means for S; and Si in the same family that their intersection equals the intersection 
between complementary subspaces of Q’, and by our induction hypothesis, the dimension is 
e{k-2,k-4,...}. 

Two spaces S, and Sj, taken from different families share either the (k —1)-dimensional inter- 
section with Q’, if they are corresponding under +. Or their intersection equals that between 
subspaces of the same family of Q’, and consequently, it is of a dimension € {k-3, k—5,...}. 
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Since the same holds for any two non-conjugate points P,Q € Q, we obtained a partition of 
the set of k-dimensional linear spaces on Q which satisfies all conditions claimed with regard 
to the dimensions of mutual intersections. Therefore, the family assigned to each S; must 
be unique, because we only need to check the intersection of S; with a single distinguished 
k-space. 


Each harmonic homology y with Q > QO maps S; onto another space Shy where S;, nS), equals 
the (k — 1)-dimensional intersection with the axial hyperplane of y. Therefore, S_ and Sj). 
belong to different families. Note that no S; can be fixed under y, because all points in S;, 
and all hyperplanes through Sj are self-conjugate, and therefore, they are not usable as center 
or axis of any automorphic harmonic homology. 


This proves that the statement in the induction hypothesis is also valid for k. The remaining 


k(k +1) 


statement that we obtain two -parameter families of generators on Q, can be proved 


by induction, too. 


2. In contrast to the first case, the (k—1)-dimensional spaces S;_; on the regular quadric Q in 
p2*(R) are not self-polar. There exist hyperplanes through S;_; which are not self-conjugate, 
and therefore, available as axial hyperplanes of harmonic homologies which keep S;,_; fixed. 
Consequently, we cannot split the set of (k - 1)-dimensional spaces of Q into two families 
which switch under harmonic homologies. 


In order to prove that, for the intersection of two linear spaces Sq, Si of maximum dimension 
(cf. Theorem 4.3.1), all dimensions between -1 and d are possible, we confine ourselves to one 
example: The following two spaces of Q, 


Sq! 0 —@py1 = £1 — LpyQ = ++ =Ln_p-1-—AIn=0, Ln-p = +++ = Lp = 0 and 

Sti tot @ps1 = 21 t+ GpyQ = 91+ = n-p-1 + an =0, In-p =+++= Lp =O, 
are skew, hence dim(Sqgn Si) =-1. As an exercise, readers are invited to prepare examples 
with other dimensions of Sgn S%. a 


Quadrics on given points 


For defining a symmetric matrix M with n+1 rows, $(n+ 1)(n+2) entries 
ai; have to be given. This means that, for defining a quadric by single 
points, $n(n +3) points are necessary and sufficient, provided that the 
corresponding system of homogeneous linear equations for the entries aj; 
has maximal rank (note the Veronese mapping on page 180). 


In the literature, there are graphical constructions with ruler and compass 
for determining, in the real projective 3-space, a quadric given by nine 
points (see, e.g., [127, no. 49] or [77|). Still open is the question, how to 
characterize in a geometric way the spatial position of ten points which 
belong to the same quadric. This would be a spatial analogue of the well- 
known theorem of Pappus [46, Sect. 6.2] which characterizes six points of 
a conic in the projective plane in form of a linear construction. 
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@ Exercise 4.3.1 Quadrics passing through seven vertices of a box. 


Prove the following statement: If, in the projective 3-space, a quadric Q passes through seven 
vertices of a projectively transformed box, then Q contains the eighth vertex, too (see [12, 
p. 99]). 

Hint: If a quadrangle is inscribed in a conic c, then the diagonal triangle is a polar triangle, i.e., 
self-polar w.r.t. c (see, e.g., [46, p. 294]). This defines corresponding elements of the polarity 
w.r.t. Q, and moreover, harmonic homologies mapping Q onto itself. The eight vertices are 
common points of three quadrics with a common self-polar tetrahedron. 


e@ Exercise 4.3.2 Induced involutions on the edges of a self-polar simplex in P”(R). 


With regard to the types displayed in Figure 4.5 (left), enumerate the different types of self- 
polar simplices in P”(R), based on the classification of quadrics in Theorem 4.3.1. 


e@ Exercise 4.3.3 Projective generation of generators of quadrics in P”(R). 

For given skew linear spaces Sg and sh of maximal dimension d, according to Theorem 4.3.1, 
let «: Sq > S', be a projective correlation. Then, the connecting spaces X v K(X) belong to a 
regular quadric. 

Conversely, if the regular quadric Q contains the two skew spaces Sq and S vy then the polarity 
mq induces a correlation K: Sq > S’,, and the connecting spaces X v K(X) belong to Q. 
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4.4 Projective models of non-Euclidean 
geometries 


The axioms of the hyperbolic 3-space H? and the Euclidean 3-space E® 


differ only in the parallel postulate: In E®, for every given plane e, there 
is a unique parallel plane through any point P. In H?, the opposite holds 
true: Through each point P ¢ ©, there pass (at least) two planes, which 
do not meet the plane ¢. For more information on Hyperbolic Geometry, 
see [31, 44]). 


Cayley-Klein model of Hyperbolic Geometry 


We refer to the projective or CAYLEY-KLEIN model of H®: Let an oval 
quadric Q be given, which is called the absolute quadric in the projective 
space P?. Then, points of H° are the points in the interior of 2, lines 
of H® are secants of Q, and planes of H® are those which intersect 2 
along (non-empty) conics. The polarity tq w.r.t. Q is called the absolute 
polarity. Points of Q are called absolute points and do not belong to H?. 
The same holds for so-called absolute lines and planes which are tangent 


to 2. 


We prefer the standard version of the CAYLEY-KLEIN model of HI. It is 
embedded into the projective extension of the Euclidean space E?. We 
use homogeneous Cartesian coordinates (vp : 41: 2:23) =(1l:a@:y:z) 
and the unit sphere as the absolute quadric 2. Then, the polar form with 
respect to Q can be written as 


(P, G)n *= Pogo — P1di ~ P2492 — P343- (4.13) 
Points P in H® have coordinate vectors p where (p, p);, > 0. The hyper- 
bolic distance d,( P,Q) between P = pR and Q = qR is defined by 


cosh d;, (P,Q) = AP. an ___ 


Pp 
VP, P)n(d; G)n 


; In er(.P,Q,U1,Us); 


or 


(4.14) 
d),(P, Q) 


where U, and U2 are the absolute points of the line [P,Q]. There are simi- 
lar formulas for the hyperbolic measures of angles between intersecting 
lines or planes, based on cross ratios between the given elements and the 
absolute elements in the spanned pencils. A line | is hyperbolic orthogonal 
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to a plane « if | passes through the absolute pole of ¢. Two planes are 
hyperbolic orthogonal if they are conjugate w.r.t. 2. 


Hyperbolic motions are the restrictions to H? of projective transforma- 
tions in P®? which map the absolute quadric Q onto itself. Due to the 
second formula in (4.14), hyperbolic motions preserve all hyperbolic dis- 
tances. From the invariance of cross ratios, we also infer the invariance 
of hyperbolic angle measures under hyperbolic motions. 


Hyperbolic reflections are, according to Theorem 4.2.7, harmonic homolo- 
gies of 0, which are restricted to the interior of 2. Hence, depending 
on whether the center FE or the axial plane ¢ = m9(£) of the harmonic 
homology is an element of H®, we obtain the hyperbolic reflection in the 
point F or in the plane e. 


It can be proved that each hyperbolic motion can be represented as a 
product of four reflections in points or planes at most. Now, we refer to 
our standard model, embedded into the Euclidean 3-space: The stereo- 
graphic projection of 2 in a plane transforms the restrictions of harmonic 
homologies to into inversions or line reflections. This reveals that the 
group of hyperbolic motions is isomorphic to the Mébius group in the 
plane. 


Let us classify the products of two reflections 01,02 in planes, 7.e., the 
products of two harmonic homologies with centers A, and Ag in the 
exterior of 2. We denote the line of intersection between the axial 
planes 79(A1) and 7e(A2) with a. Then, a is the absolute polar line 
of a* = [A,,A2]. Under the product of the two harmonic homologies, 
each point of a remains fixed, as well as each plane through a*. Three 
cases need to be distinguished: 


(i) The line a = mteQ(A1) A m7Q(A2) is a secant of Q. In this case, the 
product 0200} is a hyperbolic rotation about the axis a. Points X ¢ H°?\a 
remain on hyperbolic circles centered on a and within planes orthogonal 
to a. Only in the case of absolute conjugate points A; and Ag, the two 
axial planes are orthogonal and the two reflections commute. Then, the 
product is involutive and a hyperbolic reflection in a. 

(ii) The line a is a tangent of 9. In this case, the product is called a 
horolation. In each plane through a*, the points X move on concentric 
horocircles. 
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(iii) The line a lies in the exterior of Q, i.e., a* = [P,Q] is a secant of 
Q. Then, the product og °gp is a hyperbolic translation along a*. Points 
X ¢a* remain in planes through a* and move on hypercircles with the 
axis a”. 

In all three cases, the motion can be embedded into a one-parameter sub- 
group of hyperbolic motions, namely a rotation, horolation, or translation. 
The corresponding orbits of points are hyperbolic circles, horocircles, or 
hypercircles. 


Clifford surfaces and hyperbolic screw motions 


Under rotations about an axis a or translations along the same axis a, 
the hyperbolic distance of points X to the axis a remains fixed. The geo- 
metric locus of points X ¢ H? with a constant distance d_(X,a) is called 
a Clifford surface, named after W.K. CLIFFORD®. Clifford surfaces can 
be generated by rotating hypercircles with the axis a about a. Figure 4.7 
(left) shows the case where the axis is chosen as a Euclidean diameter of 
Q. Then, the hyperbolic rotation about a is also a Euclidean rotation, 
and the corresponding Clifford surfaces are Euclidean ellipsoids of revolu- 
tion. This reveals that Clifford surfaces with the axis a share with 2 the 
absolute generators through the absolute points B,, By of a (Figure 4.7, 
left). 


Clifford surfaces are the hyperbolic counterparts of Euclidean cylinders of 
revolution. In the coordinate frame, as used in (4.13), we can introduce 
hyperbolic cylinder coordinates (rp, p, Zp), where rp, is the hyperbolic dis- 
tance to the z-axis a, zp, the signed hyperbolic length along a, and y the 
polar angle, measured from the z-axis. Then, the normalized coordinate 
vectors of points in HI? can be expressed as 


p = (coshr;, cosh z,, sinhr; cosy, sinhrp,siny,coshr;, sinh zp,), (4.15) 


where (p,p);, = 1. For rj, = const., we obtain a normalized parametriza- 
tion of the Clifford surface C,., with the hyperbolic radius rp, (Figure 4.7, 
right). When setting u:= ysinhr, and v := z, coshr;,, we obtain 


. u 
x(u,v) = [{coshr,; cosh , sinhr;, cos — ; 
cosh rp, sinh r;, 
: : u . v 
sinh r, sin — , cosh ra sinh 
sinh ry, cosh ry, 


6Wittiam KinGpoN C.iFrForD (1845-1879), English mathematician and philosopher. 
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FIGURE 4.7. Clifford surfaces with radii r,2r,3r,... and iteratively translated 
normal planes in the hyperbolic space (left) and in the elliptic space (right). 


for 0< u<27sinhry, and veR. 


It turns out that the hyperbolic metric induces on C,,, a Euclidean metric, 
since the coefficients of the first fundamental form are 


E==(xy,%,)=1, P= =(xXy%) =O, G==(xpy, x)= 1 


Thus, there is an isometry x(u,v) + (u,v) of the Clifford surface C,,, in 
H? to a parallel strip in the Euclidean (u,v)-plane. 


The composition of rotations about the axis a through » and a trans- 
lation along a through a proportional length z, = p-y with p = const. 
is a hyperbolic helical motion or screw motion with the pitch or screw 
parameter p. 


The trajectories of points are called helices or screws. Since hyperbol- 
ic motions preserve distances and angle measures, along each helix the 
enclosed angle with the parallel circles remains constant. The isometry 
mentioned above sends screws to straight lines. 


The hyperbolic screw motion about a induces a group of projective auto- 
morphisms of 2. In our standard model, the trajectories of absolute points 
Q€Q must enclose a constant Euclidean angle with the parallel circles on 
the sphere. This is a consequence of (4.10), since along the trajectory the 
cross ratio of the tangents to the trajectory and the parallel circle and the 
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FIGURE 4.8. Left: Spherical loxodromes play the role of hyperbolic helices. 
Right: A 3-web of spherical loxodromes. 


isotropic generators of the Euclidean sphere 2 remains constant. Hence, 
these isogonal trajectories are spherical lorodromes (Figure 4.8, left). The 
isometry to the plane can be used to transfer, conversely, a three-web built 
from three families of parallel lines to a three-web of spherical loxodromes 
(Figure 4.8, right). 


For a deeper insight into hyperbolic motions, see, e.g., [31] or [73]. 


Cayley-Klein model of Elliptic Geometry 


The projective model of the elliptic 3-space is based on an elliptic po- 
larity in P?(R), called the absolute polarity. This means that the set of 
self-conjugate points is an empty quadric 2 consisting only of imaginary 
absolute points. The generators of 2 are imaginary of the second kind 
(note page 132). Tangent lines and planes of 2 are called absolute lines 
and absolute planes, respectively. 

We refer to the standard model which is embedded in the projective clo- 
sure of the Euclidean 3-space with Q as an imaginary unit sphere. Then, 
in terms of homogeneous Cartesian coordinates, the polar form w.r.t. Q 
can be expressed as 


(P, Qe *= Pogo + P141 + P2gG2 + P3q3- (4.16) 
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All points in P?(R) are admitted, and the elliptic distance d.(P,Q) of 
two points P,Q with homogeneous position vectors p and q is defined by 


(P, Ge 
(P, P)e(G, Gc 


d(P,Q) = = Inex(P,Q,U,0), 


cos de( P,Q) 


(4.17) 


where U and U are the complex conjugate absolute points on the line 
[P,Q]. Elliptic distances d, can be restricted by 0 < d. < 7. 


There are similar formulas for the elliptic measures of angles between 
coplanar lines and pairs of planes, expressed in terms of cross ratios with 
the absolute lines or planes which belong to the spanned pencils, respec- 
tively. Two lines g,h are called elliptic orthogonal if they are intersecting 
and g meets the absolute polar h* of h, too. Two planes are called elliptic 
orthogonal if they are conjugate w.r.t. 2. 


When P?(R) is embedded as a projectively closed hyperplane x4 = —1 in 
the Euclidean 4-space, then d.(P,Q) equals the Euclidean angle between 
the lines connecting P and Q with the origin O in E*. This star of lines 
gives the four-dimensional star model of the elliptic 3-space. Since the 
connections of absolute elements in P?(R) with the point O are isotropic 
in E*, the elliptic measures in P3(IR) equal Euclidean measures in the 
four-dimensional star model. 


Elliptic motions are projective transformations in P?(R) which commute 
with the elliptic absolute polarity, z.e., which map the absolute quadric 2 
onto itself. Due to the second formula in (4.17), elliptic motions preserve 
all elliptic distances and angle measures. Since all elliptic measures equal 
Euclidean measures in the isomorphic four-dimensional star model, the 
group of elliptic motions in P?(R) is isomorphic to the orthogonal group 
O(4). 

Elliptic reflections are automorphic harmonic homologies of 2, according 
to Theorem 4.2.7. In contrast to the hyperbolic space, they always have 
a center and an axial plane, polar w.r.t. Q. Each elliptic reflection in a 
point is at the same time an elliptic reflection in a plane. The product of 
any two different reflections is an elliptic rotation about an axis a as well 
as an elliptic translation along the absolute polar a* of a. The rotations 
about a and the translations along a form one-parameter groups. If the 
ratio of the length z,. of translation, measured along a, and the angle y of 
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the rotation is kept constant, we obtain a group of elliptic screw motions 
about a with the pitch p = z¢/y." 


Elliptic screw motions and Clifford translations 


As an analogy to the hyperbolic space, the locus of points at constant 
elliptic distance r. to any line a is called an elliptic Clifford surface with 
the axis a and elliptic radius r,-. All points of this Clifford surface also 
have a constant distance }-7e to the absolute polar a* of a. Clifford 
surfaces remain fixed unter all screw motions about the axes a and a’. 


In our standard model with the axis a as a diameter of Q, the Clifford sur- 
faces C,, are one-sheeted hyperboloids of revolution (see Figure 4.7, right). 
In terms of elliptic cylinder coordinates (re, p, Ze), We can parametrize the 
Clifford surface with radius 7. as 


P = (COS 7 COS Ze, SIN Te COS Y, SIN Te SIN —Y, COS Te SiN Ze) , (4.18) 


where (p,p)- = 1. The inhomogeneous coordinates (,y,z) of the points 
of C,, satisfy 


oe n y? > 1 2,2 2,2, 2 7 
—2°=1 or —— (a t+y*)- (a +y% +2741) =0. 
Te 


2 2 
tan“ re tan* Te 


This confirms that the Clifford surfaces with a common axis belong to- 
gether with 2 to a pencil of quadrics (see Chapter 5). All quadrics in this 
pencil share the two pairs of complex conjugate generators in the planes 
241. 


When setting u:= ysinr, and v := 2 coSTe, we obtain 


VU : U : : U ? Vv 
x(u,v) = | cosr. cos ——, sinr. cos ——, sinr sin ——, cos, sin 
COS Te sin Te sin fe COS Te 
for -7sinr. < u < msinre and == cos Te Su< 5 Cos Te, Which defines an 
isometry of the Clifford surface C,, to a rectangle in the (u,v)-plane. 
Helices on C,,, correspond to straight line segments. 


Quite contrary to the hyperbolic space, in the elliptic 3-space, the Clifford 
surfaces C,, are ruled quadrics. Along each generator f of C,,, the distance 


’The sign of the pitch depends on the specified orientations for measuring y and ze. Note 
that the screw motion about a is at the same time a screw motion about a* with ze as the 
angle of rotation and ¢ as the length of translation. 
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FIGURE 4.9. Left: Clifford translation acting on the Clifford surface C,,. Right: 
Quartics of the second kind as elliptic helices with pitch p = 1/2. The picture 
shows the particular case with cot r = V/2, where the helices are elliptic orthog- 
onal trajectories of one regulus on C,,. 


to the axis a remains constant and there exist infinitely many common 
perpendiculars of f and a. Hence, the two lines f and a behave like 
parallel lines, and indeed, we speak of a Clifford parallelism®. 


The generators of each regulus on C,, serve as trajectories of an elliptic 
screw motion with pitch p = +1. This follows from (4.18): When set- 
ting y =t and z = +t and switching to inhomogeneous coordinates, the 
particular helix is represented as 


s(t) =(tanr, tanr. tant,+tant). 


8 According to W.K. Ciirrorp [28], two distinct lines f and g are said to be Clifford parallel, 
if f, g, and their absolute polars f* and g* belong to the same regulus, which implies that 
the complementary regulus consists of common normals of f and g. According to F. KLEIN 
[74, p. 241], parallel lines f and g meet the same pair of complex conjugate generators of the 
absolute quadric (note Exercise 4.2.3). Depending on the kind of generators of the Clifford 
surfaces, one can speak of right parallel or left parallel lines. For further information about 
Clifford parallelism see, e.g., [31], [44, Kap. 12], or [54]. 
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These particular screw motions are called Clifford translations. In the 
particular vertical position of the axis a, as chosen in Figure 4.9 (left), 
the angle t shows up in the top view as the angle of rotation. However, t 
shows up also in the front view, when the length of translation, measured 
along a, is projected from a Laguerre point L (see [46, p. 252|) of the 
elliptic involution of absolute conjugate points on a. 


FIGURE 4.10. In the conformal model of elliptic geometry, loxodromes on a 
torus are helical curves. The depicted curve is an elliptic helix with pitch p = 1/3. 


In the projective setting, Clifford translations are biaxial collineations 
with complex conjugate generators of 9 and C,, serving as axes. By 
virtue of (4.10), the angle t is related to the characteristic cross ratio of 
the collineation. All lines meeting the two axes of this collineation form an 
elliptic linear line congruence (see Figure 10.4) and are mutually left- or 
right parallel in the sense of Clifford parallelism. Once the orientations for 
angle measures about a and lengths of translations along a are fixed, we 
can differ between left translations with pitch p = —-1 and right translations 
with pitch p = +1.9 


° Another approach to Clifford translations is presented in [11] and [91]: When the quadruples 
of homogeneous coordinates (xo,...,2%3) are identified with Hamiltonian quaternions, then 
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Since the group generated by rotations about and translations along a is 
commutative, the product of Clifford right and left translations through 
the same length ¢ is a rotation about a through y = 2¢. More gener- 
ally, the composition of continuous right translations through c,t and left 
translations through cot yields screw motions with the pitch 


Cy + C2 
Cy — CQ. 


For rational p we can assume Cj, C2 € Z with (ci, c2) = 1. Then, the helices 
are algebraic and of degree |ci| + |c2| (see [128]). Figure 4.9 (right) shows 
quartics of the second kind, obtained for cy = 3 and cg = -1. Depicted is 
the particular case with cot re = \/2, where the helices are elliptic orthog- 
onal trajectories of one regulus on the Clifford surface C,, (compare with 
the Euclidean case in Figure 9.15). 


Conformal model of the elliptic 3-space 


FIGURE 4.11. A 3-web consisting of loxodromes and Villarceau circles on the 
torus. 


the multiplication with fixed quaternions, either from the left or from the right, represent 
exactly the two types of Clifford translations in the elliptic 3-space. This is also the basis 
for the kinematic mapping of the elliptic space to the group SO(3) of orientation preserving 
spherical motions in E? (note Theorem 10.3.1). 
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After connecting the points P,Q of the elliptic 3-space with the exte- 
rior point O in E*, we obtain the star model, where the elliptic distance 
d-(P,@Q) shows up as the Euclidean angle enclosed by the lines [P,O] 
and [Q,O]. Now, we intersect the lines with the unit sphere centered at 
O and project it stereographically back to P?(IR). Then, each point P is 
sent to a pair of points (P., P!); we can achieve that P, and P! are inverse 
w.r.t. the empty unit sphere Q.In this way, intersecting straight lines g, h 
of the projective model are, in general, mapped to self-inverse circles g. 
and h,, and the elliptic angle between g and h equals the Euclidean angle 
between g- and h,. Consequently, we speak of a conformal model of the 
elliptic 3-space. 


It turns out that, in the conformal model, tori and Dupin ring cyclides C,, 
(note Figure 10.18) take over the role of Clifford surfaces. Elliptic helices 
of the projective model are sent to loxodromes on tori (Figure 4.10) or, 
more generally, to isogonal trajectories of the curvature lines on Dupin 
ring cyclides. The reguli on C,, correspond to Villarcau circles on tori and 
cyclides. 


This tranference was used in [142] to study loxodromes of the torus. In 
the same way, three-webs of helices can be transferred to three-webs on 
a torus (Figure 4.11) and on Dupin cyclides (see page 119). 


Check for 
updates 


5 Pencils of quadrics 


Pencils of quadrics can be classified by means of the number, type, and configu- 
ration of singular quadrics in the pencil. The generic pencil of quadrics contains 
four singular quadrics which are quadratic cones. The thirteen types of pencils 
will be discussed in detail in this section. 
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We have studied pencils of conics in [46, Ch. 7]. Since conics are quadrics 
in the plane, the five types of pencils of conics are precisely the pencils of 
quadrics in a projective plane. 


In this chapter, we start with an overview of pencils of quadrics in gen- 
eral, and especially in projective 3-space. We describe the classification 
of pencils of quadrics in projective 3-space and provide normal forms of 
the equations. A complete classification of pencils of quadrics in an affine 
3-space is far beyond the scope of this chapter and book. The classifica- 
tion of pencils of quadrics in projective 3-space is based on the theory of 
characteristics and elementary divisors (cf. [87]). 


The notion of principal points and common polar tetrahedra is of interest 
when we are looking for a favorable or simple coordinate representation 
of a pair of quadrics. Especially, the principal axes transform described 
in Section 3.1 is the determination of a common polar simplex of a given 
quadric and a singular polarity. 


The relations between the quadrics in a pencil and a generic line or plane 
are best described by Desargues’s theorem and induced polarities. 


Since each quadric defines a dual quadric, we can define pencils of dual 
quadrics and the dual of a pencil of quadrics. 


Among the special pencils, we discuss singular pencils which consist either 
of quadratic cones projecting a pencil of conics or of quadratic cones that 
touch along a common generator. Pencils of spheres play an outstanding 
role: In Section 10.2, we shall see that parabolic pencils of spheres cor- 
respond to straight lines in Lie’s quadric L3. The pencils of spheres give 
rise to a construction of systems of triply orthogonal surfaces. 
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5.1 Definition of pencils, basics, invariants 


Let us start in an arbitrary projective space P”(F) over some commuta- 
tive field F with charF # 2 and let us describe points with homogeneous 
coordinates. We shall exclude the case charF = 2, although this has a 
charm of its own. Now, we may assume that A,B « FO+Dx("+) are two 
symmetric matrices which are not each other’s scalar multiples. However, 
A and B need not be regular. With x = (zo,...,%), the equations of 
two quadrics A and B are 


A: x'Ax=0 and B: x'Bx=0. (5.1) 
We use the following: 


Definition 5.1.1 Let A and 6 be two quadrics in a projective space 
P"(F) with equations (5.1), then the equations of all quadrics in the 
pencil P of quadrics spanned by A and B are given by 


P: x'(aA+/B)x=0 (a,8) €F*\{(0,0)}. (5.2) 


It is clear that each point B = bF that is common to A and B is also 
common to all quadrics in the pencil: Since B € A and B «€ B causes 
b! Ab = 0 and b' Bb = 0, the linear combination \b’ Ab + pb’ Bb = 
A-0+-0=0 is annihilated. Therefore, it makes sense to call each point 
BéeAnB a base point of the pencil P. 


Moreover, through each point P = pF c P”(F), there exists a unique 
quadric Op c P of the pencil: Inserting p for x in the equation (5.2) of 
the pencil, yields 

Ap’ Ap+ yup’ Bp = 0, 
i.e., a single linear homogeneous equation in the unknown A: yw. Its 
solution 

AS = -p'Bp : p' Ap 
defines a unique quadric in the pencil, unless P ¢ ANB. 
According to our definition, a pencil of quadrics is a linear one-parameter 


manifold of quadrics. Definition 5.1.1 goes well with the definition of 
pencils of conics given in [46, Def. 7.3.1.]. 


In the literature, one can find an alternative way of defining pencils of 
quadrics in an arbitrary projective space P”: We recall that the coefficient 
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matrix of a quadrics’s equation in P”(F) has (n+1) x (n+1) entries from 
F, is symmetric, and only the ratio of these matters. Therefore, a quadric 
in P"(F) is defined by prescribing 


1 
(m+1)+(n)+(n—1)+...+241-1= 5n(n+3) 
points in admissible position. Hence, one point less should define a pencil. 


Lemma 5.1.1 In a projective space P"(F) (of n dimensions), the set of 
: 1/..2 ‘ : a a0 

all quadrics that pass through 5(n“ + 3n-2) points in admissible position 
is a pencil. 

Proof: The determination of a quadric Q: x'Qx = 0 that passes through the maximum 
number gn(n + 3) of points that can be prescribed is equivalent to solving a system of that 
many linear equations in the unknown coefficients qj; with i,j € {0,...,n} and qij = qji- 
Using one point less drops the rank of the coefficient matrix of the system of linear equations 


about one. Consequently, the solutions for q;; can be expressed with the help of homogeneous 
parameters a: 8 +0:0. a 


The equations in the system of linear equations used in the proof of 
Lemma 5.1.1 arise by substituting the coordinates of prescribed points 
of x; in the equation x'Qx = 0 of Q. Then, the monomials X;x; eval- 
uate to numbers in F and the coefficients q;; remain undetermined and 
are thus the variables. Basically, each homogeneous coordinate vector 
x = (%0,-..,2%n)F"*! \ {o} is mapped to a new vector 

v(x) = (2: 2px, :...: 29% 2 072 41 "Q:...: 07) a \{o}. (5.3) 
The mapping v: x + v(x) is called the Veronese! mapping. The manifold 
of points parametrized by (5.3) is called Veronese variety Vz’. The hyper- 
planar intersections of this manifold correspond to quadrics in P"(F) and 
the coefficients of the hyperplane’s equation equal the coefficient of the 
quadric’s equations. In the case n = 2, i.e., conics in a projective plane, 
the Veronese variety es turned out to be very useful for the study of con- 
ics, pencils of conics, and the quadratic Cremona transformations induced 
by linear two-parameter manifolds of conics. For details on Veronese vari- 
eties and related varieties that frequently show up in algebraic and higher 
dimensional geometry, see [21]. 


1GuIsEPPE VERONESE (1854-1917) was an Italian mathematician who contributed to algebraic 
geometry and projective geometry in higher dimensions. In his later life, he turned to politics 
and became a senator of the Italian Republic. 
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From the basic definition of a pencil of quadrics, the following is clear: 


Theorem 5.1.1 A pencil of quadrics is projectively equivalent to a pro- 
jective line. The group of projective transformations acting on a projective 
line acts in the same way as on a pencil of lines. 


Proof: The matrices A and B in (5.2) can be written as vectors a,b € F2(m+1)(m+2) Since 
scalar multiples of the equations describe the same geometric object, a and b can be interpreted 
as homogeneous coordinates of points in a projective space of s(n + 1)(n + 2) -1 dimensions. 
Then, by virtue of (5.2), P is a projective line spanned by aF and bF. 


We can describe projective mappings on a projective line in terms of (the) homogeneous 
coordinates a: 8 + 0:0. According to [46, Theorem 5.4.1], a projective mapping on a 
projective line is described by a linear mapping F? > F?. a 


The regularity of the coefficient matrix of a quadric is equivalent to the 
regularity of the quadric. So, it is clear that the singular quadrics in a 
pencil correspond to the zeros of the form 


A(a, B) = det(aA + 6B). (5.4) 


Therefore, we can expect up to n+1 different singular quadrics in a pencil 
of quadrics. 


The following example shows that the maximum number of singular 
quadrics does not necessarily occur: 


= Example 5.1.1 Number of singular quadrics in a pencil. 


The coefficient matrices Q = aA + 8B of pencils of conics (7.e., quadrics in a plane) of all five 
kinds can be given as 


0 
0 
0 O B 0 0 8B 
Qs=] 0 -26 a |, Qs=] 0 -26 0 |. 
Bea -2a 
The determinants A; = det Q; are (up to non-zero factors) 


Ai = aB(a + B), Ao = A3 = a’B, A4 = As = B?. 


It is clear that we can find three singular conics (pairs of lines) in a pencil of the first kind (cf. 
[46, p. 285]). 


The pencils of the second kind and third kind as well as the pencils of the fourth and fifth 
kind cannot be distinguished by means of the determinant A. 
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In the case of the pencil of the second and third kind, there are two different zeros of A: 
a:68=0:1anda:6=1:0 with the multiplicities ~(0,1) = 2 and (1,0) =1. For the pencil 
of the second kind, we find 


rk(0-A +1-B)=rk(0-A+1-B)? =2, rk(1-A+0-B) =rk(1-A+0-B)? =2, 
while in the case of the pencil of the third kind, we have 
rk(0-A +1-B) =2, rk(0-A+1-B)?=1, rk(1-A+0-B) =2, rk(1-A+0-B)? =1, 
which shows that the geometric multiplicity and algebraic multiplicity of the zeros of Ag and 


Ag differ. Clearly, the number of singular conics in both pencils equals two. 


The same phenomenon can be observed with pencils of the fourth and fifth kind. The deter- 
minant A is a complete cube in both cases, and thus, there is only one zero with algebraic 
multiplicity three. However, the geometric multiplicity in the case of the pencil of the fourth 
kind equals two, while the geometric multiplicity in the case of the pencil of the fifth kind 
equals one. 


Following the Example 5.1.1, we see that pencils of quadrics can roughly 
be characterized by the multiplicities of the zeros of the determinant (5.4) 
of the pencil. Moreover, we have learned that the multiplicities alone are 
not sufficient in order to distinguish between a pencil of the second and 
a pencil of the third kind. 


The sum of multiplicities of the solutions a; : 6; of the quartic form (5.4) 
always equals four. There are five different ways to build four as the sum 
of positive integers: 


[A111], [211], . [22], [38lj. [4]. (5.5) 


These five groups of summands — called the characteristics of Q — are the 
first step towards the classification of the pencils of quadrics, cf. [87, 127]. 


The fine-tuning now involves the elementary divisors of the matrix Q. 
If the multiplicity 4; of a zero of a; : B; of (5.4) is greater or equal to 
two, then it can be a zero of multiplicity 2 or 1 of the determinant of the 
characteristic matrix 


C; = a;A ss 6;B 


of Q. If this is the case, we break up the characteristic [211] into [(11)11], 
expressing the fact that the first zero of (5.4) is a double root of A and a 
root of multiplicity one of det C; = 0. 

Each integer yp > 2 displaying a multiplicity in the five characteristics 
given above can now be a sum of smaller integers. Splitting these mul- 
tiplicities into lower integers takes into account all possible combinations 
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of multiplicities of zeros of (5.4) and the determinants of its elementary 
matrices. 


Hence, the first coarse classification is refined by breaking up the larger 
integers, and we arrive at the following list of characteristics: 


[4] | [(31)] [((22)]_—-[(211)] 
[31] | [(21)1} = [(11)1] 
[22] | [2(11)}  [G1)Q1)] (5.6) 
[211] | [(11)11] 
[1111] 


This allows us to formulate: 


Theorem 5.1.2 In a projective 3-space P?(F) with charF + 2,37, there 
exist 13 different types of pencils of quadrics. 


In the cases charF = 2,3, the characteristic polynomials of pencils of 
quadrics reduce to lower degree polynomials. Formulated in geometrical 
terms, a projective line in a finite projective plane of order 2 or 3 carries 
exactly 3 or 4 points, cf. [46, Example 6.4.8]. So does each pencil of 
quadrics and we cannot expect to find more singular quadrics in a pencil 
than there are points on a line. Further, the multiplicities of zeros (of 
polynomials) over fields with low characteristics cannot grow arbitrarily 


high. 


= Example 5.1.2 Pencils of quadrics in P?. 


Example 5.1.1 taught us to distinguish between different types of pencils of conics in some 
projective plane. According to the procedure described prior to Theorem 5.1.2, we can write 
down the characteristics for the pencils of conics for all five types as follows: 


Following what we have learned about the five types of pencils of conics in [46, Section 7.3], we 
can say: For the pencils of conics of the fourth and fifth kind, the multiplicity of the one and 
only zero of A from (5.4) equals 3. The pencil of the fifth kind has the characteristic [3], while 
the pencil of the fourth kind has the characteristic [(21)]. In the case of the pencils of second 
and third kind, there are only two singular conics contained, %.e., the list of multiplicities 
equals [21], which equals the characteristic of the pencil of the third kind and becomes the 


?In the case of charF = 2, each polynomial of degree d > 2 can be reduced to a polynomial 
whose degree is at most two. If charF = 2, the set of variable values as well as the set 
of values of any polynomial is restricted to {0,1}. The set of quadratic polynomial equals 
{x? +a+41,a? +a,27 + 1,27} and reduces (in the same order) to {1,0,2? +1,2?}, due to the 
values they achieve. Since f: 2+ x3, sends 0 to 0 and 1 to 1, the function f agrees with 
idg, and thus, z° ~ a. Similar reasoning works if charF = 3. 
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characteristic of the pencil of the second kind by splitting 2 into (11) and returns [(11)1]. It 
is not at all surprising that [111] characterized the pencil of the first kind. 


@ Exercise 5.1.1 Pencils of quadrics in P* and P®. 
Try to solve the classification problem for pencils of quadrics in a projective four space P*. 


Do the same in a projective five space P®. The latter exercise is not a mere training. It also 
discloses the number of different quadratic complexes of lines (cf. Section 10.1). 


The simultaneous diagonalization of A and B is equivalent to the com- 
putation of a common polar tetrahedron. If we set 


00 0 0 

0-1 0 0 
a 00 -1 0 

0 0 0-1 


then the computation of the polar tetrahedron common to A and the 
singular quadric B is nothing but the determination of the principal axes, 
for 


B: at +03 +02 =0 
is the absolute conic of Euclidean geometry. 


For all types of pencils of quadrics in projective 3-space, we can give 
normal forms of the equations of the two quadrics A and B that span the 
pencil (see [127]): 


(1) In the case [4], the coefficient matrices of A and B can be given as 


0017 0001 
_| 0 1 A 0 ; {0010 
A= 10 0 with A#0, B= 0100 
A 0 0 O 1000 


Common to all quadrics in this pencil is a cubic space curve c together 
with one of its tangents t (see Figure 5.1). For details on cubic and quartic 
space curves, we refer to Chapter 6. 
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FIGURE 5.1. Quadrics that share a cubic space curve c plus a tangent ¢ of c 
constitute the pencil of type 1 with characteristic [4]. 


(2) For the case [31], we have the normal forms 


A 0 0 0 1000 
0 0 Ode] caw... -fooo1 
A= 0 1» 0 with Ay :A42#0:0, B= 0010 
0 rA2 0 O 0100 


The carrier of this pencil is either 


(2.1) a quartic space curve q with a cusp (cf. Definition 6.9.1 in 
Chapter 6) or 


(2.2) a regular conic c with a pair (1,m) of intersecting straight lines 
where 1Nm€c. 


Both cases are illustrated in Figure 5.2. 
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FIGURE 5.2. Left: The carrier of a pencil of quartics of type (2.1) is a quartic 
space curve q with a cusp. Right: The carrier of type (2.2) is the union of a 
conic c and two straight lines / and m that intersect each other on c. The latter 
configuration can be viewed as a degenerate quartic space curve. 


We will meet the quartic curve shown in Figure 5.2 again in Section 6.9, 
especially in Example 6.9.3. 


(3) The case [22] with two double solutions has the normal forms 


1 A, 0 O 0100 
41 0 0 0 [1000 
A= 0 0 4 ds with Az: A2 # 0:0, B= 0001 
0 O r»» 0 0010 


The carrier of this particular pencil is either 
(3.1) a cubic space curve c together with one of its chords / or 
(3.2) a straight line d with multiplicity 2 and a pair (l,m) of 
skew straight lines both intersecting d. 


Examples of carriers of these two types of pencils are shown in Figure 5.3. 
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FIGURE 5.3. Left: A cubic space curve c together with one of its chords / can 
be considered the base of a pencil of quadrics of type (3.1). Right: The pencil 
of type (3.2) consists of all quadrics on a double line d together with two skew 
straight lines / that intersect d. The double line d takes over the role of the 
tangent, and dU/ Um is a degenerate cubic space curve. 


(4) If the pencil’s characteristic equals [211], the normal forms read 


A 0 0 0 1000 

| 0%» 0 0 ae op J 0100 
A= 00 1-dg with A, : Ag: A3 #0:0:0, B= 0001 
0 0 As O 0010 


The curves of intersection of the quadrics in this pencil are determined 
by the parameters A; and can be either 


(4.1) a quartic space curve q with a double point, 

(4.2) a regular conic c and a pair (l,m) of straight lines that intersect 
c and each other (but not on c), 

(4.3) a pair (c1,c2) of touching conics, or 

(4.4) a pair (di, dz) of intersecting lines each of which has multiplicity 


two. 
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FIGURE 5.4. Top row: The pencil of type (4.1) consists of all quadrics that 
pass through a quartic space curve gq with a double point (left). The carrier of 
the pencil of quadrics of type (4.2) is a degenerate form of quartic space curve 
and consists of a conic c together with a pair (/,m) of lines that intersect in 
a point not on c (right). Bottom row: The quartic gq of type (4.1) can also 
decompose into two conics c, and cg that touch in a point which characterizes 
the pencil of type (4.3), (left). The most degenerate appearance of the quartic 
shows up as the carrier of the pencil of type (4.4). It is a pair (d1,d2) of double 
lines. 
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Figure 5.4 shows possible configurations and shapes of pairs of quadrics 
spanning pencils of type (4.1) to (4.4). 


(5) Finally, we give the normal forms for the pencil with the multiplicities 
pee a 


A, 0 0 0 1000 

_| 0 rA2 0 0 : ; ; ; i dee _| 0100 
A= 0 0 As 0 with Ay : Ag: A3: A, #0:0:0:0,B= 0010 
0 0 0 A4 0001 


Depending on the choice of the parameters ;, the quadrics in the pencil 
intersect along 


(5.1) a quartic space curve q of the first kind (without singularities; 
cf. Definition 6.9.1 in Chapter 6), along 


(5.2) two conics c; and cy with two points D; and D2 of intersection, 
along 

(5.3) a skew quadrilateral (1), l2,/3,4), or along 

(5.4) a regular conic d with multiplicity two. 


In Figure 5.5, we can see some examples of pairs of quadrics spanning 
pencils of type (5.1) to (5.4). 


@ Exercise 5.1.2 Various pencils of quadrics. 


The following pairs (A,B) of quadrics span pencils P of quadrics that appear frequently in 
geometry. Determine the type of pencil and compute the singular quadrics therein. 


1. Let A be a sphere with the equation 
ety tztar? 
with the radius r > 0, and let B be the coaxial cylinder of revolution with the equation 
x + y? =1. 
Depending on the choice of r, different types of pencils of quadrics appear. What happens 
if we drop the condition r > 0 and allow r = 0? 


2. What is the type of pencil spanned by two concentric spheres? 


3. Two coaxial cylinders of revolution clearly span a singular pencil. What is the type number 
of this pencil? Is there a difference if we allow the axis of the two cylinders to be skew? 


4. Let A be the sphere with the equation 
et y? +227 =1 
and B be the cone emanating from the sphere’s center with the equation(s) 
x +y" +627 =0. 


Discuss the two pencils corresponding to «= +1 and e=-1. 
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5. Which types of pencils of quadrics occur if we choose A as the triaxial ellipsoid 


2 = r?? Note the cases r =a, r= b, 


with a >b>c and the concentric spheres B: x? + y? +z 
and r=c. 


FIGURE 5.5. Top row: The pencil of type (5.1) consists of all quadrics through 
a quartic space curve q without singularities (left). The quartic qg in the pencil 
of type (5.1) can split into a pair (c1,c2) of conics with two common points D, 
and D2 (right). Bottom row: In the pencil of type (5.3), the common quartic 
of all quadrics in the pencil splits into four straight lines 1,,...,/4 forming a 
skew quadrilateral (left). If the two conics c; and cy in the pencil of type (5.2) 
coincide, we have a pencil of type (5.4) consisting of all quadrics that touch 
along a regular conic (right). 
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5.2 Principal points and common polar 
tetrahedron 


We have seen that a pencil of quadrics in P"(F) contains up to n+ 1 
singular quadrics that may be quadratic cones (with vertices of arbitrary 
dimensions), pairs of hyperplanes, or double hyperplanes. 


Consequently, in three-dimensional projective space, a pencil P of 
quadrics contains four singular quadrics at most, provided that the span- 
ning quadrics A and B are regular. 


The polar planes of a point P w.r.t. all quadrics in a pencil of quadrics 
either form a pencil of planes or coincide. If the latter happens, P is a 
singular point of a singular quadric contained in the pencil. 


For the moment, we shall assume that the pencil P in question has four 
different singular quadrics. The singular points of a singular surface in 
the pencil, 2.e., points of the vertices of the quadratic cones, are called 
principal points of the pencil. The polar planes of a principal point w.r.t. 
all quadrics in the pencil coincide in a so-called principal plane of the 
pencil. 


For any pair a; : 6; + a; : 6; of different zeros of (5.4), the corresponding 
principal points are harmonic w.r.t. all quadrics in the pencil. If (5.4) 
has four different zeros, there are four different principal points and prin- 
cipal planes in the pencil. In this case, the four principal planes form a 
tetrahedron that is self-polar w.r.t. quadrics in the pencil. 


5.3 Desargues’s involution theorem 


A pencil of quadrics and a plane 


We continue the study of pencils of quadrics in three-dimensional projec- 
tive space P?(IF) by intersecting the pencil (5.2) with a plane. This yields 
the following result: 


Theorem 5.3.1 The quadrics in a pencil of quadrics (5.2) intersect a 
generic plane € in conics of a pencil, provided that € is not contained in 
the pencil (as a part of a singular cone). 
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Proof: It means no restriction if we assume that the plane ¢ is given by the equation xo = 0. 
Then, all terms involving xo in (5.2) disappear, and we arrive at the equation 


Pe: x' (aA + 6B)x (5.7) 
with x = (#1,22,73) and A,B ¢ F®*? obtained from A and B with the first rows and columns 
removed. 


Now, it is obvious that (5.7) is the algebraic description of a pencil of quadrics, since the 
coefficient matrix depends linearly on a: 8 # 0:0 (see [46, Thm. 7.3.1, p. 289]). 


Let us assume that the plane ¢ is a part of at least one quadric in the pencil, say « c B. Then, 
the quadratic form (5.2) is constant, i.e., x (aA)x = 0, since the factor a ¢ F\ {0} can be 
cancelled. Now, the intersection of the pencil P with € is one conic at most, not a pencil of 

i a 
conics. 


Theorem 5.3.1 holds in projective spaces of any dimension. The term 
plane needs to be replaced by the term hyperplane, and the pencil in 
the hyperplane is a pencil of hyperquadrics in the hyperplane. From the 
theory of polarities and induced polarities in Section 4, Theorem 5.3.1 is 
obvious. 


The conics in a pencil of conics meet a line that does not pass through 
any base point of the pencil in pairs of points which correspond to each 
other in an involution (cf. |46, Thm. 7.4.1, p. 309]). This involution is 
called Desargues involution. 


A pencil of quadrics and a straight line 


A straight line / can be contained in a quadric Q in a projective space 
P” if nm > 3. Then, for any pair (P,Q) of different points on /, any 
linear combination g = Ap+ pq of the respective homogeneous coordinate 
vectors with (A, 4) € F?\{o} annihilates the quadric’s equation x’ Qx = 0. 
A straight line 1 is a tangent of Q if g'Qg = 0 has a double solution : p1, 
z.e., if 1 and Q have exactly one point in common. 


For all lines that are neither tangent to a quadric Q nor contained in it, 
we can formulate: 


Theorem 5.3.2 If the points S, and Sg are the points of intersection of 
a quadric Q of any given pencil of quadrics and a given line 1, then Sy 
and Sz are corresponding in an involution 6,, provided that | does not pass 
through a base point of the pencil and is not a component of any quadric 
in the pencil. 


The proof of Theorem 5.3.2 does not differ from the proof of the similar 
theorem for pencils of conics in a projective plane (see [46, p. 309 f.|). 
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Moreover, by analogy with a theorem given in [46, Thm. 7.4.2], we can 
clarfiy the meaning of fixed points of the Desargues involution: 


Theorem 5.3.3 Any fired point of the Desargues involution 6, on the 
line | is either the point of contact of | with a quadric out of the pencil or 
a singular point of a singular quadric contained in the pencil. 


5.4 Dual pencils 


Let A and B be two regular quadrics as given in (5.1), ¢.e., their (symmet- 
ric) coefficient matrices A and B are regular. Each of the given quadrics 
has a dual and these shall be labelled with A* and B*. If uF be the 
homogeneous coordinates of the polar plane of X = xF w.r.t. a quadric, 
say A, then Ax =u and x= A7!u. For all points X =xF A, we have 


(x,u) = (x, Ax) =x’ Ax =0. 


Therefore, 

A*: xTu=ulAlu=0, 
since A = AT and Av! = (A)? hold. This is the dual or tangential 
equation of A. 


Now, the equations of the quadrics in the pencil P* of dual quadrics 
spanned by A* and &* can be given as 


P*: ul(aA 1+ 6B")u=0. (5.8) 


In the literature, P* is also called a range of quadrics. Note that this 
is an equation in terms of homogeneous coordinates for (hyper)planes in 
P”(F). 

Especially in P?(F), the singular dual quadrics are conics, as duals of 
quadratic cones. It is worth mentioning that a common tangent hyper- 
plane of A* and B* is a common tangent hyperplane of all (dual) quadrics 
in the range P. 

In [46, p. 340], we have seen that ranges of confocal conics can be defined 
as ranges of dual conics that touch four given isotropic lines. 

The representation of the quadrics in the pencil as given in (5.8) depends 
linearly on a homogeneous parameter a: 6 #0 and is independent of the 
dimension of P. 
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Let us focus on the dual equation of the regular quadrics in the original 
pencil spanned by A and B. The dual equation of the quadrics in the 
pencil can be obtained by directly inverting Q = aA + 6B using a special 
form of the Woodbury matrix identity (cf. [47]): Let M and N be two 
nx n-matrices where M and I,,+ MN are regular. Then, the inverse of 
the sum of the two matrices M and N equals 


(M+N)'=M-(I,+M™'N)'M'NM"?. (5.9) 


Thus, the dual equations of the quadrics in the pencil have the equations 
u'Q-!'u =0 and for the inverse of Q = aA + GB, we have either 


-1 
Q'=1A1-(1,+2A7B) ATBAT, ox 
“ (5.10) 
-1_1p-l ap-l -1 -1 
Q'=1B -(In+ $B A) BAB 


depending on the order of the summands of Q. Especially in P?(F), we 
can infer from (5.10) that the coefficient matrix Q7' equals 


QO} =a? A) +078C; + a8’Co + 6°B 


up to non-zero scalar multiples. This seems to be a cubic parametrization 
of the dual pencil of quadrics. However, the coefficient matrices A~! and 
B“! of a? and 8° are the coefficient matrices of the equations of the dual 
quadrics A* and B*. 

The planes of the dual quadrics C; given by x'C;x = 0, with i = 1,2, 
intersect the two base quadrics along conics c; such that there exist polar 


triangles inscribed into the first conic and circumscribed to the second, 
and vice versa (cf. [127, p. 213]). 


From (5.10), we can immediately infer: 


Theorem 5.4.1 In a pencil of quadrics in P"(F), there are up ton-1 
quadrics that touch a generic hyperplane. 


Proof: Assume that the generic plane uv has the homogeneous coordinate vector u #0. Then, 
we choose one of the equations given in (5.10) and observe that 


u'Q hu =0 


is a binary form of degree n —1 in the homogeneous variable »: yz. It can have up to n- 1 
zeros a; : 3; 0:0, which correspond to planes in P*, and thus, to tangent planes of quadrics 
in P. r 
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Theorem 5.4.1 covers the case of pencils of conics. We have learned that 
the fixed points of Desargues’s involution induced by a pencil on a line 
(that does not contain a base point of the pencil) are the points of contact 
of conics in the pencil (see [46, Thm. 7.4.2]). These fixed points corre- 
spond to the zeros of a binary quadratic form, so that there exist two of 
them. In 3-space we have up to three possible points of contact between 
a plane and certain quadrics in a pencil. These are the singular points of 
the singular conics in the pencil of intersection curves. 


5.5 Special pencils 


Singular pencils of quadrics 


There are two distinct types of singular pencils of quadrics: 


FIGURE 5.6. A singular pencil of quadrics that consists of quadratic cones that 
are tangent to a common tangent plane along a common generator | and pass 
through a common regular conic c. 
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(1) The projection of a pencil P of conics in a projective plane P?(F) from 
a point V ¢ P?(F) produces a pencil of quadratic cones. (2) Quadratic 
cones that touch along a common generator and share a further (regular) 
conic (shown in Figure 5.6). 


(1) In the singular pencil that is obtained by projecting a pencil of conics 
in a plane, we find five different types of singular pencils of quadrics. 
Obviously, these pencils of quadrics contain, besides the regular quadratic 
cones joining the conics with V, singular quadratic cones which consist 
of pairs of planes or double planes, depending on whether the pencil of 
conics contains pairs of lines or double lines. 


An analytic description of this kind of singular pencil of quadrics can be 
obtained in an easy way. We assume that the point V has the homoge- 
neous coordinates (1:0:0:0) and the conics lie in the plane w: 2 = 0. 
Then, the pencil of conics in the plane w has an equation of the form 
given in (5.7). Note that A =0 from (5.4) for all a: 6 40:0. 

(2) A pencil of quadrics that consists only of quadratic cones that 
touch along a common generator | and share a regular conic c can be 
parametrized by first assuming that P: x™Qx = 0 is the equation of all 
quadrics in the pencil. The entries qj; ¢ F of Q with i,j € {0,...,3} are 
to be determined. 


Without loss of generality, we may assume that c is given by 
Cc: £3=29%9-27=0 or c=(1,t,t?,0), with teF. 


Inserting c’s parametrization for x into P yields a quartic polynomial in 
t which vanishes for all t € F if, and only if, 


qoo = Gol = M12 = 922 =0, 2qo2+ G11 = 0. 


Further, it is admissible to assume that / is the intersection of x71 = x2 = 0 
which can also be given in parametric form as I(t) = (1,0,0,t). Again, 
we insert the parametrization of | into P, which causes 


doo = 903 = 933 = 0. 


Since all the cones in this pencil shall be tangent to one plane 7 along 
1, this plane is uniquely determined by / and the tangent to c at cn. 
Therefore, 7: x1 =0, and finally, we find 


qo2 = 0. 
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Now, we are able to write down Q as 


(5.11) 


where qgo2 = @ and qg3 = 8. Again, we observe A(a,) = 0 for all a: 6 # 
0:0. 

The matrix (5.11) is of rank 3 as long as a # 0. In the case a = 0, the 
rank of Q equals 2, and thus, the only singular cone in the pencil consists 
of the two planes x2 = x3 = 0. 


Quadratic cones that osculate or hyperosculate along a common generator 
belong to the pencils of the first type. 


Pencils of spheres 


Analytic description of pencils of spheres 


A pencil of spheres is a pencil of quadrics that contains only spheres 
(including planes and points as null spheres). Any two spheres, say A 
and B, given by their homogeneous equations 


A: (x-a,x-a)=ae?, B: (x—b,x-b) = b322, 


where x = (21,22,23), intersect the plane at infinity w: x9 = 0 along the 
absolute circle 

(x,x) =af+23+22=0 
of Euclidean geometry. On the other hand, we can eliminate the quadratic 
form (x,x) from the inhomogeneous equations by simply subtracting 


them. This yields the equation 
Q: (a—b,x) = (a, a) -_ (b, b) - a5 + b6 


of the radical plane of the spheres A and B. The plane a is the radical 
plane of all spheres in the pencil. If the radii ag, bg, and the distance 
d = ||a-—bl]| between the spheres’ centers satisfy 


ag + bo > d, 


then c:= oN. A= onB is a real circle which lies on all spheres of the pencil. 
However, c is a circle even if ag+bo < d, but it has no real points. If A and 
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B are in contact, then aj + bo = d and A and B share a pair of complex 
conjugate (and isotropic) generators. Families of concentric spheres are 
in contact along the absolute circle of Euclidean geometry and form the 
fourth kind of pencils of spheres. 


From pencils of circles to pencils of spheres 


In [46, p. 320], we have learned that there exist four different types of 
pencils of circles: hyperbolic, elliptic, parabolic pencils, or a pencil of 
concentric circles. 


We can distinguish between as many pencils of spheres as we can distin- 
guish pencils of circles. 


The classification of pencils of circles can be done by means of the number 
and reality of base points of these special forms of pencils of conics or by 
means of the Desargues involution induced by the circles of the pencil 
on the line joining the centers. The classification with the help of the 
Desargues involution fails in the case of a parabolic pencil or a pencil of 
concentric circles. The elliptic pencil has two real base points, while the 
hyperbolic pencil of circles has no real base point. The parabolic pencil 
of circles is the one-parameter family of circles that touch a common line 
element. Clearly, the circles of a concentric pencil share the center. 


The pencils of spheres can easily be generated from the pencils of cir- 
cles. We apply a rotation about the line a joining the centers of any two 
different circles in the pencil. The line a shall be called the axis of the 
pencil. During the rotation, each circle sweeps a sphere and each base 
point, whether real or not, traces a circle c that is common to all spheres 
in the pencil (see Figure 5.7), 


The plane @ spanned by the circle c is the radical plane of the spheres in 
the pencil. For example, let 


S: (a-m)t+y?+2=r? 


be the equation of a sphere in the elliptic pencil. Assume that all spheres 
in the pencil share the circle 


ec: a +y’-R?=2=0, o€ R\{0}. 
Then, r, m, and R are subject to 


r? = R*?+m?. 
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In this case, the radical plane o has the equation x = 0. With the latter 
relation, we obtain a parametrization of the elliptic pencil of spheres as 


Pe: 2? -IQma+ y+ 27 = R?. 


The smallest sphere in the elliptic pencil is that of radius R, which is 
sometimes called central sphere. The largest sphere in the pencil is the 
radical plane, i.e., a sphere with infinitely large radius. 


FIGURE 5.7. An elliptic pencil of spheres is uniquely determined by prescribing 
areal circle c through which all spheres of the pencil have to pass. The Desargues 
involution on the axis a of the pencil is elliptic. 


A hyperbolic pencil is obtained by replacing the abovementioned circle c 
by a circle with a purely imaginary radius, 7.e., the trace of the complex 
conjugate pair of base points of a hyperbolic pencil of circles. Even though 
the circle c does not carry a real point, its carrier plane go is real and is 
the radical plane of all spheres in the hyperbolic pencil. The axis of the 
hyperbolic pencil of spheres joins the centers of all spheres and carries the 
two null spheres N; and No, two points considered as spheres of radius 
0. Speaking in terms of projective geometry, N; and Np» are the fixed 
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points of the Desargues involution determined by the hyperbolic pencil of 
spheres on the axis a (see Figure 5.8). 


FIGURE 5.8. The hyperbolic pencil of spheres consists of the one-parameter 
family of spheres that pass through a circle c without any real point in the 
common (real) radical plane 9. Unlike the elliptic pencil, the hyperbolic pencil 
contains two null spheres Ny; and No. 


The parabolic pencil of spheres consists of all spheres that touch a plane 
o at a point P (see Figure 5.9). It is clear that @ is the radical plane 
of any pair of spheres taken from the pencil. The axis a of the pencil 
coincides with the common normal of all spheres. The range of points cut 
out from the spheres by the axis a is no longer an involution in the case 
of a parabolic pencil. The radical plane can be viewed as a sphere with 
infinitely large radius and belongs to the pencil. 


The pencil of concentric spheres has infinitely many axes which are all 
common diameters of the spheres in the pencil. The hyperbolic pencil of 
spheres consists of all spheres that share a complex circle in a real plane. 
All spheres of an elliptic pencil pass through a real circle. Rotating a 
parabolic pencil of circles results in a parabolic pencil of spheres, .e., the 
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FIGURE 5.9. The parabolic pencil of spheres is formed by the one-parameter 
family of spheres that touch a plane g at acommon point P. The plane g is the 
common radical plane of all spheres in the pencil and it is also a sphere of the 
pencil. The point P is a null sphere. 


one-parameter family of spheres that touch a real plane in a certain real 
point. 


Finally, a range of concentric spheres can be obtained by rotating con- 
centric circles about a common diameter. Any two spheres in the pencil 
of concentric spheres share only the absolute circle of Euclidean geome- 
try. Moreover, they are in line contact along the absolute circle. Each 
spherical motion with its fixed point in the common center of all spheres 
leaves the concentric pencil fixed as a whole. 


Thus, we can classify the pencils of spheres as pencils of quadrics in the 
following way: 


Theorem 5.5.1 The elliptic and hyperbolic pencils of spheres are pencils 
of quadrics of type (5.1). The parabolic pencils of spheres are pencils of 
quadrics of type (4.2). The pencils of concentric spheres are pencils of 
quadrics of type (5.4). 
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e Exercise 5.5.1 Pencils of spheres. 


Show that a normal form of the equations of spheres in the four kinds of pencils of spheres 
can be written in the following forms 


z+ y? +22 -2mzx-o0?=0, o€ Rt, meR elliptic pencil, 

e+ y? +22-2mx+o2=0, o0€ R, meR hyperbolic pencil, 

x? +y?2 +22 -2mex =0, meR parabolic pencil, (ei) 
x? +y2 +22-m? =0, meR concentric spheres. 


Determine the null spheres in all those cases where null spheres exist. Find the planes (viewed 
as flat spheres) contained in the pencils. Compute the equations of all spheres that intersect 
all spheres of the given pencils at right angles. 


Triply orthogonal systems of spheres 


From pencils of spheres, we can create triply orthogonal families of sur- 
faces comparable to the system of confocal quadrics. In [46, Thm. 7.4.5], 
we have seen that each pencil P of circles defines a pencil P+ of orthogo- 
nal circles. If P is elliptic, parabolic, or hyperbolic, then P+ is hyperbolic, 
parabolic, or elliptic. The ortho circles of a pencil of concentric circles is 
the set of diameters common to all circles in the pencil. 


y —~ —. DOr) A \A 
en a ne 


FIGURE 5.10. A triply orthogonal system of surfaces can be obtained from 
the simple triply orthogonal system built by a pencil of concentric spheres and 
two pencils of common meridian planes by inversion. The parameter curves are 
circles. The parameter surfaces are spheres. 
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In the previous section, we have generated pencils of spheres by rotating 
pencils of circles about their axes. Not only do we apply the generating 
rotation to the initial pencil P, but we also rotate the orthogonal pencil 
P+. This yields, besides the pencil of spheres, a one-parameter family of 
tori (ring-, thorn-, or spindle-shaped). 


FIGURE 5.11. A system of triply orthogonal surfaces consisting of the M6ébius 
transforms of spheres from an elliptic pencil (yellow), spheres as the transforms 
of the common meridian planes (red), and Dupin cyclides (green). 


The spheres of the pencil and the tori share the meridian planes, i.e., 
the pencil of planes through the axis of the sphere pencil. The planes, 
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the spheres, and the tori comprise the three independent one-parameter 
families of surfaces that form the triply orthogonal system of surfaces. 


Each sphere A in the pencil intersects each torus 6 along a circle at 
right angles. Both the spheres and the tori intersect each meridian yu 
along circles at right angles. Thus, the grid of intersection lines between 
the surfaces is a grid of orthogonally intersecting circles, as illustrated in 
Figure 5.10. 


Since intersection at right angles along circles is invariant with respect to 
Mobius transformations, we can generate the more general forms of fam- 
ilies of triply orthogonal surfaces by applying a Mobius transformation, 
z.e., a combination of a finite number of translations, equiform transfor- 
mation, and inversions in spheres. 


Then, the surfaces in the first family are spheres (including planes). The 
surfaces in the second family transform to Dupin cyclides (ring-, spindle- 
, thorn-shaped, depending on the shape of the tori), and the meridian 
planes become spheres (including planes). 


Figure 5.11 shows a Mobius transformation of some spheres from an ellip- 
tic pencil together with the transforms of some tori whose meridian circles 
stem from the orthogonal hyperbolic pencil of the spheres’ meridians. The 
meridian planes are bent to spheres. 


As we shall see in Chapter 7, confocal quadrics also constitute a triply 
orthogonal system of quadrics. The quadrics in such systems of surfaces 
also intersect along lines of curvature at right angles, cf. Theorem 7.1.2 
and Corollary 7.1.1. 


Check for 
updates 


6 Cubic and quartic space curves 
as intersections of quadrics 


Quartic space of curves q of the second kind are part of the intersection of a 


quadric Q and a cubic surface C which share two further straight lines / and 
m. Unlike quartic space curves of the first kind, there exists only one quadric 
through a quartic space curve of the second kind. 
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In this chapter, we discuss cubic space curves. From the view point of 
projective geometry, there exist several types of planar cubics, but only 
one type of cubic space curve. Unlike planar cubics, cubic space curves 
are always rational normal curves, i.e., collinear images of the Veronese 
variety V;?, and thus, they can always be parametrized over the projective 
line and admit a group of projective automorphisms. In some sense, cubic 
space curves are three-dimensional analogues to conics. 


As we have seen in Chapter 5, cubic space curves can be found as a part 
of the intersection of two quadrics. The two quadrics must have a straight 
line in common without touching each other along this line. The complete 
intersection of the two quadrics is a quartic space curve that splits into 
the cubic and the straight line. Therefore, it will turn out to be necessary 
to impose a further condition on the coordinates of the intersection of two 
quadrics in order to describe only the cubic part. 


As we will see soon, on any ruled quadric, there exists a huge variety 
of cubic space curves; and through any cubic space curve, there exists a 
two-parameter family of ruled quadrics. 


The chords of a conic fill the plane of the conic; the chords of a cubic 
space curve form a special algebraic congruence of lines. This is a two- 
dimensional manifold of straight lines in the three-dimensional ambient 
space. The cubic’s congruence of chords contains the tangents of the cubic 
space curve as well as the generators of all (ruled) quadrics that contain 
the cubic curve. The congruence of chords allows us to define a projection 
from the space of lines into a certain plane, and composed with a certain 
quadratic Cremona transformation, a relation between the lines in space 
and the points in a hyperbolic plane can be established. 


Moreover, it turns out that cubics have a projective generation which 
mirrors Steiner’s construction of conics (cf. [46, p. 218, Definition 6.1.1]). 
A dual version of this projective generation can be given. 


Finally, we study quartic space curves which arise in a natural way as the 
intersection of two quadrics, cf. Chapter 5. The quartics obtained in this 
way are called quartic space curves of the first kind. We shall give normal 
forms of their equations and show some examples. It turns out that there 
are quartic space of curves of the second kind, i.e., quartic space curves 
which lie on a single ruled quadric and are cut out by a cubic surface 
sharing two straight lines with the quadric. Some appearances of such 
quartics of the second kind shall also be discussed in this chapter. 
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6.1 Standard cubic 


In the following, we shall use homogeneous coordinates in projective 3- 
space P3(F). The underlying field F shall not be of characteristic 2 or 3, 
cf. the footnote on page 183. A cubic space curve c can be given by a 
parametrization over the projective line P'(F) in the form 


G00 401 G02 G03 ie 
a10 G11 G12 413 tots 
A290 G21 G22 G23 tot? |’ 
430 431 432 433 a 


c(to,t1) = to: t, #0:0. (6.1) 


Note that the four coordinate functions are cubic forms depending on the 
homogeneous parameter tp : t; 0:0. So, it is clear that any plane ¢ = eF 
shares at most three points with c. 


We treat only those cases where the matrix A := (aij) (with i,j € 
{0,...,3}) is regular. Otherwise, (6.1) describes a planar and rational 
cubic if rkA = 3. The cases rkA < 2 correspond to lines and points, or 
even the empty set. Planar cubics can also be elliptic, but these cubics, 
i.e., non-rational cubics, cannot be described by (6.1). 


The following result is helpful and will simplify many problems by tracing 
them back to an apparently simpler parametrization and representation 
of a cubic space curve. In [46, p. 239, Theorem 6.4.1], we have shown 
that there exists only one conic in a projective plane. There is a similar 
result for cubic space curves: 


Theorem 6.1.1 In a projective space P?(F) with charF + 2, there exists 
only one type of cubic space curve, up to projective collineations. In an 
appropriately chosen coordinate system, the cubic can be written as 


c(to, t1) = (#3: taty : tot? : #3), (to, t1) € F* \ {0}. (6.2) 


Proof: The matrix A in (6.1) describes the linear mapping that transforms the canonical basis 
of F* into an arbitrary one, since we have assumed that rkA = 4. Consequently, a suitable 
change of coordinates transforms A into a multiple of the unit matrix Iy = diag(1,1,1,1), and 
(6.1) changes to (6.2). 


A straight line / is called a tangent of a cubic ¢ at a point P if it meets 
the curve at P with multiplicity two. An equivalent definition of the 
tangent uses differential calculus: For that approach, we assume that 
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c(t): 1c F- F* is a parametrization of c with an affine parameter T. F 
can be either the real or complex number field. Here, and in the following, 
a dot shall indicate the differentiation w.r.t. the parameter. The tangent 
| of c at P = c(7) is spanned by P and the first derivative ¢(79) of the 
parametrization at 7 which, in terms of homogeneous coordinates, reads 


1 = [ce(70),€(70)], 


provided that c(79) and (79) are linearly independent, i.e., c(79) is a 
regular point of c. 

The differential geometric definition of the tangent to a curve is, indeed, 
independent of parametrizations and normalizations of the curve’s para- 
metric representation. If 


E=(v(r))-e(v(r)) with g(v(r)): I+F 


is a reparametrization (combined with renormalization g@: I > F) ofc, 
then 


and the tangent remains unchanged: 


[€.¢] =[o-c, sede c+ 9 S282] =[c,6] =1. 


= Example 6.1.1 Cubics in the real affine space. 

In the case of conics, the number of common points of the conic with the ideal line determines 
the affine type and name. If now F =R, then we can distinguish the following cases: 

1. A cubic hyperbola has three real points at infinity. 

2. A cubic parabolic hyperbola has exactly two points at infinity. 


3. A cubic ellipse has one real point and a pair of complex conjugate points at infinity. If the 
complex conjugate pair of points equals a pair of absolute points of Euclidean geometry, 
then the cubic is called a cubic circle. 


4. A cubic parabola has exactly one real point at infinity. The intersection multiplicity with 
the plane at infinity equals three. 


The cubics depicted in Figure 6.1 are a cubic hyperbola h (left) and a cubic parabolic hyperbola 
p (right). The curves are parametrized by 


h(to,t1) = (t1(¢2 — 7) : t@ : t2t1 : tot?), 
p(to,ti) = (tot? : t8 : t2t, : t?), 
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FIGURE 6.1. Left: A cubic hyperbola h has three points at infinity, and thus, 
three asymptotes. Right: A cubic parabolic hyperbola p has exactly two points 
at infinity. 


in terms of homogeneous coordinates depending on a homogeneous parameter to : ti #0: 0. 
In terms of affine (or even Cartesian) coordinates and with an affine parameter t = titg', we 
have 


= 1 1 t 
h(t) = (zs oa ce), te R\ {0, +1}, 


p(t) = (=, 454), teR*. 
The cubic hyperbola h has the three ideal points 


f; =(0:1:0:0), fo3 =(0:1:41:1) 
with the tangents (asymptotes) 


al = (uo : U1 : uo : 0) ° 13 = 29-22 =0, 
a23 = (2ug:ur:tui—up: ui F2u9) <> ro F201 + 2xq = 20 FX, +23 =0 


with up: uy #0:0. 
On the cubic parabolic hyperbola p, we find two points at infinity 


fj =(0:0:0:1), f2=(0:1:0:0) 
with the tangents 

a, = (0:up:u1:0) —& ro =23 =0, 

ag = (uo : 0:0: u1) = 1=72=0 


with up: uy #0:0. 
Figure 6.6 shows a cubic circle (left) and a cubic parabola (right). 
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Rational planar cubics 


It is well-known (see, for example, [19], [8, p. 232-250], or [22, p. 17-29]) 
that planar cubic curves with a singularity are rational, 7.e., they admit 
a rational parametrization. We can state: 


Theorem 6.1.2 Any planar rational cubic c’ c P?(F) with charF #2 can 
be obtained as a linear image of the standard cubic (6.2) in P3(F). 


Proof: Each rational planar cubic c’ can be given in terms of a rational parametrization 


e'(to,t1) = (yo(to : t1) + y1(to : t1) + y2(to : t1)) (6.3) 
depending on a homogeneous parameter to : t; + 0:0. Herein, y; are cubic forms which can 
be written in the monomial basis {t8, t2t1, tot? tf}. Then, it is elementary to find a matrix 
P ¢ F3*4 that maps (6.2) to (6.3). Clearly, ker P is the homogeneous coordinate vector of the 
center of the projection that maps c to c’. a 


= Example 6.1.2 Rational planar cubics as images of the standard cubic. 


FIGURE 6.2. The three types of planar rational cubics are linear images c’ of 
the standard cubic c (6.2): Left: the cubic with a node; in the middle: with an 
isolated double point; right: the semi-cubic parabola. 


There are three different types of planar cubics with singularities: 


1. The cubic c’ has an ordinary node, and thus, its equation in normal form reads xox? = 
x2(x2- x0)? (in the plane x3 = 0). It can be parametrized by c’(to, t1) = (¢@ : t1(t2 - tf) : 
tot? : 0) with to : t; # 0:0. Obviously, c’ is the image of ¢ (given in (6.2)) under the 
projection from the point (0:1:0:1) € P3(F) onto the plane «3 = 0. 

2. If the planar cubic c’ has an isolated double point n = (1:0: -1: 0), then its equation 
can be given in the normal form 2? = #2(a2 +20)” (in the plane x3 = 0). The projection 
of ¢ (from (6.2)) with center (0: 1:0: -1) onto the plane x3 = 0 yields c/(to,t1) = (2 : 
ti(t2 +t?) : tot? :0), which is a parametrization of c’. The isolated double point is the image 
of a projecting chord that carries the complex conjugate pair of points (1: +i: -1: Fi) 
which corresponds to the parameter values to : t1 = 1: +i on the cubic. 
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3. In the case of a semi-cubic parabola c’, i.e., the prototype of a cusped (planar) cubic, 
we write the normal form of the equation of c’ as xa = rors (in the plane x; = 0). A 
parametrization of c’ is c’(to,t1) = (t2 : 0: tot? : t?) and is obtained from (6.2) by the 
projection with center (0: 1:0:0) onto the plane x1 =0. 


The projections of the standard cubic to the rational planar curves are shown in Figure 6.2. 


Remark 6.1.1 In [46, Chapter 7.5], we have seen that rational planar cubics can be obtained 
as the images of conics under quadratic Cremona transformations. The relation between the 
resolution of singularities on planar curves and quadratic Cremona transformations is obvious. 


Remark 6.1.2 The resolution of a singularity (on a cubic) is somehow the reconstruction of 
a (rational cubic) space curve c plus the projection that maps c to the planar curve with the 
desired singularity. From the case of the semi-cubic parabola, we can deduce that a projection 
in the direction of a tangent of a curve (whether cubic or not) results in an image curve with 
a cusp. If a fiber of a projection hits a curve twice, the image curve has double point. 


@ Exercise 6.1.1 Three points in a generic plane. 


The curve c (6.2) is a true space curve, i.e., there are no four different coplanar points on the 
curve c. This can easily be shown if we choose four different parameter values to : t; # 0:0 
(with i ¢ {1,...,4}) and build the 4 x 4-matrix 

te t2t tot? 3 

V(to,...,¢3) = : : 
te t2t, tot? t3 

whose rows contain the homogeneous coordinates of the four corresponding points on the curve 
c. The matrix V(to,...,t3) is known as the Vandermonde matrix, and its determinant equals 
the product 


det V(to,...,t3) = [] (ti -t;). 
i<j 

Therefore, det V(to,...,t3) vanishes if, and only if, t; = t; for at least one pair of indices. This 
would be the case if two points are identical, or equivalently, two corresponding parameter 
values are proportional. This holds true even if one of the four points is replaced by c’s only 
point at infinity (0:0:0:1). 

In this case the parameters to : t; are scaled in such way that the first coordinate equals tg for 
all four points. This is admissible as long as no homogeneous parameter equals (0:7). 


Cubic Bézier curves 


The homogeneous parameter to : ¢; in (6.2) and in any other cubic can 
be replaced by an inhomogeneous (affine) parameter t = tito 1 Thus, the 
coordinate functions become univariate polynomials and can be written 
either in the monomial basis {1,t,t?,t?} or in the geometrically favorable 
Bernstein basis {(1-t)?, 3t(1 —t)?,3t?(1-t),t?}, see [38]. Consequently, 
we can state: 


Theorem 6.1.3 Each rational cubic space curve and each rational planar 
cubic is a rational cubic Bézier curve. 
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6.2 Quadrics containing a cubic 


FIGURE 6.3. The prototype of a cubic space curve is obtained as the intersec- 
tion of the three quadrics Q;, Q2, and Q3. 


In the following, almost all results on cubic space curves can be deduced 
from the standard cubic (6.2), according to Theorem 6.1.1. Now, we 
shall have a look at the coordinate functions of (6.2) and ask for relations 
among them. Therefore, we let x; = t2‘t{, (with i € {0,1,2,3}) and find 
QO}: x2 — 2123 = 0, Qo: ry — rpX2 = 0, (6.4) 
Q3 1 @1%2- Loe = 0. , 
The various possible choices of commutative fields F may change the 
appearance and properties of the quadrics as well as those of the cubic. 


The quadrics Q; and Q» are quadratic cones with vertices (1: 0:0: 0) 
and (0:0:0:1), respectively. The third quadric Q3 is a ruled quadric (a 
hyperbolic paraboloid if we choose 29 = 0 as the plane at infinity). 

The set of common points of Q; and Qz is the union of the straight line 
1 with the parametrization 


I(to,t1) = (to: 0:0: t1), to: t; 0:0 (6.5) 
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and the standard cubic c given in (6.2). Therefore, two quadratic equa- 
tions out of the three (6.4) are not sufficient in order to describe only the 
cubic curve c. 


This fits well with Bézout’s theorem, according to which the intersection 
of two quadrics has to be an algebraic curve of degree four. In this case, 
the curve of degree four splits into the straight line | and the cubic curve 
c. We observe that the tangent plane of Q; along the line / equals x; = 0 
and that of Q»9 along | is x2 = 0. So, the two cones do not touch each 
other along J. At this point we note: 


Corollary 6.2.1 The quartic intersection of two quadratic cones that are 
in line contact along a generator | consists of | with multiplicity two and 
a further planar curve of degree two, 1.e., a conic. 


Proof: Without loss of generality, we may assume that the two quadratic cones are given by 
To: XTAX=0 and [3: x?Bx=0, (6.6) 
Ax 


with symmetric and regular matrices A, B ¢ F***, ® = (0,21, 42,23), and x = (%0, 1, £2,0). 


FIGURE 6.4. The two quadratic cones 9 and 3 are in contact along a common 
generator | share a conic c. 


The vertex of the cone Ig is the point Bp = (1:0: 0:0); the vertex of I'3 is the point 
Bz3 =(0:0:0:1). We denote the entries of A and B by a;; and 6;;. If the line | = [Bo, B3] 
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is the common generator of the cones, then boo = a33 = 0. Furthermore, the homogeneous 
coordinates of the tangent planes of [9 and [3 along | are 79 = (0 : a13 : a23 : 0) and 
73 = (0: bo1 : bo2 : 0) and have to be linearly dependent if the cones are in line contact along 
l. This results in the simple condition a13b02 — a23bo1 = 0, or equivalently, 


bo2 = wa23, bo1 = war3 (6.7) 


with some w € F*. Inserting (6.7) into (6.6), we can solve for x; (¢ € {0,1,2,3}) and obtain, 
besides a parametrization of 1, a parametrization of the remaining set of common points 


ce(to,t1) = (bit? + 2bjot1 te + boot? : -2w(ai3ti + a23te)ti : 
: -2w(aizti + a23t2)te : wait? + 2ajgtite + az2t3)) 


with t; : t2 + 0:0, which is a planar curve of degree two, i.e., a conic, cf. Figure 6.4. a 


FIGURE 6.5. A cubic space curve c can be constructed as the intersection of 
two quadratic cones Q; and Q2 with a common generator J. 


The pair of quadratic cones in (6.6) spans a singular pencil of quadrics as 
defined in Section 5.5. Corollary 6.2.1 gives rise to the following result: 


Theorem 6.2.1 A cubic space curve can be obtained as the intersection 
of two quadratic cones with different vertices sharing a generator I 
(straight line) without touching each other along lI. 


Proof: Assume that the two quadratic cones with different vertices share a generator l, as 
depicted in Figure 6.5. They cannot share a further generator, otherwise the two vertices 
would coincide. Therefore, the straight line | splits off from the quartic intersection curve, and 
a cubic curve c remains. The cubic curve c is, indeed, a space curve, since planar intersections 
of quadratic cones are always of degree two. a 
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The two quadrics Q; and Q2 from (6.4) span a pencil P of quadrics. Let 
Q:,Q2 ¢ F*** be the coefficient matrices of the respective quadrics Q; 
and Q» in (6.4). Then, the quadrics in the pencil P have the equations 


x (AQ, + uQ2)x=0, A:w40:0. (6.8) 


Any quadric in this pencil passes through the intersection Q; MN Q2 =Inc. 
There, / is the straight line given in (6.5) and c is the cubic from (6.2). 
It is easy to see that the quadric Q3 given in (6.4) is not contained in the 
pencil P, but passes through the cubic c. In order to construct the cubic 
space curve c as the intersection of (quadratic) surfaces, we have to add 
a third quadric which is not contained in the pencil ?. For instance, we 
add Q3. We can summarize this in 


Theorem 6.2.2 Each cubic space curve can be found as the complete 
intersection of three quadrics. 


WW 
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FIGURE 6.6. Left: A straight cubic circle k with asymptote a is located on a 
cylinder of revolution Z. Right: The three principal views (orthogonal projec- 
tions of a generic cubic space curve onto the osculating plane at P [top], the 
normal plane [front], the rectifying plane [right side]) of the canonical expan- 
sion show a parabola, a (planar) cubic with a cusp (semi-cubic parabola), and 
a (planar) cubic with a point of inflection. 
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= Example 6.2.1 Rational Pythagorean-hodograph curve. 


The cubic space curve c admitting the parametrization 


3t 
c(t) =| 3¢? 
2t3 


with the affine parameter t ¢ R, written in terms of Cartesian coordinates, is a rational 
Pythagorean-hodograph curve, t.e., it has a rational parametrization such that the tangent 
unit vector é]é|~! is a rational curve on the unit sphere. A small part of c in a vicinity of 
c(0) is shown in Figure 6.6 (right). Rational Pythagorean-hodograph curves play an important 
role in computer aided geometric design (CAGD) and in computer graphics (see [39]). 


Moreover, it is a curve of constant slope o = 45°, since the curvature «(t) and torsion 7(t) 
of c satisfy «(t)/7(t) = 1 = const. (for all t ¢ R), which is characteristic for curves of constant 
slope w.r.t. the direction (1,0, 1). 


= Example 6.2.2 Straight cubic circle. 


Now, we move over to Euclidean space and use Cartesian coordinates. The cubic space curve 
k with the parametrization 


cos T 


k(7) =] sint with re]-7,7[ 
tan 5 


can also be parametrized by rational functions as 


i 1-t? 
k(t) = — 2t with teR. 
1+t \ 41 +22) 


The curve k is located on the cylinder of revolution Z: x? +y? = 1, on the cone T: (2 - 
1)? + y? — 2yz = 0, and passes through the absolute points I = (0,1,i,0), J = 7 of Euclidean 
geometry. It is called a straight cubic circle for two reasons: (1) The curve k contains the two 
absolute points (0: 1: +i: 0) of Euclidean geometry (in the plane z = 0). (2) The only real 
asymptote, i.e., k’s tangent at its only real point at infinity (0: 0:0:1) is perpendicular to 
the generators of Z. 

The planes z = const. intersect Z and T along circles. 


The curve k together with its real asymptote a and the cylinder Z of revolution is shown in 
Figure 6.6 (left). 


= Example 6.2.3 Canonical expansion of a space curve. 


From the Differential Geometry of curves, it is well-known that any regular C? space curve 
c can be expanded locally (around any regular, non-inflection, and non-handle point) in a 
Taylor series such that 


2 6 


(with s being the arc length parameter and ignoring terms of higher order) agrees with c in 
derivatives up to the order three and the Frenet frame is chosen as the coordinate frame. This 
expansion is frequently called the canonical expansion of c at some regular point co = c(to), 
and it obviously describes a cubic space curve which is in third-order contact with c. The 
curve parametrized by € is a cubic parabola and agrees with the initial curve c in derivatives 


3 . 
7 K K & 3 KT 
C(s) (: - —s?, =57 + = 5°, =.) 
6 6 
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up to order three, i.e., it hyperosculates the curve c. Therefore, it can be viewed as the three- 
dimensional analogue of the hyperosculating parabola of a planar curve (cf. [46, p. 100]). From 
this expansion, the local behavior and the appearance of the initial curve c in the orthogonal 
projections onto the planes of the Frenet frame can be read off, and locally, the curve looks 
as shown in Figure 6.6 (right). 


Regular quadrics through a cubic 


Since a quadric Q is an algebraic surface of degree two and a cubic c is 
an algebraic curve of degree three, we can expect that #QOnc<6. The 
bound on the number of common points is sharp if, and only if, Q and c 
are located in a projective space P?(F) with an algebraically closed field 
F. Even in the real projective space P?(R), the number of six common 
points of a quadric and a cubic can be achieved (see Figure 6.7). 


FIGURE 6.7. In the generic case, a quadric Q meets a cubic space curve c in 
six different points. Those segments of the cubic that lie in the interior of Q are 
drawn with a thin line. 


A cubic space curve c is completely contained in a quadric Q if the quadric 
and the cubic share at least seven points. This fact allows us to determine 
the totality of quadrics through a cubic space curve: 


Corollary 6.2.2 There exists a linear two-parameter family of quadrics 
through any cubic space curve. 


Proof: According to Chapter 4, a quadric is uniquely defined by nine points in admissible 
position. In order to force a quadric Q to carry a given cubic (space curve) c completely, it 
needs to have seven points with Q in common. Thus, we have to determine Q such that it 
carries seven arbitrary (but mutually different) points Po,..., Ps of c. This results in solving a 
system of seven homogeneous linear equations in the ten unknown coefficients of Q’s equation. 
The solutions gather in a three-dimensional subspace of F!°, and due to the homogeneity, we 
end up with a two-parameter family of quadrics. a 
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It is elementary to solve the system of linear equations mentioned in the 
proof of Corollary 6.2.2. It is sufficient to compute the equations of the 
quadrics Q passing through the standard cubic c. This yields 


0 OO up -U4 
-2 
Q: x! ae 4 x= 0, Upiusiu2#0:0:0 (6.9) 
“Uy U2 0 O 


The quadric (6.9) is regular if the determinant of the coefficient matrix 


6 := (ugug - uz)? (6.10) 


does not vanish. 


FIGURE 6.8. The curve o(c) is a spherical cubic obtained by the gnomonic 
projection of a planar cubic c onto a sphere. As such it is actually a sextic 
curve as the intersection of the sphere with the cubic cone projecting c onto the 
sphere. There are no real cubics on oval quadrics. 


In the real projective 3-space P3(R), the quadrics carrying a cubic space 
curve are never oval: 


Lemma 6.2.3 The quadrics through cubic space curves given in (6.9) are 
either quadratic cones or ruled quadrics. 
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Proof: An oval quadric carries no real line that could eventually split off from the intersection 
curve of the oval quadric with another quadric. a 


Figure 6.8 shows a spherical cubic o(c) obtained as the gnomonic pro- 
jection of a planar cubic c. (The center of the gnomic projection is the 
sphere’s center.) The spherical cubic is a sextic curve. Only the cone 
projecting the planar cubic onto the sphere is a cubic variety in the star 
of lines about the center of the projection. This fits with the definition of 
spherical conics which are curves of degree four, but the cone projecting 
them from the center of the sphere is a quadratic cone (cf. [46, Ch. 10.1]). 


Figure 6.9 shows the cubic curve c with the parametrization 


c(t) = — (ct(1 +t), bt(3-t7),a(1-3t?)), teR 


on the (regular) ruled quadric 


x 
Hi + 
Cc 


FIGURE 6.9. The cubic c winds about a one-sheeted hyperboloid H. It is a 
cubic ellipse with one real ideal point (0:0:—b:a) and the asymptote A (blue). 
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Quadratic cones through cubics 


The singular quadrics through a cubic space curve can be obtained from 
(6.9) by imposing the (in fact) quadratic condition 6 = 0 (cf. (6.10)). The 
parameters u; can be replaced by 


2 2 
Up = Vz, UL =VU0QV1, U2 = U9 


with ug : uy #0: 0. Consequently, (6.9) changes to 


0 0 vu? -v9v1 
0 -2v? upv4 ue 
eae a 1 0 Ix= li 
= vs uv, —2v2 0 |* : ey) 
—vVov1 ve 0 0 


and yields a parametric representation of all quadratic cones (singular 
quadrics) through the standard cubic. The coefficient matrix in (6.11) is 
of rank three if v2 + v? #0 and of rank two otherwise. 


When the homogeneous parameters (ug : ui : U2) of the quadrics through 
the cubic c given by (6.9) are interpreted as homogeneous coordinates in a 
projective plane, then the cones determine conics in the plane. The two- 
parameter family of quadrics through a cubic is equivalent to a projective 
plane. 


The following fact has important consequences for the linear images of 
cubic space curves: 


Corollary 6.2.4 1. The vertex of any quadratic cone through a cubic is 
located on the cubic. 


2. From any of its points, the cubic is projected through a quadratic cone. 


Proof: 


1. The radicals of the quadratic forms (6.11) are given by (vg : v~v1 : vove : vf) with 
vo : v1 # 0:0 which parametrizes (6.2), and thus, the cones’ vertices are located on the 
cubic. The cones have a point-shaped vertex for any admissible homogeneous parameter, 
t.e., for any v9: v1 as long as v9: v1 + 0:0. 


2. Assume that V = vF is the cone’s vertex and vo : v1 # 0:0 is the corresponding homoge- 
neous parameter on the curve (6.2). Then, 


qQ, 2) = Av + pe 


with A: «+ 0:0 is a homogeneous parametrization of the cone. Identifying the components 
of q with the homogeneous coordinates xg :...: 23, we can eliminate the parameters A: 
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and to : t1. This yields the implicit equation of the cone I'y as given in (6.11), provided 
that 
tov1 —ti1v9 #0 and vox, - 120 # 0. 


The first inequality expresses the fact that we cannot expect a unique result when con- 
necting C' with itself. At the vertex, the cubic’s tangent equals the cone’s generator. 


Consequently, Corollary 6.2.4 leads to: 


Theorem 6.2.3 The image c’ of a cubic c under a central projection with 
the center C on the cubic c is a conic c’ when adding c’s tangent at C to 
the projecting cone. 


Proof: Assume that C' € c is the center of a central projection. According to Corollary 6.2.4, 
the cone joining C with all points on c is a quadratic cone Iz, and the image c’ of c is the 
intersection of [ic with an image plane. a 


Theorem 6.2.3 applies to parallel projections as well as to central projec- 
tions. Figure 6.6 shows a parabola as the top view of a cubic parabola. In 
this case, the parabola is the orthogonal projection of the standard cubic 
(6.2) onto the xry-plane, 7.e., the parallel projection from the ideal point 
of the z-axis. Since the ideal point of the z-axis is a point of the cubic c, 
the image c’ is (according to Theorem 6.2.3) a conic. 


As a consequence of the proof of the first part of Corollary 6.2.4, there 
exist up to three quadratic cylinders carrying a cubic space curve c, see 
Example 6.2.4. 


= Example 6.2.4 Three quadratic cylinders through a cubic space curve. 


We shall determine all quadratic cylinders through the cubic space curve c (cubic hyperbola, 
shown in Figure 6.10) contained in the projectively extended Euclidean 3-space parametrized 
by 
1+? 

2t , teR. 
t?-1 


1 


ss i(t2 —1) 


According to Corollary 6.2.4, the cones projecting c from any of its points are quadratic. The 
quadratic cones are cylinders if their vertices are points at infinity. Therefore, t(t? -1)=0 
yields the parameter values t = —1,0,1 corresponding to c’s ideal points, which are 


0 0 0 
1 1 1 
Wm=] 4 ]) Yqlo]> Uaqlq 
0 1 0 


From the parametrizations z; = ¢ + Av; (7 € {1,2,3}) where v; ¢ R? are the vectors aiming in 
the directions defined by u;, we can find the implicit equations of the cylinders. The equations 
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Z,: wzt+yz-22-ax-y-2z=0, 
Zq: 4x? - 8xz - 4y? +42? + 8y = 0, 


23: ez-yz-22+e-yt+z=0. 


All three cylinders are hyperbolic. 


FIGURE 6.10. The three quadratic cylinders 21, Z2, and Z3 pass through the 
cubic hyperbola c from Example 6.2.4. 


The unique cubic on six points 


In [46, p. 219, Theorem 6.1.2], we have seen that a conic in a projective 
plane is uniquely defined by five given points in admissible position (7.e., 
no three points are collinear). It is reasonable to ask for the number of 
points that define a cubic space curve: 


Theorem 6.2.4 A cubic space curve is uniquely determined by prescrib- 
ing six points Po,...,Ps with any five out of these forming a projective 
frame (i.e., no four points are coplanar). 
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Proof: A cubic space curve can be constructed as the intersection of two quadratic cones Io 
and I's (vertices Po and Ps) having a common generator g = [Po, Ps] but different tangent 
planes along f. (It means no restriction to assume that Po and Ps are the cones’ vertices.) 


There is a uniquely determined quadratic cone on the five lines |; = [ Po, P;] (withie¢ {1,...,5}): 
The lines |; meet an arbitrary plane €g in five points on which a unique conic co is defined, 
provided that €o contains neither /;. Then, the quadratic cone is obtained by joining all points 
of co with Po, i.e., To = Po V co (see Figure 6.11). 


FIGURE 6.11. Construction of the cubic on six points Po, ... Ps: Two quadratic 
cones can be defined by five generators each. The generators emerge at two 
chosen (given) points P) and P3. 


In the same way, we proceed with the lines m; = [P5, P;] (with i € {0,...,4}) and obtain the 
cone [5. 


From the construction it is clear that g c Tf9 NI's5. Provided that [9 and [5 have different 
tangent planes along g, the curve c=I'9 NTs \ {g} is a cubic space curve (cf. Figure 6.12). 


Five points in a projective plane that are in an admissible position de- 
termine a conic, even if two points come infinitely close together. In such 
a case, the two points become a line element, i.e., a pair (P,tp) of a 
line tp incident with a point, and tp is then considered to be the conic’s 
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tangent at P. The same holds true for cubics. Therefore, cubics can be 
constructed on 

1. four points Po, ..., P3 plus a line element (P4,t4); 

2. two points Py, P; plus two line elements (P2,t2) and (P3,t3); 

3. tree line elements (P;,t;) (with 7 € {1, 2,3}), 

provided that the points and lines are in admissible position. In these 
three cases, each line element (X,tx ) defines a generator x and the tan- 
gent plane 7, (along x) of a quadratic cone through the cubic. Conse- 
quently, a conic in the auxiliary planes is then determined by points and 
line elements. 


FIGURE 6.12. The construction of the unique cubic on six points Po, ... Ps: 
The intersection of the cones [9 and I's contains the straight line g and the 
cubic c. 


Cubics, conics, and lines — equally many points. 


The stereographic projection from a conic to a straight line establishes a 
bijective mapping between them (cf. [46, p. 231]) and leads to the finding 
that there are as many points on a conic as there are on a line (see [46, 
p. 232, Corollary 6.3.4]). With a little bit more effort, we can show 
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Corollary 6.2.5 There are as many points on a cubic space curve as 
there are on a projective line (or on a projective conic). 


Proof: According to Corollary 6.2.4, from any point P on the cubic c, a quadratic cone 
['p = Pvc emanates (cf. Figure 6.13). The intersection c’ of Tp with a plane ¢ 4 P is a conic. 
The generators of Ip establish a bijective mapping between the points of c and those of c’. 
The point P is mapped to the intersection of the cubic’s tangent tp with e. Consequently, the 
cubic c carries as many points as the conic c’. Since conics and lines are of equal cardinality 
(cf. [46, p. 232, Corollary 6.3.4]), the cubic c and a projective line are of equal cardinality. ™@ 


FIGURE 6.13. Some kind of stereographic projection from a cubic space curve 
c onto a plane ¢ with center P € c establishes a one-to-one and onto mapping 
X » X' between a conic c’ and a cubic c in order to show that a projective line, 
a conic, and a cubic are of the same cardinality. 


@ Exercise 6.2.1 Cardinality of a rational normal curve. 


as many points as a projective line. Use the proof of Corollary 6.2.5 and induction over n. 
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6.3 Osculating planes of a cubic 


We defined the tangent of a cubic as a line intersecting the cubic with 
multiplicity two, i.e., it is the limit of a chord where one of the two points 
of intersection converges towards the other. In what follows, we shall have 
a look at three points and make use of 


Definition 6.3.1 A plane w c P?(F) is called an osculating plane of c at 
the point P if it intersects c at P with multiplicity three. 


In the case F = R, it is easy to show that a limit procedure yields the same 
osculating plane. Any three sufficiently close points on a cubic space curve 
and indeed, on any C? space curve define a plane which converges towards 
the osculating plane at one of the points if the remaining two converge 
towards the third point. We will not discuss this here in detail. 


Moreover, we would like to point out that the algebraic and the differ- 
ential geometric notion of an osculating plane coincide. This is easily 
confirmed by assuming that € = e(v(7T))-e(v(7T))) is a reparametrization 
T+ vu(T): Ic F->F combined with a renormalization 9: I c F > F of 
the cubic curve c initially parametrized by c(t): I ¢ F > F* over some 
interval I. We assume that F = C or F = R. Again, dots shall indicate 
differentiation. The osculating plane at P = c(7) is spanned by P and 
the first two derivatives ¢(7)) and €(79). The invariance of the definition 
of the osculating plane under renormalizations and reparametrizations is 
shown in a manner similar to that of the tangent (see p. 208). We just 
have to show that [c,¢,é] = [€,¢,€]. In order to achieve, that we com- 
pute the derivatives of the alternative representation of c and observe that 
these are linear combinations of c, c, and ¢. 


Finally, it is worth mentioning that there is a certain kind of tetrahedron 
that can be attached to a cubic (in many ways). Let c be a cubic space 
curve. A tetrahedron ApA,A2A3 is called an osculating tetrahedron of c 
if Ap, Ag € c, [Ao, Ai] and [A2, As] are tangents, and [Ao, Ai, A2] and 
[A,, Ag, A3] are osculating planes of c at Ag and A3. Note that the base 
points of the coordinate frame which represents c in the standard form 
(6.2) forms an osculating tetrahedron. Conversely, if the base points of a 
projective coordinate frame form an osculating tetrahedron and the unit 
point belongs to c, then c can be parametrized in the standard form. 
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The null polarity associated with the cubic and the dual cubic 


FIGURE 6.14. A cubic space curve with some null planes and some lines of the 
pencils of null lines. 


An interesting relation between cubics and special types of correlations 
can be disclosed: 


Theorem 6.3.1 For each cubic ¢ in projective 3-space P?(F) (with 
charF # 2,3), there exists a null polarity mapping the points of c to its 
osculating planes. 


Proof: Let us assume that ¢ c P3(IF) is a plane with the homogeneous coordinates e = 
(eo, e1,€2,e3) with e9 :...: e3 #0:...:0. Further, we assume that the coordinate sys- 
tem is chosen such that the parametrization c of the cubic equals that given in (6.2). The 
points of intersection of the cubic c and the plane ¢€ correspond to the solutions of the cubic 
form 

(e,c) = egt@ + erezty + egtot? + e3t? = 0. (6.12) 


A plane ¢ is an osculating plane if there exists only one point of intersection (with multiplicity 
3), and thus, the cubic form has to be the complete cube (aoto + aiti)® of a linear form 
agto + ait. Hence, we have 

ago: ay, =-t,:to 


and the homogeneous coordinates e9:...:e3 of € are 


3 2 2 3 
eo=-tj], e1=tjto, e2=—-tito, e3 =to. 
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This shows that the homogeneous coordinates e of the osculating planes of c and the corre- 
sponding points c on the cubic are related via a linear mapping v : F* = F* which reads 


0 00 -1 
0 03 0 

€=19 390 0 |& (6.13) 
1 00 0O 


The matrix N that describes v is skew symmetric, and therefore, v is a null polarity (cf. 
Theorem 4.2.2). a 


According to (6.13), the family of osculating planes can be given in terms 
of a one-parameter family of implicit linear equations as 


O(to, t1) : t329 a 3tot?x1 + 3tat x9 a tag =0. (6.14) 


At each point P of the cubic c, the osculating plane of c¢ contains a pencil 
of lines through P. Among these lines, we find the tangent ¢ of c at P. 
The lines in the pencil are self-polar w.r.t. the null polarity, and therefore, 
called null lines. 


Figure 6.14 shows a cubic curve with some of its osculating planes. In 
each of the osculating planes, some lines of the pencil of null lines are 
shown. 


@ Exercise 6.3.1 Null polarities in higher dimensions. 
A rational normal curve n c P"(F) in an n-dimensional projective space with F = R or F=C 
can be given in terms of homogeneous point coordinates 
n(to,t1) = (tt? tty... tot? + st?) 
parametrized by the homogeneous parameter to :t1 #0: 0. 


Show that the mapping 
v: P"(F) > P"*(F) 


that assigns to each point P € n the osculating hyperplane H is a null polarity, provided that 
n is odd. 


The homogeneous coordinates of the hyperosculating hyperplane at the point n(to,t1) are 
= n,_(™% n-1 : af nt1(% n-kyk , afliayrel n n-1 .(_1\nyn 
Into, ta) = (eR sero Denk eet” Jags ayn) 


What kind of mapping is v if n is even? 


Consider also finite fields with characteristic 2 or 3. 
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The dual construction 


The construction of a cubic c as the intersection of two quadratic cones 
I'4 and I'g with a common generator | := [A,B] (along which the cones 
are not in line contact along /) can be dualized (see Figure 6.15). 


The dual counterparts to the quadratic cones [4 and Ig are two conics 
acaand bc £@ in different planes a and 6. The line of intersection 
1=an6 of the conics’ planes is the only common tangent of both conics, 
since the cones 4 and Ig are assumed not to be in line contact along 
their common generator. The common tangent / of a and b corresponds 
to the common generator of [4 and Ig. The conics a and b do touch 
1 in different points A # B, since the cones [4 and Ig of the original 
construction do not share the tangent plane along the common generator. 


As shown in Figure 6.15, the planes of the dual cubic can be found as the 
common tangent planes of the conics a and b. To each tangent t, of a 
there exists exactly one tangent t, #/ of b that intersects t, in a point on 
1, and therefore, t, and ty, are coplanar. The plane 7 = [ta,ty]| is a plane 
of the dual cubic. According to Theorem 6.3.1, all these planes 7 are the 
osculating planes of a cubic space curve, provided that charF # 2,3. Their 
envelope is a cubic developable. 


Tangent planes of a cubic curve 


The osculating plane o of a curve c at the point P contains c’s tangent 
t at P. Among the planes through ¢, the osculating plane is somewhat 
distinct, though all these planes touch the cubic c. Indeed, the manifold 
T of tangent planes of the curve is the two-parameter family of planes 
through the curve’s tangents. Since c is algebraic, the manifold of tangent 
planes is, too. This holds particularly true for cubic curves. 


We aim at an algebraic description of this two-parameter family 7 of 
planes. For that purpose, we assume that (6.12) is the product of the 
full square of a linear form apto + ait; with a linear form Goto + 61t1. We 
compare the coefficients and find 


2 2 2 2 
€9 = A980, €1 = 2a9a1fo + apf1, e2 = 2a9a1f,+azBo, e3 = azf1. 


The elimination of the a; and /; results in a polynomial condition on the 
homogeneous coordinates e; of the tangent planes 


T: 27ede% — 18e9e1€2€3 + 4enes + 4e%e3 — eves = 0. (6.15) 


230 Chapter 6: Cubic and quartic space curves 


FIGURE 6.15. The constructive approach to the dual cubic: The dual cubic 
comprises the set of planes that are tangent to a pair of conics a and 6 in different 
planes a and £, but with a common tangent 1 =an{@. 


This dual surface contains the dual curve of the osculating planes (6.14). 


Cubic developable 


The tangents of each C! space curve form a developable ruled surface 
D sometimes called the tangent developable or tangent surface. This is 
also true for cubic space curves. The example shown in Figure 6.16 is 
the tangent developable of the straight cubic circle presented in Example 
6.2.2. The curve c whose tangents sweep the developable ruled surface D 
is called the curve of regression on this ruled surface. The curve c is a 
sharp ridge separating the two branches of D. In any case, the tangent 
developable agrees with the envelope of the osculating planes of the space 
curve. 


In the case of the cubic (6.2), we shall give the equation of the surface 
D in terms of homogeneous point coordinates. The equations O(to,t1) 
of the osculating planes (6.14) of the standard cubic c (given in (6.2)) 
depend smoothly on the homogeneous parameter to : t; # 0: 0. For the 
sake of simplicity, we switch to an affine parameter by letting t; =¢ and 
to = 1. Then, we compute the derivative O of O w.r.t. the parameter t¢ 
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FIGURE 6.16. The surface D swept by the tangents of a cubic space curve c is 
a cubic developable. The tangents of c comprise the set of rulings (generators) 
of D. 


and intersect with O by eliminating t, which yields 
D: x03 - 6ror1 2203 + 4apx3 + 4a3x3 - 30723 = 0. (6.16) 


This is obviously a quartic surface and agrees with (6.15) up to a 
collineation from the projective space P® to its dual P?*, i.e., a corre- 
lation. 


@ Exercise 6.3.2 Finding a correlation. 


Show that (6.15) and (6.16) are collinear images of each other. Assume that x; = aj;e; for 
i€ {0,1, 2,3} with a; ¢ R. A comparison of coefficients yields ag : a1 : a2 :a3 =1: ae 21: V3. 


From (6.16), we can find a one-parameter family of conics on D: 


Theorem 6.3.2 The tangent planes of D (osculating planes of c) in- 
tersect D along conics (together with the twofold generators of D). The 
conics osculate c. 


Proof: Each osculating plane O of c touches D along a tangent | of c, since D is the envelope 
of c’s osculating planes, and therefore, | is of multiplicity two in Dn O. Considered as a set of 
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FIGURE 6.17. The developable D is swept by c’s tangents tp. The one- 
parameter family of tangent planes of D, i.e., the osculating planes of c intersect 
D along the tangents of c (with multiplicity two) and conics q osculating c. 


points, D is of algebraic degree four, and thus, Dn O is a planar quartic containing a double 
line. Consequently, a quadratic part q remains (cf. Figure 6.17). 


We have to show that q is indeed a conic and does not degenerate any further. The two 
branches of On D can be given explicitly as 


q(to,t1) = (4w3t3, 4wotiwr, to(towr + t1 wo) (3tow1 = ti wo), t1 (3tow1 - t1wo)?) 5 
l(to,t1) = (wot, twr, tots (2tow1 - two), t?(3tow1 - 2t1wo)) 


where to : ty + 0:0 is the homogeneous parameter on c and wo : wi; + 0: 0 is that on either 
branch of On D. It is clear that q describes a conic, for it carries only regular points. 


Finally, we have to show that each q osculates c. This is done by introducing an affine 
parameter on each curve and showing that q and c agree in their derivatives up to second 
order. a 


Figure 6.17 shows the conics on the tangent developable of the straight 
cubic circle from Example 6.2.2. 


Projective generation of the dual cubic 


In [46, p. 226], we have learned that a projective mapping between two 
lines generates a dual conic. The lines joining corresponding points are 
the lines of the thus generated dual conic, or the tangents of the associated 
point conic. The projective mapping is not allowed to be a perspectivity. 
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FIGURE 6.18. Projective generation of a dual cubic: Given 
(Pi) Alo(P2) xl3(P3), the projective range of planes y = [P,, Po, P3] is 
the set of tangent planes of a cubic developable D with the space curve c as the 
curve of regression. 


We need the notion of a projective mapping between three mutually skew 
straight lines 11, /2,l3 in a projective 3-space. A projective mapping 719 
between two lines J; and lg assigns to each point P; € 1; exactly one 
point P) € lz and preserves cross ratios. A further projective mapping 
713: ly > l3 performs P, » P3. In this way, P, is related to two points 
P2 and P3. We assume that the span 7 = [ Pi, P2, P3] of the three points 
P, €1; (with 7 € {1,2,3}) is a plane in any case, otherwise we end up with 
a regulus, which shall not be the case here. In total, each point P; € 1, 
is mapped to a uniquely defined plane y. Furthermore, since the lines J; 
are joined by projective mappings (one-to-one and onto), the points P, 
and P3 on the respective lines define the same plane y as, for example, 
the span 


[P2, 733 (P2), 713 (773 (P2))]. 


Since cross ratios are preserved in any of the mappings 7; : 1; > 1; (with 
j € {2,3}), homogeneous coordinates on any of the three lines can serve 
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as coordinates on all three lines simultaneously by an appropriate choice 
of the coordinate system on each. 


Relating the latter to cubic space curves, we can state: 


Theorem 6.3.3 Let three mutually skew straight lines 1,,l2,13 ¢ P?(F) 
be joined by a projective mapping between them. Then, the set of planes y 
joining three corresponding points P; € 1; (with i € {1,2,3}) are the planes 
of a dual cubic. 
Proof: We identify four independent points Bo, ..., B3 in projective 3-space P3(F) with the 
canonical basis vectors of F*. Now, we let 11 = [Bo, Bi], l2 = [B2, B3], and ls = [E, F] with 
£ = eF and F = fF as the unit points in the planes [Bo, Bi, Bo] and [Bi, Bo, B3]. If now 
P, = ti1bo + tobi, then we can always choose the coordinate frames on l2 and 13 such that 
14: ly > 1; with i € {2,3} and the homogeneous coordinates p; (with i € {1,2,3}) of P; are 
related via 

7™712(P1) =p2=tib2+tob3 and 713(pi) = ps =tie+ tof. 
Thus, the homogeneous coordinates of the plane y are 

(to :t1) = (t8 : tat : tot? : -t?), 


which is obviously a representation of the standard cubic (6.2) up to a collineation. a 


Figure 6.18 illustrates the contents of Theorem 6.3.3. Four planes out 
of the projective range are shown together with the envelope D and the 
cubic c as the curve of regression. 


6.4 An analogue to Steiner’s generation 


Projective mappings that map lines from one pencil to lines in another 
pencil of a projective plane generate conics. The points of the conic are the 
points of intersection of lines corresponding in the projective mapping (see 
[46, p. 218]). In analogy to STEINER’s generation of conics, we provide: 


Definition 6.4.1 Let «: S > T be a collineation from the star of lines 
about S' to the star of lines about T’ where no plane is mapped to itself. 
Then, we call the set c of all points P = snt with s3 S,t3 7, and K(s) =t 
a cubic curve. The set C of all lines 1 = oN7 with o 3 S, 7 3 T, and 
k(a) =7 the congruence of chords of the cubic. A line g €C is called a 
tangent of c at P if g meets c only in P. A plane w is called an osculating 
plane of c at P if it meets c only in P. 


Definition 6.4.1 indeed leads to the cubic curves we already know: 
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Theorem 6.4.1 The cubic curves c from Definition 6.4.1 are exactly the 
cubics obtained as intersections of quadratic cones with a common gener- 
ator | which are not in line contact along I. 


Proof: It means no restriction to assume that the points S and T have the homogeneous 
coordinates s = (1:0:0:0) and t=(0:0:0:1). The collineation «: S > T can also be 
described by its action from the plane a: xo = 0 to the plane @: 2x3 = 0. It is well-known 
(see [46, p. 237]) that the collineation &: a — 8 can be written in equal coordinates. Any 
point X = xF ¢€ a with coordinates x = (vo : 41 : 2: 0) is mapped to a unique image point 
«(X) = Y = yF with coordinates y = (0: 29: x1 : £2) € 8. Then, the line s = [S, X] is mapped 
to t=«(s) =[T,Y]. These lines intersect if, and only if, s, x, t, y are linearly dependent, i.e., 
1 0 0 0O 
O xo X11 x2 
Zo £1 x2 O 
0 0 0 1 


det = aor2 —-27 =0 with 29:21:22 +0:0:0, 


which gives the second equation of (6.4) and describes the quadratic cone Q2 with vertex T. 
The lines [.S, X] that are the «-preimages of [T, Y] (the generators of Q;) are now parametrized 
by (A: pue : udu : pu?) with A: y+0:0 and uo: ui: u2 #0:0:0. The intersection points 
of corresponding lines are obtained by inserting the latter parametrization into Q2’s equation. 
So, we find (u@ : uzu1 : uou? su?) with uo :u1 + 0:0, which parametrizes the cubic (6.2). 


@ Exercise 6.4.1 Images and pre-images of tangents and osculating planes of a cubic. 


In [46, Def. 6.1.1], we have learned that a projective mapping 7 from a pencil of lines about a 
point S to a pencil of lines about a point T + S generates a conic c. Thereby, the projectivity 
m maps the line [S,T'] to the tangent tp of c at T and the pre-image of [S,T] equals the 
tangent tg at S, i.e., 71 ([S,T]) = ts. 

Show that for the cubic space curve as defined in Definition 6.4.1 we have in analogy the 
following relations: 

(1) The z-image of [S,T] equals the cubic’s tangent at T, i.e., 7([S,T]) = tr. 

(2) The z-image of [S,tr] equals c’s osculating plane at T, i.e., 7([S,tr]) = Or. 


DZD 


FIGURE 6.19. STEINER’s generation of a cubic c by a projective collineation 
between two stars of lines gives a synthetic definition of the tangents and oscu- 
lating planes of c (cf. Exercise 6.4.1). 
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6.5 Chords of a cubic 


The set of chords of a conic fills the conic’s plane and makes it a ruled 
plane. Loosely speaking, in three-dimensional space, there is more space. 
What does the family of all chords of a cubic look like? Does it fill the 
space? It is helpful to clarify this by 


Definition 6.5.1 Let c be a cubic space curve in a projective space P?(F) 
over an algebraically closed field F. A line that joins two points of the 
cubic is called a bisecant. 


We are able to show: 


Theorem 6.5.1 The bisecants of a cubic space curve are chords in the 
sense of Definition 6.4.1. All chords of a cubic form a congruence of lines 
with the cubic as the only (degenerate) focal surface. The congruence of 
chords of a cubic space curve is a fibration of P?(F). 


Proof: Let | = [P1,P2] be a bisecant with P; = s;nt;. Then, l = [s1,52]/N [t1,t2], where 
[ti,t2] = K([s1,82]). We use the standard cubic (6.2) and assume that to : t) + 0: 0 and 
uo : u1 # 0:0 are independent homogeneous parameters of two different points on the cubic. 
Algebraically, this can be expressed as 


to t 
act ( 7 1) = tous -t1uo +0. 
ug Ut 


We compute the Pliicker coordinates of c’s bisecants by joining 
c(to,t1) = (t8: t2t1 : tot? : #3) and c(uo, ur) = (ue: udur : uou? : v3), 
which is described in more detail in Section 10.1 (we refer especially to (10.5) and (10.6)): 


B= (t2ua, —touo(tour + tuo), tout + totyuguy + ua; (6.17) 

uz, —tyui(tour +t1uo), totiuowr). 
The focal surfaces of the congruence 6 are easier to find if we replace the homogeneous 
parameters uo : ui and to : ty by affine ones, say u = U1Ug- and t = ita”: This means no 
restriction and ideal points can be reached by a further reparametrization. Then, 


t 1 
c(t,u,w) =| t? Jaw t+u 
t? Prut+u? 


with (t,u) ¢ R? as an affine parametrization of B (considered as set of points). The focal 


polynomial 
de de de 
F(w = det (= — ) = w u-t)(t-u+w 
(w) = det (SS, =) - w(u-)e-u sw) 
yields two zeros for w, which fix the singular points of the mapping c: R® > R® on each line. 
These are w = 0 and w = u-t. Inserting them into the parametrization of the congruence 
shows that the set of singular points of the congruence, i.e., the focal surfaces coincide and 


shrink to the cubic. 
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In order to show that the congruence is a fibration, we have to show that there exists a unique 
chord through each point in space. Therefore, we insert the components of (6.17) into a skew 
symmetric 4 x 4-matrix and obtain the incidence condition of a point X = xF and a line in the 
congruence 


0 tu? -ut(t+u) tu x0 

-t?u? 0 P+tutu2 -t-u v1 
tu(t+u) -t? -tu-u? 0 1 x2 = a 

—tu t+u -1 0) x3 


which can be compared to that given in Section 10.1 (see Exercise 10.1.10). The equations 
for given homogeneous coordinates xg : 41 : 2: x23 of a point X have a unique solution for t¢ 
and for u. These parameters correspond to two different points on the cubic whose join is the 
unique chord through X. a 


In the real projective space P?(R), the system of equations given in (6.18) 
may also have pairs of complex conjugate solutions. These also correspond 
to real chords of the cubic. 
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6.6 The cubic of coincidence — points with 
coinciding images 


In Descriptive Geometry, pairs of mappings are frequently used in order to 
create images of Euclidean 3-space that also allow us to reconstruct points 
in three-dimensional (Euclidean) space. A well-known and wide-spread 
example is the pair consisting of top view and front view. However, it is 
also possible to combine a perspective image with an auxiliary perspective 
top view. 

Returning to the pair of top view and front view, we can describe the 
involved mappings in terms of Cartesian coordinates. In order to get 
the complete picture, we perform the projective closure of R® and use 
homogeneous coordinates whenever necessary. 


We assume that points X ¢ R® have the coordinates x = (x,y,z). The 
top view X! = (x,y,0) of X is the image of X under the orthogonal 
projection 7;: R* > R? onto the plane o,: z= 0, i.e., the projection of 
X from the ideal point Z,, of the z-axis of the initially chosen Cartesian 
frame. By the same token, the front view X? = (0,y,z) of X is obtained 
as the orthogonal projection 72: R*® — R? onto the plane o: x = 0, which 
is nothing but the projection of X from the ideal point X,, of the x-axis 
from the projective point of view. 


The two views defined so far (cf. Figure 6.20, left) would be useful if they 
were drawn in one plane. Usually, the images showing up in o, and o9 
are mapped to one plane via the two collineations: 


X16 4(X') = X= (y,-2) and X? 4 w(X*) =X" =(y,z) 


as illustrated in Figure 6.20, described in a Cartesian coordinate system in 
the image plane (drawing plane) such that the first axis equals the y’-axis 
(= y-axis) and the second axis coincides with the z-axis (= x-axis). 


We can easily see that X’ and X” are points with equal first coordinates. 
Therefore, the top view and the front view of any point X are aligned on a 
vertical line, the ordering line. Now, it is a fairly simple task to find those 
points X ¢ R° that have coinciding top and front views. Since the first 
coordinate of X’ and X” agree in any case, only the second coordinates 
have to match, which yields 


Ki: v2+z=0. 
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x 

y =y" 
XxX’! 
N= XM 


FIGURE 6.20. Top and front view are orthogonal projections in orthogonal 
directions (left). The situation on the screen is obtained by applying two regular 
collinear mappings 1, l2 to the results of the projection. This arranges the two 
views in a useful way (right). 


The set « is called the plane of coincidence. 


The simple case of top and front view is very special for two reasons: 
Firstly, the projections 7, and 72 are orthogonal projections, and in addi- 
tion, they project to a pair of orthogonal planes. Secondly, the projective 
closure of Euclidean 3-space makes clear that either center of the projec- 
tions is contained in the other image plane, which implies 71079 = 7207}. 
We shall have a look at a more general setting. Assume that the image 
planes o; and 2 are two different planes in a projective 3-space P?. Fur- 
ther, let the centers of the projections 7: P® > o; be two points O, and 
Oz such that o = [O,,O2] ¢ o;. The projections 7; are followed by two 
(regular) collinear transformations 1; : 0; > 7; Mapping each image to 
the final image plane 7 (which is comparable to a sheet of paper or the 
screen), so 


X’=1u0m(X) and X” =12079(X). 


Then, the points X ¢ P? with X’ = X” are the fixed points of the 
collineation 


= eee 
Br=woygom tou 1 01702, 
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FIGURE 6.21. The most general form of a pair of mappings (7,72) onto two 
planes 01, 02 followed by collinear mappings u;: o; > 7; results in a projective 
correspondence between the first and second image. Thereby, the images A, 
and A. of the doubly projecting plane Ax of each point X ¢ 0 = [01,02] are 
related in a projectivity 8: Of + O/ between two pencils of lines. 


i.e., the locus of intersections of lines joining the two centers O; with 
points in o; related in a collineation 8: 01 > 02. According to Theorem 
6.4.1, the points X with X’ =X” form a cubic space curve c. This cubic 
curve is the cubic of coincidence, all of whose points have coinciding first 
and second image. 


Figure 6.21 shall give an idea of what the general setting may look like. 
After the images in the planes o; have been transferred via the collinear 
mappings 4; to the image plane 7, the projective mapping 8’: Of > O! 
joins the pencils of ordering lines. Each of these lines is the image of 
a doubly projecting plane Ax = [O,,O02,X] through the points X. In 
general, the projective mapping 6’ between the pencils of ordering lines 
generates a conic | (see [46, p. 218 ff.]). 

In the case of the pair (top view, front view) as illustrated in Figure 6.20, 
the centers of the pencils of ordering lines become one, i.e., Of = O!/ and 
B' is the identity mapping in the pencil. 


6.7 Projection with the chords of a cubic 241 


6.7 Projection with the chords of a cubic 


The chords of a cubic c can be used to project the points of the projective 
3-space [c] spanned by c onto a plane 7. This results in interesting 
relations between the points and lines in space and conics in the image 
plane 7. We follow an idea by H. BRAUNER! (see [16, 17]). 


FIGURE 6.22. The unique chord s of c through P ¢ c meets the image plane 7 
in the point P’. 


Although any cubic in 3-space P?(F) would serve as the center of the 
projection with the chords, we choose a special curve. Figure 6.22 shows 
the action of the projection with the chords of a cubic circle. Therefore, 
we assume that c is parametrized by 


c)=(147:t:7 :t4+#), teR. (6.19) 
This cubic passes through the absolute points 


Ay = (0812120) and ig =(031s=1:0) 


lHeINRICH BRAUNER (1928-1990) was an Austrian mathematician and geometer who worked 
on various fields of geometry, such as Line Geometry, the theory of linear mappings, and 
Differential Geometry. 
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of the Euclidean plane z = 0 and through the point Bo = (1: 0:0: 0). 
The corresponding parameter values are c(0) = Bo and e(+i) = I2. 


Let us now map a point P with Cartesian coordinates p = (€,7,¢), or 
in terms of homogeneous coordinates (1: €:7:(¢), to the corresponding 
image point P’ € 7, see Figure 6.22. For that purpose, we are looking for 
chords of c that pass through P. Let u # v be two different parameter 
values determining two different points C,, and Cy, on c. The chord s = 
[Cu, Cy] contains the point P if, and only if, the two vectors c(w) —p and 
c(v) - p are linearly dependent, i.e., their cross product equals the zero 
vector. This yields three conditions on u, v, and €, 7, ¢, of which the 
third can be solved for v and yields 


_ unt §-G 
v= ——.. 
ug —1) 
Plugging the latter expression for v into the remaining two conditions 
yields the quadratic equation 


(67 +? —n)u? + (6-E-nOjut +n? - 6 =0. (6.21) 


This makes clear that for each point P with coordinates p = (€,7,¢), 
there are two parameter values u1, ug fixing those points S$; and S_ on 
the cubic such that [S1, $2] = is the chord through P. In any case, the 
chord is real: If both uw, and wz are real, then the points on the cubic are 
real and so is their join s. If u, and ug are not real, then they form a 
complex conjugate pair, and so do S$; and S3. Hence, s = [.S), $2] is real. 
The case of a real double solution makes s a tangent of c. 


(6.20) 


The point of intersection of the chord of c with the image plane z = 0 has 
the coordinates 


uv(u+v) uvu(uv - 1) ). 


ate) = (. Geepazsiy oe) 


In order to find the image point of P, we eliminate u and v with (6.20) 
and (6.21) from (6.22) and find 


fa GS AOE 4) | 
‘ (ee (n—&0)2 + (E-C +0?) (6.23) 


neglecting the third coordinate, which is zero anyway. The mapping P & 
P’ is quartic in the coordinates of P. A subsequent quadratic Cremona 
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transformation (cf. [46, p. 329 ff.]) allows us to simplify the coordinate 
representation of the field of image points. We use the standard inversion 
in the Euclidean unit circle S!. Therefore, (6.23) can be simplified to 


(6.24) 


mW Se tone ee 
7 (ee ceracreer ae 


We see that the mapping P+ P” is quadratic in the coordinates of the 
points in 3-space. 

Now, we shall apply the mapping with the cubic’s chords to a straight 
line 1 c P?. We assume that (11, 12,13; 14, 15,16) are the Pliicker coordinates 
(cf. Section 10.1, especially (10.1) and (10.5)) of the line J. An affine 
parametrization of | involving the Pliicker coordinates reads 


-I513! ly 
\(t)=| dls’ |+t] bo |, teR. 
0 lg 


Inserting this into (6.24) yields a parametrization of a planar curve 1”. 
The latter is a conic, since its homogenized coordinate representation 
consists of three non-proportional quadratic polynomials. The elimination 
of the parameter ¢ results in an equation of the image curve 1” of |. Using 
the relation (10.2), which has to be fulfilled for Pliicker coordinates of a 
line, the equation of I’ reads 


Us gx? + (14 + Ig)y? + Isry + (ls — la) x + (Ig +la—ly)y +13 =0. (6.25) 


The coefficients of the conic’s equation are linear in the Pliicker coordi- 
nates of |. We can summarize this as follows: 


Theorem 6.7.1 The composition of the projection with the chords of a 
cubic circle c and the inversion in the Euclidean unit circle results in a 
linear mapping from the manifold of lines in 3-space onto the manifold of 
conics in a plane. 


Figure 6.23 shows the action of the mapping P+ P”. The image of a 
straight line / is a rational and planar quartic curve I’. The inversion in 
the unit circle S! yields a conic 1”. 
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FIGURE 6.23. The image of a line / is a quartic curve I’ c 7 which is inverse to 
a conic 1” w.r.t. the unit circle S'. 


There are various other approaches to mappings from the manifold of lines 
in a projective 3-space to points in a plane or points in a 3-space, see, 
e.g., [51, 52, 92]. These mappings are related with kinematic mappings 
and admit constructive realizations in the classical sense. 
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6.8 Cross ratios and projective automorphisms 


The cross ratio is a value that can be assigned to ordered quadruples of 
points on a line, lines though a point, or even to four ordered points on a 
conic. In [46, p. 202, Equation (5.6)], we have seen that the cross ratio can 
easily be computed from the homogeneous coordinates of points or lines, 
and extending the definition to complex numbers, we can characterize 
concyclic points in the Euclidean plane (cf. [46, p. 209, Example 5.4.1]). 


We can define cross ratios on cubic (space curves) as well. We recall 
Corollary 6.2.5. There, we used a stereographic projection from the cubic 
to a conic and, further, a stereographic projection from the conic to a 
straight line. In this way, we established a one-to-one and onto mapping 
between a straight line and cubic space curve. Thus, we can say: 


Theorem 6.8.1 A non-degenerate cubic space curve c ¢ P3(F) is pro- 
jectively equivalent to a straight line and the group of projective automor- 
phisms on the cubic is acting sharply transitive on pairs of ordered triplets 
of points, provided F is commutative and charF # 2,3. 


Proof: The projective automorphisms on c are the projective automorphisms of a straight line 
lifted via stereographic projection to c. a 


Using a parametric representation of a cubic space curve c as given in 
(6.2), the homogeneous parameter to : t; #0: 0 can be viewed as homoge- 
neous coordinates on c. Consequently, the projective automorphisms on 
c can be written as linear mappings F? > F? with regular transformation 
matrix A ¢ F?*?. In terms of an affine parameter t = tite the projective 
automorphisms are the linear rational transformations 


i Qog + Roi. 
iq + 44;¢ 

Obviously, the projective mappings c > c can be extended to the ambient 
projective space. 
In the same way, the definition of the cross ratio as given initially for 
collinear points carries over to cubic space curves. For four points P; € ¢ 
from (6.2) corresponding to the respective four affine parameters t; with 
i € {1,2,3,4}, the cross ratio is simply 


(t1 — ts) (t2 - ta) 


er(P,, P2,P3, Ps) = (ty — t4) (ta - ts) 
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e@ Exercise 6.8.1 Cross ratio of tangents of a cubic. 


Assume P; are four different points on the cubic (6.2) defined by four different affine parameters 
t; € FU{oco} with i {1,2,3,4}. Assume that cr(P1, P2, P3, Ps) = 6. Now, compute the Pliicker 
coordinates of the four tangents T; at P; to c with (10.5) and (10.6) and show that the classical 
definition of the cross ratio of four straight lines in space, 

QP), P3)Q(P2, Ps) 


Acatn. hati 
( ) Q(P, Ps)Q(P2, P3) 


yields A = 5+, where Q(P;, P;) equals the value of the bilinear form Q from (10.10) on P; and 
P;. 


e Exercise 6.8.2 Cross ratio of chords of a cubic. 


Assume that C1,...,C4 are four chords of the cubic (6.2). Let each chord C; be defined by two 
different points S; and T; determined by the affine parameters s; and t; (with i¢ {1, 2,3, 4}. 


Use the formula for the cross ratio of four lines given in Exercise 6.8.1 and show that the cross 
ratio of the four chords is related via 


cer(C1, C2, C3, Ca) = cr(S1, S2, $3, Sa)er(T1, T2,T3, T1)cr($1, S2,T3,T4)er(T1, Te, $3, Sa). 


to the cross ratios between the points S1,...,S4 and Tj,..., 74. 


Discuss the case if one, two, or three chords are replaced by tangents of the cubic. 
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6.9 Quartic space curves 


We have seen that cubic space curves can be obtained as the intersection 
of two quadrics A and B, i.e., as the intersection of two algebraic surfaces 
of degree two if they share a straight line / (without touching along /). 
In general, two quadrics will not share a straight line, and thus, the 
intersection will not split into lower degree parts. An algebraic space curve 
of degree four is defined as a curve that has four common points with a 
generic plane. Clearly, the multiplicities have to be taken into account, 
and, in general, an algebraic closure has to be performed. According to 
Bézout’s theorem, a quartic curve meets a generic quadric in eight points. 
If a quadric contains nine points of a quartic space curve, then it carries 
the entire curve. 


There are two types of quartic space curves. If the quartic curve is the 
intersection of two quadrics, then it is called a quartic space curve of 
the first kind. In this case, there exists a pencil of quadrics through the 
quartic curve. 


If there exists only one quadric through the quartic curve, then we shall 
call it a quartic space curve of the second kind. 


The next sections are dedicated to the study of quartic space curves of 
the first kind. Later, we shall add some material dealing with quartics of 
the second kind. 


Singular quadrics through a quartic space curve 


Let A and B be two symmetric 4 x 4-matrices with entries from an 
arbitrary commutative field F with charF # 2,3 and let further x = 
(x9, @1,22,23) be homogeneous coordinates of points in P?(F). 


Then, we assume that A: x'Ax=0 and B: x'Bx =0 are two quadrics 
which do not share a straight line. The quadrics in the pencil of quadrics 
defined by A and B have the equations 


x’ (aA+BB)x=0, a:6+#0:0. (6.26) 


The curve g = An B is a quartic space curve of the first kind. Since 
the coordinates of the points of q satisfy both equations x Ax = 0 and 
x! Bx = 0, each linear combination of these is annihilated by the coordi- 
nates of all points on gq. Therefore, we have 
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Lemma 6.9.1 A quartic space curve of the first kind that is the intersec- 
tion of two quadrics A and B lies on each quadric in the pencil spanned 
by A and B. 


From Chapter 5, we know that a pencil of quadrics in P?(F) contains at 
most four singular quadrics. Thus, we can state 


Lemma 6.9.2 Through a quartic space curve q c P® of the first kind, 
there exist at most four singular quadrics. 


The upper bound of singular quadrics through a quartic space curve given 
in Lemma 6.9.2 can, indeed, be achieved, as illustrated for an affine special 
case in Figure 6.24. 


FIGURE 6.24. Through a quartic q of the first kind, we can find up to four 
real singular quadrics. Here, q lies on two cylinders A;, A» of revolution, on a 
hyperbolic cylinder As, and on a quadratic cone of revolution Ay. 


Quartic space curves of the first kind 


In the following, we assume that two of the carrier quadrics, say A and Bb, 
are symmetric w.r.t. to a plane 0. Consequently, the quartic space curve 
qg=AnB in question is also symmetric w.r.t. o. 
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We use Cartesian coordinates and let o be the [x, z]|-plane. Then, A and 
B have the inhomogeneous equations 


ay 0 ay 
A: xt 0 a22 0 x + 2(ao1,0, a93)!x + ago =0, 
a13 0 a33 
6.27 
bi, 0 by3 oe 
B: x? 0 boo 0 x + 2(bo1, 0, bo3) Tx + boo =0 
bi3 0 b33 


with x = (2,y,z)', where terms linear in y do not show up due to the 
quadrics’ symmetry w.r.t. 0. These equations can be simplified further 
by replacing A and 6 with singular quadrics in the pencil. To that end, 
we return to the homogeneous equations of the quadrics in the pencil and 
the coefficient matrices read 


aago + Blog cag, + Bbo1 0 a.ag3 + Bbo3 
_ | aajo + Bbi9 ayy + Bb, 0 aaj3 + Bby3 

P(a, 8) = 0 0 Pe . , (6.28) 
aa3q + Bb39 ca31 + 3b31 0 a.a33 + Bb33 


where a: 8 0:0. The matrix P in (6.28) is singular if, and only if, 
det P = 0, which is the case especially for 


Q: B = —boo > 09292. (6.29) 


The homogeneous parameter (6.29) determines a cylinder A; orthogonal 
to o with an equation of the form 


Ai : C12" a 2¢49L2 i C2927 + 2c91 x + 2c92z + Coo = 0. (6.30) 


It seems obvious to assume that this cylinder does not degenerate any 
further in order to obtain a non-degenerate quadric. 

The remaining singular quadrics in the pencil correspond to the zeros 
of the cubic form arising as the determinant of the 3 x 3-matrix that is 
obtained from (6.28) by removing the third column and the third row. 
A cubic form always has at least one real root. Let the singular quadric 
Ag, which corresponds to a real root be given by 


Ao: y? = (a,z)'R* ( : + 2(a,z)?x + roo (6.31) 
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T 

r r rT rT r 
R*=([-"?), r=( ), and R=(|—-]. 

T21 122 T02 r R 


For the singularity of Ao, it is necessary and sufficient that 


with 


det R= 0. (6.32) 


As shown in Chapter 3, it is a matter of elementary computations to 
show that the equation admits further simplifications without changing 
(6.30). These simplifications are coordinate transformations aiming at a 
translation that removes the linear terms in x and z from (6.31). There 
are three cases to be distinguished: 

(1) It is possible to translate the Cartesian coordinate system such that 
the coefficients of x and z vanish. In this case, det R* + 0 has to hold and 
(6.31) is the equation of a quadratic cone with vertex 


v2 =-R*"'r. (6.33) 


Note that v2 = (vz,vz) are local coordinates in the [x,z]-plane. In the 
global coordinate system, the cone’s vertex has the coordinate vector 
(vz,0,vz). Choosing the latter as the origin of the coordinate system 
transforms (6.31) into 


Ag: y? = $1127 + 2802+ 8992" with 841599 - Sip 7: 


(2) If R* is not regular, i.e., det R* = 0, then there is no such translation. 
Without loss of generality, we can assume that at least 71, # 0 in (6.31). 
From det R* = 741722 = re, = 0 and with det R = 0, we find 


2 2 
2ro1ro2"12 ad T9117 22 as To2T 11 = 0. (6.34) 
Therefore, we can immediately infer 
roi (To2T12 — T1722) = To2(To2T11 — P01" 12); 


which is equivalent to 


Tol det eres = 102 det neato : (6.35) 
T22 T02 T12 102 
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Multiplying (6.34) with rj, we find 


2 
ry 7 
root — 2roiTo2Ti1ri2 + re = ry =[{det{ : 
HK ro2 T02 
rire 
By virtue of (6.35), the latter determinant is equal to zero, and thus, the 
vertices (6.33) trace the line 


Y= 0, TULL +7T1QZ+7T92 = 0. 


Hence, the singular quadric Ag is either an elliptic or a hyperbolic cylinder 
with the equation 


Ao : y" = 81127 + 2819XZ = 89927 + S00; 


depending on whether the right-hand side describes an ellipse or a hyper- 
bola in the [x, z]-plane. 


(3) Finally, we have to discuss the case det R* = 0 with ry, = 0. Conse- 
quently, 712 = 0, and from (6.35), it follows that rere = 0. 


In the first subcase, rag # 0, we obtain ro; = 0. Then, (6.31) has the 
equation y? = ra9z? + 2r92z + roo, which can be simplified by applying a 
translation. Its equation then reads Ag: y? = 89227 + 899, which describes 
an elliptic or a hyperbolic cylinder and coincides with a previous case. 


So, we have to consider the second subcase where rg2 = 0. This implies 
y? = 2ro1 x + 27922 +109, where ro; and rpg cannot vanish simultaneously. 
Again, a suitable translation yields a simplified equation of A>, and we 
have 

Ao: y" = 25912 + 25022, 


which is the equation of a parabolic cylinder. 


We summarize our results in 


Theorem 6.9.1 The equations of the quartic space curves of the first 
kind symmetric w.r.t. the [x,z|-plane of a Cartesian coordinate system 
can be transformed into three canonical forms. Let x = (2x, 2)" and A,Be 
R2*?. Then, the normal forms are: 


1. x'Ax=0, y?=x'Bx with det A #0, det B + 0, 
2. xTAx=0, y2=x'Bx+bo) with det A=0, detB +0, (6.36) 
3. xTAx=0, y? = 2boia +2bo2z with det A=0, dA, + be, #0. 
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Figure 6.25 illustrates the first type of quartic space curve of the first kind 
as listed in Theorem 6.9.1. In A = (aij); ,je(0,1,2}, we have chosen ay; = 4, 
a22 = —ao0 = 1, ao1 = 402 = 412 = 0, and in B = (bi5 je 1,2} we have set 
by, = 1, bo2 = 9, and byg = 0. The quartic g = A, nm Ag consists of two 
separate parts symmetric w.r.t. y = 0. 


FIGURE 6.25. The first type of a quartic space curve q of the first kind according 
to Theorem 6.9.1. 


Additionally to Figure 6.25, we show the three principal views (top, front, 
and right side view) of the quartic in Figure 6.26, the orthogonal projec- 
tions onto three mutually orthogonal planes. These planes are the planes 
of symmetry of q and coincide with the coordinate planes. 


The curve q is (by assumption) symmetric w.r.t. the three coordinate 
planes. Thus, each point on one of the images of q is the image of two 
points on the space curve. Therefore, each projection of q is at the same 
the time image of a projecting cylinder through g. Consequently, the 
degree of all three images of q is reduced to two. In the front view (cf. 
Figure 6.26), we observe another phenomenon. According to the chosen 
values for a;; and 6;;, the points on the curve q are determined by 


q=AinAg, Ay: 4x? + y? = 1, As: 24927 =y?. 
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FIGURE 6.26. Top, front, and side view of the quartic q of the first kind shown 
in Figure 6.25. Since q is symmetric w.r.t. the coordinate planes, each point 
on the curve’s image is the image of two points in space and either image of q 
coincides with the image of a (projecting) singular quadric through q. In the 
front view, the parasitic branches of the curve are shown (dotted parts). 


We can eliminate x from these equations in order to find an equation of 
the front view. This yields 


h: 5y? - 362? = 1, 


which is, of course, the equation of a hyperbola when interpreted as the 
equation of a planar curve in the [y, z]-plane. The equation of h can also 
be interpreted as the equation of a hyperbolic cylinder H in 3-space. H is 
one of the singular quadrics through gq. Only that part of the hyperbola 
h that lies between the contour generators of the cylinder A, is in fact 
the front view of the quartic g. The points outside (dotted) are so-called 
parasitic points. These points lie on the hyperbola h that carries the front 
view q” of q. 

The right side view of q (cf. Figure 6.26) shows an ellipse q’” as the image 
of the quartic. This ellipse is also the image of the horizontal elliptic 
cylinder €: 5a? +9z? = 1, whose equation can be obtained from those of 
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A, and Ag by eliminating y. With the cone Ag and the cylinders Aj, H, 
and €, the list of singular quadrics through q is completed. 


An example of the third type of a quartic space curve of the first kind (as 
classified in Theorem 6.9.1) is illustrated in Figure 6.27. We have chosen 
the singular quadrics according to the second type mentioned in Theorem 


6.9.1 (cf. (6.36)) as 
Ay: e+z?-x=0, Ao: y'-1+2r=0. 


Note that this agrees with the settings prior to Theorem 6.9.1 up to a 
translation in the direction of the x-axis. It is clear that Aj is a cylinder 
of revolution with radius 5, and its axis is parallel to the y-axis of the 
underlying Cartesian coordinate system intersecting the x-axis at (5, 0,0). 


Ag is a parabolic cylinder whose generators are parallel to the z-axis. 


The sum of the equations of A; and Ag equals 
DO: ats¢y*t 22 =1, (6.37) 


which is the equation of the Euclidean unit sphere. Since © is among 
the quadrics of the pencil spanned by A; and Ag, the quartic curve q = 
A; Ag (which is common to all quadrics in the pencil) also lies on ¥ 
and is, therefore, a spherical curve. Up to a non-vanishing factor, the 
characteristic polynomial of the pencil reads 


aB(a+ B)?. 


The zeros @ = 0 and 6 = 0 correspond to the given cylinders Ag and Aj. 
The zero a: 6 =-1:1 with multiplicity two corresponds to the quadratic 
cone 


T: (4-1)?-y?+27=0, 


whose equation is simply the difference of the equations of the given 
cylinders. I’s vertex D has the Cartesian coordinates d = (1,0,0). At D, 
the cylinders A; and Ag» share the tangent plane x = 1, i.e., the surfaces 
are in contact there. Therefore, g = A; m Ag has a double point at D, as 
can be seen in Figure 6.27. 
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FIGURE 6.27. Viviani’s curve is spherical, rational, and a quartic space curve 
of the first kind. 


The curve q is known as Viviani’s curve or Viviani’s window.” Viviani’s 
curve admits a rational parametrization: Inserting 


1 1 
Le g(t +cosT) and z= 9 Sint 


into any of the equations of A,, Ag, or 4, we find 


Then, we reparametrize by letting t = 5, and Viviani’s curve achieves the 
simple parametrization 


q(t) = (cos*t,sint,sintcost) t [0,2z[. (6.38) 


A conversion into a rational parametrization can easily be done by re- 


. ae 1-u? : _ 2u 
placing cost = 777s and sint = toa. 


2VINCENZO VIVIANI (1622-1703) was an Italian mathematician, a pupil of EVANGELISTA ToR- 
RICELLI, and a disciple of Galileo Galilei. 
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Figure 6.28 shows the three principal views, 7.e., the orthogonal projec- 
tions onto the three planes of symmetry of Viviani’s curve. The top view 
shows the parasitic branch consisting of points that are the images of real 
generators of the cylinder A,. However, these points are the images of 
real generators of the parabolic cylinder and chords of q carrying pairs of 
complex conjugate points on the quartic. The eight-loop q” that appears 
in the top view is called Gerono’s lemniscate (cf. [41, 84, 137]). 


FIGURE 6.28. The three principal views of Viviani’s curve. Top-left: The right 
side view q’” is a circle which is also the image of the cylinder A, of revolution. 
Top-right: Gerono’s lemniscate (eight-loop). In the top view, we see points of 
the parabola q’ outside the sphere © > q. These blue dots are parasitic points: 
They are the images of real generators of the parabolic cylinder A» that carry 
pairs of complex conjugate points of q. 


= Example 6.9.1 A torus and a Mobius strip through Viviani's curve. 


In [79] it is shown that there exists a unique torus through Viviani’s curve (6.38) (cf. Figure 
6.29, left). This is a special result on spherical quartic curves: In general such curves lie 
simultaneously on three pairs of tori (cf. [59]). The torus 7 has the absolute circle of Euclidean 
geometry for its double curve. The sphere » (given by (6.37)) also intersects the plane at 
infinity along the absolute circle. From the curve of intersection of T and \, which is of 
degree 8 according to Bézout’s theorem, the absolute circle splits off with multiplicity two and 
a spherical quartic remains. 
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Show that in the case of the particular curve q given by (6.38), the torus 7 carrying q can be 
parametrized by 


(u,v) =( (3+ z Jeosv + 2,(5+ 


4 2cosu 4 2cosu 


1 
)sinv, 1 sinu ) » (u,v) € [0, 2x[?, 
which can also be described by the implicit equation 
T: (A(x? + y? + 27) - 6x - 1)? - 9(1 - 42”) =0. 


Surprisingly, the cubic ruled surface R of the topological type of the Mébius strip also passes 
through Viviani’s curve (6.38). Figure 6.29 (right) shows Viviani’s curve q together with the 
sphere © and the cubic ruled surface R. The ruled surface R can be parametrized by 


—cos 2u —cos 2t cost 

r(u,v) = 0 +u sint » (u,v) €[0,7[ xR. 
sin 2t sin 2t cost 

An implicit equation of the ruled surface reads: 


R: 2y(a? + 27) - (a2 + y? + 27)z-2Qay+2z=0. 


FIGURE 6.29. Left: 7 is a ring torus through Viviani’s curve g. Right: The 
one-sided cubic ruled surface R intersects the sphere © along Viviani’s curve q 
and a great circle c. 
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= Example 6.9.2 Constructive approach to the intersection of two quadratic cones. 


Figure 6.30 shows how to find the point of a quartic space curve q (of the first kind) that 
is the intersection of two quadratic cones A; and Ag. We use auxiliary planes ¢ through 
the line v = [Vi, V2] that joins the cones’ vertices. Such a plane intersects either cone along 
two (possibly) real generators, say a1,a2 c Aj and bj,bg c Ag. Since these generators are 
coplanar, they intersect at the points Q1, Q2, Q3, Qa, which are common to both cones and 
belong to the quartic intersection curve. 


FIGURE 6.30. Constructive treatment of a quartic space curve q as the intersec- 
tion of two quadratic cones A; and Ag: Each plane 7 through both vertices V; 
and V2 meets both cones along (coplanar) generators a1, a2 ¢ Ay and by, be c Ag. 
The generators intersect at the common points Q1, Q2, Q3, Q4 of the cones. 


If one of the planes from the pencil about v is tangent to both cones, then qg has a double 
point. When there are two common tangent planes of A; and Ag, the quartic has two double 
points and splits into two conics. 
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Degenerate quartic space curves of the first kind 


In this section, we shall give a short overview on degenerate quartic space 
curves of the first kind. As we shall see, quartics frequently degenerate 
and fall into lower degree parts when two quadrics intersect. 


We state: 


Theorem 6.9.2 If a quartic space curve q of the first kind degenerates, 
then it can only have one of the following shapes: 


(1) q is the union of a cubic space curve c and a straight line | where | is 
either a chord (meets c in two points) or | is a tangent of q. 


(2) q is the union of two conics cy, and cz sharing two points D, and 
D2. (The two points can coincide, and c, and cz are then tangent to each 
other.) 


(3) q is the union of a conic c and two straight lines l, and lz that meet 
in one point LD =1, lg, but neither line lies in the plane of c. 


(4) q is the union of four straight lines that form a skew quadrilateral. 


Proof: Since quartic space curves of the first kind are the complete intersections of a pair of 
quadrics, we simply give pairs (A,B) of quadrics that intersect along degenerate quadrics. 


(1) The hyperbolic paraboloid A: xy = z intersects the cylinder of revolution B : yrter=z 


along the cubic c with parametrization 
1+t 1-t? (1+t)? 
1-t’ 2(1+ #2)’ 2(1 +t?) 


c(t) =( 


and the straight line | with l(t) = (¢,0,0) (with t ¢ R) since A and B do not touch each other 
along the common straight line / (cf. Figure 6.31, left). 


The line / meets c at (0,0,0) and at the ideal point (0:1:0:0) of J, and is thus a chord. 


with teR\{1} 


Replacing B: y? +z? = z with the quadratic cone C: xz = y? that emanates from (0,0,0) €c¢, 
we have the same cubic component c. However, ANC = cUm with the straight line m tangent 
to c. The tangent can be viewed as a limiting case of a chord (cf. Figure 6.31, right). 


A degenerate quartic space curve q = cUl of the first kind cannot be the union of a cubic 
space curve c and a straight line / that share only one point: Each of the quadrics through 
the (degenerate) quartic has to contain both components. According to Bézout’s theorem, a 
cubic c has six points in common with a generic quadric Q. In order to make c a cubic in Q, 
it has to have at least seven points in common with Q. For the straight line J, it is necessary 
to have three points of intersection with the quadric. Thus, the quadric Q has to carry ten 
points, which is, in general, impossible. For the same reason, a quartic space curve of the first 
kind cannot split into a cubic and a disjoint straight line. 


(2) It is admissible to assume that the quadrics through q are singular. So, we let Aj : yr +2? = 


land Ag: #?+z?=1. The difference of the latter equations equals P : y?-z? = (y-z)(y+z)=0, 
which describes a pair of planes forming a further singular quadric in the pencil spanned by 
A and B. Since all points of gq = ANB are also located in P = €1 Uég, the quartic is the union 
of the two conics cy = €1N Ay and c2 =€2N A; (see Figure 6.32). 
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FIGURE 6.31. Degenerate quartic space curves of the first kind: a cubic c and 
a chord J (left), a cubic c with a tangent m (right) together with two quadrics 
spanning the pencil through q. 


As P 
Ai D Ai 
FIGURE 6.32. Quartic space curves of the first kind may also split into a pair 
of conics. Left: If a quartic of the first kind has two double points, then it is the 


union of two conics. Right: The two double points may coincide and the two 
quadratic branches of the quartic are in contact. 


The case of a degenerate quartic space curve of the first kind that is the union of two conics 
touching each other once can be found as follows: Let A: a?+y? =2z and B: #?+(z-1)?=1 
span the pencil of quadrics. Then, g = AnB splits into two planar components c, and c2 
located in the planes x? + y? -2z- (a? +(z-1)?-1) = y?-2? = (y-z)(y+z) = 0. The intersection 
of y = z and y = —z is the z-axis of the underlying Cartesian frame which is tangent to A and 
B, and thus, to q (note Figure 6.32). 
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(3) Now, we choose A: xy-z=Oand B: ry-xz+yz-z = 0. Obviously, ry-xz+yz—-z-(xy-z) = 
yz-xz = (y-2)z isa singular quadric passing through q = AnB. Indeed, it is the only singular 
quadric in this pencil and consists of the two planes z = 0 and x = y. Intersecting the first with 
A, we find the straight lines 1; = (¢,0,0) and lo(t) = (0,t,0) with ¢ € R as the two straight 
parts of g. The plane x = y meets A (and also B) along the conic c = (t,t, t?) (with t¢ R). In 
this case, g=11 Nl2 €c (cf. Figure 6.33, left). 


FIGURE 6.33. Left: The quadrics mentioned in the proof of Theorem 6.9.2 with 
the degenerate quartic gq = cUl, Ulg. Right: The quadrics given in Exercise 6.9.1 
intersect in a degenerate quartic of the first kind. Here, the straight components 
1, and lg intersect in a point LD ¢c. 


It is possible to prescribe two quadrics as the carrier of a pencil such that gq = AnB is the 
union of a conic c and a pair of lines (11,12) such that L = 1, nl2 ¢ c (see Exercise 6.9.1 and 
Figure 6.33, right). 


(4) We assume that the pencil is spanned by A: xy = z and B: xy = -z. In order to 
get the complete picture, we perform the projective closure and homogenize the equations 
of both quadrics by substituting « > x1x5', yo x2x5', and z > x35). Then, we have 
A: 2122-2923 = 0 and B: 2122 + xorg = 0. Now, g = ANB is the union of the four lines 
li (to,t1) = (to : t1 : 0: 0), lo(to : t1) = (0: to : 0: t1), I3(to,t1) = (0: 0: to : t1), and 
la(to, t1) = (to : 0: t; : 0) (parametrized by the homogeneous parameter to : t; # 0:0). If By 
(i € {0,1,2,3}) are the base points of the coordinate frame, then 1; = [Bo, B1], l2 = [B:, Bs], 
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lg = [B3, Bo], and l4 = [Bo, Bo], which is a skew quadrilateral. Figure 6.34 (left) illustrates 
the present case, whereas Figure 6.34 (right) shows that it is easy to realize a configuration of 
quadrics sharing four proper lines (in infinitely many ways). 

The skew quadrilateral cannot open at a single vertex. Otherwise, the cubic component would 
be a triple (11,l2,/3) of mutually skew lines together with the line l4, intersecting 1, and l3. 
This would define a unique singular quadric Q (consisting of two planes) on ten points through 


4 
q UL; if la meets at least one of the others. For similar reasons, the completely degenerate 
iz 


quartic space curve cannot open up at more than one point. Le 


FIGURE 6.34. Degenerate quartics may consist of four lines carrying the edges 
of a skew quadrilateral. Left: The simplest version appears as the intersection of 
doubly touching hyperbolic paraboloids A and B and has two lines at infinity. 
Right: On a one-sheeted hyperboloid of revolution B, we can find a smooth 
one-parameter family of skew quadrilaterals that allow a rotation about the 
hyperboloid’s axis. Through each quadrilateral, there exists a unique hyperbolic 
paraboloid A. 


@ Exercise 6.9.1 A singular quartic as the union of a conic and two straight lines. 
Show that the two quadrics (depicted in Figure 6.33 (right)) 
A: a +y? -yz-az+2-1=0 and B: a +y?%—27-1=0 


intersect in a degenerate quartic space curve q of the first kind. The components of q are a 
conic c and two straight lines 1, and lz that intersect in a point L which is not contained in 
c. Derive parametrizations of all components of q. 
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Viviani’s curve (6.38) was an example of a quartic space curve of the 
first kind with a double point. Indeed, the degenerate cases with a cubic 
and an intersecting line could be seen as limiting cases. In any case, a 
singular point S on a quartic space curve q of the first kind appears when 
the quadrics of the pencil through q touch at a certain point S. The 
following definition (illustrated in Figure 6.35) seems useful: 


Definition 6.9.1 The singular point S on a quartic space curve qg of the 
first kind is called, respectively, a double point or a cusp if the common 
tangent planes at S of two quadrics through q intersect the quadratic cone 
Tg emanating from S' and passing through q along either two generators 
or along one generator. 


Tp 


FIGURE 6.35. Left: At the double point D of a quartic space curve q, there are 
two tangents d; and dj. They are the intersection of the cone [p emanating 
from D containing q with the tangent plane Tp of the quadric A at D. Right: 
At the cusp C of the quartic q, there is only one tangent d, i.e., the intersection 
of the cone Tg and Tc. 


Definition 6.9.1 is a purely synthetical definition and can be extended to 
triple points and points with arbitrary multiplicity. If a point D of an 
intersection curve gq = An B is a double point, then the tangents d, and 
dz can be constructed with the help of Dupin’s indicatrix (for a precise 
definition of Dupin’s indicatrix as a curvature diagram, see [46, p. 122]). 
The indicatrices of both surfaces A and 6 (drawn in the common tangent 
plane with the same scaling constant) intersect in pairs of points that 
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are symmetric with regard to the common center D of both indicatrices. 
These opposite points define the tangents at the double points. Moreover, 
this approach as well as the synthetical definition make clear that at D 
there can be two real tangents (ordinary double point), one real tangent 
(cusp), or a pair of complex conjugate tangents (isolated double point). 


Now, we are able to show: 


Theorem 6.9.3 Quartic space curves of the first kind have at most one 
singularity which is either an ordinary or isolated double point or a 
cusp. Quartics of the first kind with singularities admit a polynomial 
parametrization. 


Proof: If a quartic q has two double points, say D1 # Dz, then each plane through the line 
d = [Di, D2] meets q in no further point according to Bézout’s theorem. There are two 
exceptional planes: Since Dj, is a double point, there exist two tangents d, # dz to qg, and each 
of the exceptional planes 6; = [d,d1] and 62 = [d,d2] has to contain exactly one tangent of q 
at the other double point, again according to Bézout’s theorem. Otherwise, #q6; = 5, which 
contradicts deg q = 4. Therefore, q splits into a pair of conics. The case with the cusp can be 
seen as a limit case where the two ordinary double points coincide. 


A rational parametrization of a curve becomes polynomial if we use homogeneous coordinates. 
Assume that the double point D has the homogeneous coordinates d = (1:0:0:0). The 
projection of q from D is a quadratic cone ['; which intersects the plane xg in a conic c,. 
Without loss of generality, we may assume that ci is given by the equation 


co? #0 =0, 2123-23 =0 
which admits a rational parametrization 
co = (0:A7 : Arp?) with A:#0:0. 
Now, the lines 
I(to,t1) =tod+ticg with to:t: #0:0 


intersect any other quadric through q in precisely one point that is different from D, which 
yields a polynomial parametrization of q. a 


= Example 6.9.3 Rational quartic space curves. 


We study the quartic intersection curve q of the cylinder of revolution 
A: (x +1)2+(z-1)? =2 


and the cone of revolution 


To: x+y? = 27 


shown in Figure 6.36 (right). In order to find a parametrization of g, we insert the parametriza- 
tion 
c(u,v) =(ucosv,usiny,u), (u,v) € Rx [0, 2z[ 


of Tc into A’s equation and find a relation between the surface coordinates wu and v 


u((1 + cos? v)u + 2(cos v - 1)) = 0. 
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The solution u = 0 returns the cusp (0,0,0). Therefore, we solve the second factor for u and 


find 
a 1-2cosv 


1+cos2v’ 
which, together with the parametrization of ¢, yields the parametrization of q 


atv) = ( 


This parametrization is well-defined over the interval [0,27[. Naturally, the curve q allows a 
rational parametrization, which can be obtained from the trigonometric one by substituting 


2 . . : 
cos U = is and sinv = ah. This yields 


271 _ 72 3 2 2 
aw -(* (1-t?) 4t a) 


1-—2cosv 1-2cosv . Sy 


cos u, sinv, 
1+cos? uv 1+cos? v 1+cos? uv 


14+t4 °14t4’) 144 


FIGURE 6.36. The quartic q of the first kind with a cusp as derived in Example 
6.9.3 is depicted in the three principal views. The image q’” of q in the right-side 
view is a part of the circle A’”. The top and the front view show a cusped quartic. 


Figure 6.37 shows that any type of linear image — especially orthogonal projections — of a 
rational quartic space curve can result in rational planar quartic curves with different types 
of singularities on the image curve. On the one hand, such singularities can occur as the 
images of the singular point. On the other hand, singularities of the planar images such as the 
additional two cusps (cf. Figure 6.37, top-right), the two ordinary double points (bottom-left), 
or the triple point (bottom-right) are images of at least two regular points on the quartic space 
curve q. 
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In Figure 6.37 (top-left), there is hardly a singularity to be seen. However, the point C which 
is a cusp on q is mapped to a singular point where the local expansion of the image curve 
starts with (#3, t*). This sort of points on planar algebraic curves is called a cusp of the third 
kind.? Indeed, it is possible to find a projection (as shown in Figure 6.37, bottom-right) such 
that a triple point occurs on the image of q. This triple point C* is a so-called composed 
singularity and consists of a linear branch (image of the part locally around the handle point 
H) and a cusp of the first kind (which is the image of the cusp C on q). 


Hi 
H? 
¢ 
C? 
q 
C4 = H* 


FIGURE 6.37. Four different projections p; of a rational quartic space curve q 
of the first kind produce four different rational planar quartics q’ with different 
types of singularities. Top-left: C! is a cusp of the third kind on q' and the 
image H' of the handle point H is (occasionally) an undulation point on q’. 
Top-right: C? is a cusp of the first kind on q?. The additional two cusps are of 
the same type, but images of regular points on g. Bottom-left: C® is an ordinary 
cusp and each of the two (ordinary) double points is the image of two different 
regular points on gq. Bottom-right: The projection p4 is chosen such that the 
image of the handle point and the image of the cusp C' coincide. This causes 
a composed singularity on q*. The point C4 ¢ q4 is a triple point with a linear 
branch and a cusp sitting on it. 


Quartic space curves of the second kind 


A quartic space curve of the second kind can be defined as the intersection 
of a quadric Q and a cubic surface C that share two skew rulings with Q. 


In the following, we aim to provide an analytic description of quartic 
space curves of the second kind. It is no loss of generality to assume that 


3The cusp of the third kind has the local expansion (4, t*), while the expansions at the cusps 
of the first and second kind start with (t?,t?) and (t?,t*) and are usually referred to as 
ordinary cusp and rhamphoid cusp. The German term for the cusp of the third kind is 
Spitzpunkt. 
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Q is given in the very simple form 


QO: x0%3-21%2=0 or 
. (6.39) 
G=(AoHo : Aop1 : Arpfo : Arr) with Ag : Aq : Wo : Wr #0:0:0:0 


in terms of homogeneous coordinates and homogeneous parameters. 


The straight lines 1; and lz on Q are determined by Aj = 0 (Ap # 0) and 
Ao = 0 (Ay #0) and admit the parametric representation 


lL = (Mo: 41:0:0) ly=(0:0: uo: M1) boty 0:0. (6.40) 


The second main ingredient is the family of cubic surfaces through 1, 
and lg. In terms of homogeneous coordinates, a generic cubic surface 
C in projective 3-space P?(F) over an arbitrary commutative field (with 
charF # 2,3) has an equation of the form 

Cs > Cijp Vij LR = 0 (6.41) 

i,j,k=0,1,2,3 

where not all the coefficients c; ak © F vanish simultaneously. We assume 
that C is not degenerate, i.e., it does not contain a linear factor. In order 
to find a quartic space curve gq = QNC\{l;,l2}, we have to make sure that 
1, and ly split off from the sextic curve QNC, and therefore, 1; and lg have 
to be contained in C. This is guaranteed if we insert the parametrizations 
(6.40) into (6.41) and it causes 


Cooo = C111 = C222 = €333 = Coo1 = Corr = C223 = C233 = 0. 
Therefore, the totality of cubic surfaces through J; and ly is given by 
. 2 2 2 2 
2 2 2 2 
+€4 492 {L2 + Cy13L{L3 + Cyo9T1L5 + Cy 33%1L3 + Copp LOL1LQ+ (6.42) 
+€91320L1L3 + Cog3@oL2L3 + Cy93%1LQX3 = OV. 


The curve of intersection of Q and C is now determined by a condition 
imposed on the parameters 4; and y;. This condition is found by inserting 
the parametric representation of Q from (6.39) into the equations of the 
cubic surfaces (6.42) passing through J; and lg and reads 


3 2 2 2 2 3 
(Coo2H6+ Coos Holl + CoraHoll +Co13 HOH + Cy 12MOH{ + Cy13/] )Aot+ 


3 2 2 2 2 3)\._ 
+(Co92Mp + Cor3 Moll + Co33 HOH + C122 MoH + C193 Moly + C133 /7 )A1 =0. 


The fact that (6.43) is linear in Ao: Ay and cubic in pug : 41 gives rise to 


(6.43) 
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Theorem 6.9.4 The intersection of a regular ruled quadric Q and a cu- 
bic surface C that share two skew lines l, and ly (t.e., from the same 
regulus on Q) consists of the two lines and a quartic space curve q of the 


second kind (as long as O¢C and as long as q does not degenerate any 
further). 


The lines of the regulus R1 c Q that contains l, and lg are met by q in 
three points (algebraically counted), while the lines of the complementary 
regulus R2 are met only once by q. 


Proof: The only thing that remains to be confirmed is the number of common points of q and 
the lines in either regulus. 


For fixed Ao : A1 # 0:0, (6.43) is cubic in po : x1 and has three roots over the complex number 
field, and thus, there are as many points on the lines determined by Ag: Ai as is the case with 
1, and lg. 


On the other hand, for fixed zg : wi # 0:0, (6.43) is linear in Ag : Ai, and therefore, there is 
exactly one point on each line in the second regulus. a 


The regulus R; mentioned in Theorem 6.9.4 is usually referred to as the 
regulus of trisecants, since all its lines meet the quartic qg in three points. 
The complementary regulus 72 is called unisecant or monosecant regulus, 
since these lines meet g only in one point. The quadric Q is usually called 
the triceant quadric of q. 


Figure 6.38 shows a quartic space curve q of the second kind as the in- 
tersection of a quadric Q and a cubic surface C, that share two straight 
lines Jy and Ig with Q. 


= Example 6.9.4 A closed rational quartic of the second kind. 


We investigate the intersection of a one-sheeted hyperboloid H of revolution and a cubic 
conoidal ruled surface C (cf. Figure 6.39) with the respective equations 


Q: a7 4+2%7-y?=1 and C: 2(a? +y?)-2ay=0. (6.44) 
The surface C is a cubic ruled surface known as Pliicker’s conoid (cf. Sections 2.2, 10.1, and 
11.4). 
Eliminating z from both equations yields 
q': (a? +y")? — (a? -y?) =0, (6.45) 
which is the equation of a planar curve that can be considered to be the top view q’ of q. 


The curve (6.45) is known as Bernoulli’s lemniscate (cf. [41, 84, 137] and also [46, p. 111 & 
p. 411]). It allows the rational parametrization 


a'(t) = 1 bee ) 


1+¢4 \ 47-1) 


which, inserted into C’s equation, yields 
t2+1)(t2 -1 
z(t) = tea a) )¢ ) . 


1+t4 
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FIGURE 6.38. From the sextic intersection of the quadric Q and the cubic C, 
two straight lines /; and [2 split off. What remains is a quartic space curve q of 
the second kind. 


Thus, we have the rational parametrization of q 

t(1 +t?) 

t(t? -1) , 
(#7? +1)(t? -1) 


which can also be turned into a trigonometric one by substituting t = tan 


q(t) = 


14+t4 


= 


5° This results in 


2sinT 
-sin2r |, 7e([0,27[. (6.46) 
4cosT 


q(T) 


7 3+ cos 27 


Note that all linear images of q are rational curves. So are the principal projections shown in 
Figure 6.40. 
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FIGURE 6.39. This closed and rational quartic curve q is the intersection of a 
one-sheeted hyperboloid H of revolution and a cubic conoidal ruled surface C. 
The trisecant regulus (black) and the unisecant regulus (white) are also shown. 


= Example 6.9.5 A regulus of trisecants. 


Show that the quartic q (displayed in Figure 6.41) of the second kind parametrized by 


1 2at 
a(t) = —z | o(t* + 2t? - 1) 
1+t 3 
2ct 


lies on the one-sheeted hyperboloid 


2 22 
a yg 
Gi oe ed, 
a2 2? 2 
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KEIRED. 


FIGURE 6.40. Top row: The right-side view (left) and the front view (right) 
of (6.46). The front view shows an eight-loop with two undulation points (top 
and bottom) and an inflection node in the center. Bottom: The top view of q 
is Bernoulli’s lemniscate. 


Show further that the lines of the regulus 


acosUu —asin u 
R=] bsinu |+v] bcosu 
0 -¢ 


intersect the curve in three different points. The curve q admits a trigonometric parametriza- 
tion by substituting t = tan -_ which reads 


a(2sin 7 + sin2rT) | 


1 
t) = ——— | b(1-cos27 -4cost 
a) a ( ) 
c(2sin 7 - sin 27) 
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Further, q lies on the two cubic surfaces 


Ci: ay(c?y? — 2b727) + bc(acy? + 2bxz) — ab?c?y — ab®c? = 0, 
Co: az(c2y? — 2b? 27) + be? y(az + cz) — b?c? (2az — cx) = 0. 


Figure 6.41 (right) shows the two cubic surfaces C; and C2 through the quartic gq. 


FIGURE 6.41. Left: The quartic g of the second kind meets each line of one 
regulus on the one-sheeted H in three different points. Right: The two cubic 
surfaces C; and C2 through gq. 


= Example 6.9.6 Contours of Pliicker’s conoid. 


On Pliicker’s conoid, we can find a two-parameter family of quartic space curves of the second 
kind. As we shall see soon, there are also degenerate quartics among them. 


Let 1 = (11, 2,13) with || = 1 be a unit vector. A contour point C with coordinates c = (2, y, z) 
on Pliicker’s conoid (second equation in (6.44)) with regard to the parallel projection in the 
direction of 1 is characterized by having a surface normal (vector) nc orthogonal to 1. Since 


gradP = (2x2 - 2y, 2yz - 2,27 +y”) = ne 
yields the normal vector at C. The condition (ne, 1) = 0, i.e., 
U: %Aaz-y)l + 2(yz-a)lo + (a7 +y")lz = 0, (6.47) 


is the equation of a regular quadric as long as (li — 12)?(li +l2)? + 0 and gives a relation 
between the coordinates x, y, and z of the contour points. So, the contour q of P w.r.t. the 
parallel projection is a part of the intersection of / and P, which is expected to be a sextic. 
We can easily verify that the z-axis is contained in U and, provided that b(? + I) + 0, the 
quadric always has a center whose coordinates are 


Io(15 — 17) 
(3-2) |. (6.48) 


2 +12)I 
eg Ay lols 
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FIGURE 6.42. The contour gq of Pliicker’s conoid P w.r.t. the parallel projection 
in the direction | is a quartic space curve of the second kind. The curve q is a 
part of the intersection of P with a ruled quadric U that contains the directrix 
dcP. The orthogonal projection of g in the direction of d (top view) is a quartic 
curve q’ with a triple point T = d' that is the directrix’s image. 


Since the z-axis is a part of the double curve of P, it splits off from Un P with multiplicity 
two. Consequently, the remaining part is a quartic space curve of the second kind, an example 
of which is displayed in Figure 6.42. 

We can describe this quartic more precisely. For that purpose, we eliminate z from the 
equations of U and of P, which yields an equation of the top view q’ of the contour curve: 


qd: g(a? +y?) + 2(@-y)(a + y)(liy - lez) = 0. (6.49) 
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Since there are no terms of degree two or less, we see that the point (0,0) is a triple point 
on q’ with two tangents if I; : lg is either 1:1 or 1:—1. In any other case, there are three 
separate tangents at the triple point, which makes it an ordinary triple point, then. 


In order to find a parametrization of q’, we intersect it with the lines of the pencil about the 
triple point, i.e., we insert x = u and y = tu with t,u € R into (6.49) and find 


1 ( 2(t? — 1)(tly — lz) 


q’(t) = Ig(1 + t2)2 2t(t? —1)(tly — l2) 


Inserting the two coordinate functions of q’ for x and y into the equation of P or of U, we find 
2t 
z(t) = ——> 


1+t2’ 
which, together with q’, gives a parametrization of the quartic contour curve q. A trigono- 
metric form can be given by substituting ¢ = tan 5, which yields 


(2 cos Tt — 11 sint + 12) cos T 
q(t) = —| (licos7t +lgsint —1,) cost 
I3 sinT 


The cases where U is singular or has no center are to be discussed separately. Only if l3 = 0, 
the quadric U/ has no center (for 1? +13 = 0 cannot happen over the reals). Then, (6.49) becomes 
(2 -y)(@ + y) (iy - 12x) = 0, and the quartic q becomes the union of three (mutually skew) 
generators of P together with the directrix x = y = 0 (intersecting them all). 


FIGURE 6.43. The top views q’ of P’s contour curve q w.r.t. two different 
parallel projections in the direction 1. Left: 1 = $(1,8,4). Right: 1= $(4,4,7), 
i.e., 1, = 12 where q’ has only two tangents at the triple point 7. 


The quadric & is singular if, and only, if 1; = +l2. Then, (6.47) becomes a quadratic cone 
centered at one of P’s pinch points, 7.e., whose vertex is either (0,0, 1) or (0,0,-1), depending 
on whether 1, = lz or 1; = -lg. The top view q’ of q shows a triple point T with only two 
tangents (see Figure 6.43). 


As can be guessed from Figure 6.43, the top view I’ of the projection vector is parallel to one 
of the tangents of q’ at the triple point. 
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The visual contour of Pliicker’s conoid P in an orthogonal view is simply the orthogonal pro- 
jection of the quartic q onto a plane orthogonal to kerl. The visual contour of P is a planar 
rational quartic with three cusps, which is a collinear image of Steiner’s hypocycloid (some- 
times referred to as deltoid). Figure 6.44 (left) shows an orthogonal projection of Pliicker’s 
conoid. The visual contour is drawn in dark blue. The right-hand side of Figure 6.44 shows 
only the three-cusped curve. 


FIGURE 6.44. Left: Pliicker’s conoid with its visual contour (thick blue curve) 
as the envelope of the images of the rulings. Right: The visual contour as the 
orthogonal projection of the quartic q (of the second kind) onto the plane ker]. 


= Example 6.9.7 The asymptotic lines of Pliicker’s conoid. 

We can use either the second equation of (6.44) (implicit equation of Pliicker’s conoid) or the 
parametrization (10.22) in order to compute the curved asymptotic lines of Pliicker’s conoid. 
In (10.22), we replace t by v and w by u. Then, the second fundamental form reads 


II = 4((1 - 2cos? v)du — usin 2v)dv. 


Setting II equal to zero yields two linear differential equations for the asymptotic lines on the 
conoid. The factor dv = 0, or equivalently, v = const. corresponds to the rulings, which are the 
straight asymptotic lines. The second family of asymptotic lines is the one-parameter family 
of integral curves of 

((1 - 2cos? v)du - usin 2v)dv = 0, 
which can be given as k?u? = —cos2v with an arbitrary constant of integration k ¢ R. Thus, 
the asymptotic lines on Pliicker’s conoid can be parametrized by 


ky/- cos 2u cos v 
a(t) =] kV/—cos2vsinu 
sin 2u 


Some of these curves are shown in Figure 6.45 (left). Their top views (cf. Figure 6.45, right) 
are Bernoulli’s lemniscates (cf. [41, 84, 137]).The latter fact can be verified by implicitizing 
the parametrization of the top view 


(1) k\/— cos 2u cos v 
a = F 
kyV/— cos 2v sinv 
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The curved asymptotic lines are quartic space curves of the second kind. What are the quadrics 
through the asymptotic lines? 


\\) 
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FIGURE 6.45. Left: The curved asymptotic lines of Pliicker’s conoid are quar- 
tic space curves of the second kind. Right: The top view (i.e., orthogonal 
projections in the direction of the directrix (or double line) d shows the curved 
asymptotic lines as Bernoulli’s lemniscates. 


Degenerate quartics space curves of the second kind 


In analogy to Theorem 6.9.2, we can describe the degenerate quartic space 
curves of the second kind: 


Theorem 6.9.5 A quartic space curve q of the second kind can degener- 
ate in the following three ways: 

(1) the union of a rational cubic space curve c and a straight line | that 
intersects c in exactly one point P, andl does not touch c at P, or 

(2) the union of a conic c and a pair of skew straight lines ly and lz such 
that each line meets c in precisely one point, neither line 1s contained in 
the plane spanned by c, or 

(3) the union of three mutually skew straight lines l,, lz, l3, and a fourth 
line intersecting all three lines l;. 


Proof: In order to verify the contents of Theorem 6.9.5, we only have to study all possible 
cases of degeneration of the form (6.43). 
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If (6.43) is independent from Ag : Ai, then q is the union of a straight line / and a cubic space 
curve c. From Theorem 6.9.4, it is clear that c and | can have only one point in common. 


If the cubic form has one real factor, then gq becomes a conic and a pair of straight lines. 


In the third case, the cubic form in po : 41 is the product of three homogeneous linear factors 
each of which determines a straight line from one regulus, and thus, they are mutually skew 
and meet the fourth line (which is from the complementary regulus). An example of this 
kind of degenerate quartic space curve of the second kind is given by the contour of Pliicker’s 
conoid in Example 6.9.6. a 


Double binary forms 


On the ruled quadric (6.39), we have determined quartic curves on a 
ruled quadric Q as the intersections with cubic surfaces C given (6.42) that 
contain two rulings of the same regulus on Q. We have found the condition 
(6.43) on the homogeneous surface parameters Ao : Ai: Mo: pi. It is 
easy to see that (6.43) is homogeneous in Ag : Ay and jug : {41 Separately. 
Therefore, this form is called a double binary form. 


Moreover, (6.43) is of degree 1 in Ag : Ay and of degree 3 in fig: 1. Thus, 
the quartic space curve defined by this double binary form is sometimes 
denoted by Ct. 


@ Exercise 6.9.2 Quartic space curves of the first and second kind. 


Use the parametric and implicit representation of a ruled quadric as given (6.39) and show 
that the algebraic curves C1? are cubic space curves and C?:? are quartic space curves of the 
first kind. 


Show further that the thus defined quartic space curves of the first kind lie on all quadrics in 
a pencil of quadrics. 


® 


Check for 
updates 


¢ Confocal quadrics 


The picture shows an elliptic paraboloid with its curvature lines. These lines 
are the curves of intersection with confocal elliptic and hyperbolic paraboloids, 
and therefore, in general of degree four. 


© Springer-Verlag GmbH Germany, part of Springer Nature 2020 279 
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Families of quadrics which intersect the planes of symmetry along confo- 
cal conics are called confocal. They belong to a range, i.e., a dual pencil. 
It is interesting to see that confocal quadrics are connected with vari- 
ous geometric problems, and often the famous theorem of Ivory plays a 
central role. 


7.1 The families of confocal quadrics 


Definition 7.1.1 Two quadrics are called confocal if they have common 
axes and intersect each plane of symmetry along confocal conics.! 


Let € be a triaxial ellipsoid with semiaxes a, b, and c. Then, the one- 
parameter family of quadrics being confocal with € is given as 


a2 y? 2 


fie Pek CER 


In the case a > b>c>0, this family contains (see Figure 7.1) 


=1 for keR\{-a?,-b7,-c’}. (7.1) 


-C <k<oo triaxial ellipsoids, 
for 4 -b?<k<-c? one-sheeted hyperboloids, (7.2) 
-a’ <k<—b? two-sheeted hyperboloids. 


Their curves of intersections with the plane z = 0 share the focal 
points (+Va?-b?,0,0). In the plane y = 0, the common foci are 


(+Va? -c?, 0, 0), and in x = 0 they are (0,+V 0b? - c?, 0). 
As limits for k > -c? and k > —b? (Figure 7.2), we obtain ‘flat’ quadrics, 


pe y? 
the focal ellipse fe: +> + =1,.2=0, 
a a a 23 
we 72 (7.3) 
and the focal hyperbola fy: Doe ples 1, y=0. 


This pair of conics has already been studied under the notation ‘focal 
conics’ in [46, p. 137ff]: Each of these conics is the locus of apices of right 
cones passing through the other conic. However, this time these conics 
are embedded in a family of confocal quadrics.? 


1M. Bercer uses in [5, 15.7.17| the term homofocal instead of confocal. 

2Note that, for k > —c?, the right-hand limit via ellipsoids covers the interior of the focal 
ellipse fe twice (Figure 7.3), while the left-hand limit via one-sheeted hyperboloids covers 
the exterior of fe twice. A similar effect shows up at the focal hyperbola fy, (cf. Figure 7.4). 
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FIGURE 7.1. Confocal quadrics and the curves of intersection between the 
triaxial ellipsoid € and the confocal hyperboloids, which are curvature lines on 
é. 


The limit for k > -a? gives the empty conic 
2 2 
y Zz 
f.p 22 x=0. (7.4) 
In the sense of Theorem 7.1.1, this conic is the fourth singular dual 
quadric, besides the focal ellipse f., the focal hyperbola f;,, and the ab- 
solute conic, in the linear system of confocal quadrics. 


The dual representation of the confocal family will reveal that the two 
focal conics have to be seen as a set of tangent planes, and then, they 
are included as singular dual quadrics (note the coming Theorem 7.1.1 
on page 285). Due to this interpretation, all lines in space which meet 
a focal conic f in at least one point are tangent lines of f. It makes 
sense to specify that all lines in a plane of symmetry are also tangents 
of the included focal conic, even when the conic is empty or the points 
of intersection with the conic are complex conjugate. When an ordinary 
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tangent line of the plane curve f is meant, we speak in the following of a 
proper tangent line. 


FIGURE 7.2. Ellipsoid € with umbilic points U;,U2 and focal hyperbola fy). 


If a = b # c, then (7.1) defines a family of confocal central quadrics of 
revolution. In this case, the meridians in the [a,z]-plane are confocal 
conics. The ‘focal ellipse’ is a circle, the focal hyperbola as the limit k > 
—b? = -a? degenerates to the z-axis. This time, two-sheeted hyperboloids 
do not show up in the family; they can be replaced with meridian planes. 


For a = b= c, we obtain concentric spheres. 


The quadrics being confocal with an elliptic paraboloid with the standard 
equation (see Table 2.1) can be represented as 
= Voy e=0 for kER\{-02,-¥ 7.5 
ik pap z-k=0 or € {-a",- }. (7.5) 
In the case a > b > 0, this one-parameter set contains 


-b? <k<oo elliptic paraboloids, 
for { -a? <k<-b? hyperbolic paraboloids, (7.6) 
k<-a? elliptic paraboloids. 
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FIGURE 7.3. Confocal ellipsoids, where k tends to —c?. 


For each k, the vertex of the corresponding paraboloid has the coordi- 
nates (0,0,-k/2). The point (0,0,67/2) is the common focal point of the 
principal sections in the plane = 0, and (0,0,a?/2) is the analogue for 
the sections with y = 0. 


The limits for k > —b? or k > -a? define the pair of focal parabolas 
(Figure 7.5) 


fi: —— - 22+? =0, y=0, 

a? — (7.7) 
fo: =p +2z-a?=0, «=0, 

within the family of confocal quadrics. The vertex of each focal parabola 

coincides with the focal point of the other parabola. Therefore, this pair 

is the same as shown in [46, Fig. 4.15]. The limits of the paraboloids for 

k > -a? and for k > —b? again show a difference between the right-hand 

and the left-hand version: In one case it is the interior of a focal parabola 


that is covered twice, and in the other case the exterior. 
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FIGURE 7.4. Confocal one-sheeted hyperboloids, where k tends to —b?. 


For the sake of completeness, we recall from [46, (10.12)] that, after a 
slight modification, confocal quadratic cones with their common apex at 
the origin satisfy 


a? y? 2 


a R\ {—a2. —b2. 24. 
ak Pak 2ok 0, keR\{-a*,-b*,c*} (7.8) 


Their intersections with the unit sphere are confocal spherical conics. We 
assume a>b>0. Then, for k < -a? and k > c?, the cones do not contain 
real points other than the origin. The flat limit for k > —b? is a sector 
bounded by the lines 


7+ —=__ =9 (7.9) 
Va2—-b? Vb? +c? , 
in the plane y = 0. These lines are called focal lines of the cones since they 
pass through the focal points of the spherical conics. Another name is 
focal axes according to the general Definition 7.1.2, which follows below. 
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fa 


FIGURE 7.5. A hyperbolic paraboloid P;, together with its focal parabolas f; 
and fo. 


At the limits for k > -a? and k > c?, the corresponding spherical conics 
become great circles in the common planes of symmetry. 


Confocal quadrics define a range 


Theorem 7.1.1 Confocal quadrics belong to a range of dual quadrics, 
which includes the absolute conic as a singular surface. Therefore, confo- 
cal quadrics share their isotropic tangent planes. 

Also confocal quadratic cones, each seen as a set of tangent planes, belong 
to a range, which includes the isotropic cone with the common apex O. 


Proof: In analogy to the dual equations of ellipsoids € (2.8) and hyperboloids H (2.30) with 
the respective standard equations (2.2) and (2.20), we can state that the plane given by 


ug +uj@ + ugy +u3zz = 0 


is tangent to any surface of the family of confocal quadrics (7.1) if, and only if, 


2 


(-ud + a? ud + b?ud + c7uz) + k(ue + uz + uz) = 0. (7.10) 


This is a linear combination of the homogenized dual equation of € and the equation of a 
singular quadric consisting of all isotropic planes. 
The homogenized dual equation of confocal paraboloids satisfying (7.5) shows a similar result, 
namely 

(a?uz + b?u3 — 2ugu3) + k(up + ud +. u3) = 0. 
Finally, the dual equation of confocal cones, as given in (7.8), reads 


(a7 u2 +b? us -— c?u3) + k(uy + uz +uz)=0, uo =0, 
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and it shows again a range, spanned by the given cone (k = 0) and the isotropic cone with its 
apex at the origin. a 


By virtue of Theorem 7.1.1, two confocal quadrics share their isotropic 
tangent planes. The confocal families given by (7.1) contain four rank-3 
dual quadrics, the absolute conic, and the two focal conics (7.3), each 
seen as a set of tangent planes. The fourth singular quadric (7.4) is an 
imaginary (or empty) conic in the third plane of symmetry. 


Theorem 7.1.2 The cones or cylinders, drawn from any finite or ideal 
point P to the quadrics of a confocal family or connecting P with one 
of the focal conics, are confocal. For finite P, the common planes of 
symmetry of the confocal cones are tangent to one of the three quadrics 
passing through P. Therefore, confocal quadrics form a triply orthogonal 
system of surfaces. 


Proof: The tangent cones in question share all isotropic planes which are common to the 
confocal quadrics and pass through P. Therefore, these cones with apex P are confocal, too. 
This is a classical result attributed to C.G. J. JAcosi in 1834 [127, p. 204] and a special case 
of a theorem concerning ranges of surfaces of degree two (see Chapter 4). 


When the quadric Q passes through the point P, the tangent cone from P to Q, defined as 
a set of planes, splits into two pencils of planes with real or complex conjugate axes. These 
two axes are generators of Q and span the tangent plane tp to Q at P. On the other hand, 
the planes spanned by these pairs of axes are the common planes of symmetry of the confocal 
cones. This confirms that confocal quadrics form a triply orthogonal system of surfaces. 


This result has a series of important consequences. We will consider four 
of them. 


(1) A famous theorem by Dupin? states that the surfaces of a triply or- 
thogonal system intersect each other along curvature lines (cf. [56, p. 187] 
or [129, p. 80]). This is equivalent to the statement that the surface 
normals to any surface S; out of this family along the intersection curve 
c = 81S» form a developable ruled surface, namely the developable which 
contacts Sz along c. We summarize the foregoing result for the case of 
confocal quadrics (note Figure 7.1 and that on page 279). 


Corollary 7.1.1 The quadrics of a confocal range intersect each other 
along their curvature lines. Therefore, the curvature lines of regular 


3CuarLes DupIN (1784-1873), French mathematician. 
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quadrics Q are algebraic curves. They appear as conics when projected 
orthogonally onto any plane of symmetry of Q. 


(2) In the family of confocal quadrics, there are three quadrics passing 
through any given point P in space, outside the common planes of symme- 
try. In the case of central quadrics (see Figure 7.1), we obtain an ellipsoid, 
a one-sheeted hyperboloid, and a two-sheeted hyperboloid. In the case 
of paraboloids, two elliptic paraboloids, opening to opposite sides, and a 
hyperbolic paraboloid are meeting at P. Usually (see, e.g., [73, p. 22], 
[129, p. 81], or [133, p. 64]), this is proved by showing that, after plugging 
the coordinates of P into (7.1) or (7.5), respectively, the equations have 
three zeros for the unknown parameter k: one in each of the parameter 
intervals listed in (7.2) and (7.6). 


The parameters (k1, k2,k3) of the three central quadrics passing through 
the point P are called elliptic coordinates of P (see, e.g., [73, §5] or [129, 
p. 81|). For the family given in (7.1), the Cartesian coordinates (2, y, z) of 
the point P and its elliptic coordinates with k, > —c? > ky > —b? > k3 > -a? 
are related via 


9 (a?+ky)(a?+k2)(a?+k3) 4 (b?+ ky) (0? + kz) (0? + keg) 
(BYR) (PBR a) 
92 7 (c7+ ky) (c2+ ko) (2+ k3) 


(2-a@)(2-B) 
Apparently, eight points in space, symmetrically placed w.r.t. the coordi- 


nate frame, share their elliptic coordinates. The n-dimensional analogues 
of (7.11) are provided in [60, Lemma 1]. 


We retain the name elliptic coordinates also for the case of confocal 
paraboloids.* Then, for the family or quadrics (7.5), the relations be- 


(7.11) 


tween elliptic and Cartesian coordinates are 


(a? — b?) »Y (a? — b?) ’ 


a ky > —b? > ky > -a? > kg. 


Readers are invited to develop the proofs of (7.11) and (7.12) in Exer- 
cise 7.1.7. 


(7.12) 


4S-raupk uses the notation parabolic coordinates in [126]. 
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FIGURE 7.6. For an apex P on the focal hyperbola f; of the triaxial ellipsoid 
E, the tangent cone Cp to € is a cone of revolution. 


At any point P of a quadric Q, the tangents t,,t2 at P to the curvature 
lines of Q are the surface normals of the other two confocal quadrics pass- 
ing through P. They are axes of the Dupin indicatrix at P which, in the 
case of quadratic surfaces, is homothetic to planar sections of Q in planes 
parallel to the tangent plane tp to Q (note Section 8.2). This proves 
that t; and tg are principal curvature tangents, as defined for ellipsoids 
on page 13. 


(3) Two confocal cones share the planes and axes of symmetry. 
Corollary 7.1.2 If tangents can be drawn from a finite or ideal point P 


to two confocal quadrics, then there exist two or four common tangents 
through P. They are symmetric w.r.t. three orthogonal planes through P. 


(4) Finally, we focus on confocal tangent cones in the case when the apex 
P is located on a focal conic. 
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Corollary 7.1.3 Given a point P in the exterior of a quadric Q, the 
tangent cone Cp from P to Q is a cone of revolution if, and only if, P is 
located on a focal conic f of QO. The axis of Cp is the proper tangent of f 
at P. 


Proof: If P lies on a focal conic fi of a family of confocal quadrics, then the cone connecting 
P with the other focal conic fz is a cone of revolution. By virtue of Theorem 7.1.2, all tangent 
cones from P to quadrics confocal with fo are of the same type, and their common axis is the 
proper tangent line to f; at P (see Figure 7.6). 


Conversely, f1 is the locus of points P from which the connecting cone with f2 is a cone of 
revolution, provided that P is not coplanar with fz (note [46, p. 139]). a 


Focal axes of quadrics 


The following definition addresses a generalization of the focal points of 
conics |[46, p. 254]. 


Definition 7.1.2 A (proper) line @ is called a focal axis of any quadric, 
quadratic cone, or cylinder if, and only if, the two isotropic planes through 
é are tangent planes of the quadric, cone, or cylinder, respectively [127, 
pp. 205-206]. 


In the case of a quadratic cylinder, the focal axes are parallel to the 
cylinder’s generators and pass through the focal points of the orthogonal 
sections. Therefore, elliptic or hyperbolic cylinders have two real and two 
complex conjugate focal axes. A parabolic cylinder has only one real focal 
axis. 


A quadratic cone C has two real focal axes and two pairs of complex 
conjugate focal axes. The real ones pass through the focal points of the 
spherical conic, which is the intersection of C with the unit sphere centered 
at, the apex of C. If C satisfies (7.8) for any k + —b? in the open interval 
(-a”, c”), the two real focal axes satisfy 


y=2Vb2+c+2Va2—-b2 =0, 


in accordance with (7.9). The planes x = 0 and z = 0 contain pairs of 
complex conjugate focal axes satisfying, respectively, 


z=aVP+CetiyVa2+A=0 or v=yVart+c+izVa?—-b? =0. 


With regard to the focal axes of regular quadrics, we can state 
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Lemma 7.1.4 1. Each focal axis of a quadric Q is a focal axis of all 
quadrics being confocal with Q. 


2. Each focal axis € of a regular quadric Q is either a generator of a 
confocal ruled quadric or a proper tangent of a focal conic of Q. 


3. If € is a focal axis of QO and P a point of €, then £ is a focal axis of the 
cones drawn from P tangent to Q and to all confocal quadrics. 


Proof: The first statement follows from Theorem 7.1.1. For each real plane, there exists in 
the confocal range exactly one regular or singular surface that is tangent to the plane. If @ is 
a focal axis, we choose any non-isotropic plane through £. This plane is tangent to a quadric 
QO in the range. Since, together with the two isotropic planes, there already exist three planes 
through @ being tangent to Q, the line @ must be a generator of a ruled quadric Q or a proper 
tangent of a focal conic. a 


Theorem 7.1.3 Given a family of confocal quadrics, a real line £ is either 
a focal axis or it touches exactly two surfaces of the confocal family, and 
the tangent planes at the respective points of contact are orthogonal. 


Proof: We apply the spatial version of Desargues’s involution theorem [46, p. 309] to the given 
range of quadrics. This theorem states that either the pairs of tangent planes through @ to 
the quadrics of the range form an involution or a plane through @ contacts all quadrics. 


All common tangent planes of confocal quadrics are isotropic. So, either the real line @ is 
the intersection of two common tangent planes and £ or it is a focal axis or the two isotropic 
planes through £ are a pair of an involution. The latter implies that the two fixed planes of the 
involution are orthogonal. We obtain a fixed plane exactly in the case when the corresponding 
quadric is tangent to @ (note Exercise 7.1.11). a 


Remark 7.1.1 Concerning Theorem 7.1.3, the points of contact of the two tangent planes 
through @ with the quadrics need not be different. By virtue of Corollary 7.1.1, they coincide 
if, and only if, 2 is tangent to a line of curvature on a quadric. 


Theorem 7.1.3 is attributed to M. CHASLEs.° Its n-dimensional version 
can be found in [133, p. 65]. 

Further, Theorem 7.1.3 gives rise to a characterization of geodesics on 
quadrics (cf. Figure 7.7), which dates back to JACOBI (1839) [68] and 
CHASLES [27]. 


Theorem 7.1.4 On each quadric Q, the geodesics are curves c with tan- 
gents contacting another fixed quadric Q' + Q out of the confocal family. 


5MicuEL CHAsLes (1793-1880), a French mathematician and professor at the Ecole Polytech- 
nique. 
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FIGURE 7.7. The tangent surface along any geodesic c on the ellipsoid € 
contacts a confocal quadric H (Theorem 7.1.4). 


This theorem holds also for the intersections of Q with its planes of sym- 
metry, provided that each line in a plane of symmetry is defined as a (not 
necessarily proper) tangent of the singular curve which lies in this plane. 
This is in agreement with the convention described on page 281. 


Proof: Suppose that a smooth curve c on Q has the property that all its tangents t contact 
the confocal quadric Q’, but c lies outside Q’. Let t be the tangent to c at any point Pec 
and let P’ + P denote its point of contact with OQ’. Since the osculating plane of c at P€c is 
tangent to the tangential surface of c along t, it coincides with the tangent plane Tp, to Q’ at 
P’. By virtue of Theorem 7.1.3, the osculating plane of c at P is orthogonal to the tangent 
plane tp at P to Q. This characterizes c as a geodesic. We can state that the integral curves 
on Q, defined by the congruence of common tangents of the two confocal quadrics Q and Q’, 
are geodesic lines on Q, except the connected components e and @ of Qn Q’ (Figure 7.7). 


Geodesics oscillate between two antipodal curvature lines e and @. In particular, geodesics 
passing through one umbilic point U of a central quadric Q must also pass through the 
antipode of U |7, p. 519]. 


Conversely, each geodesic c on the quadric @ is uniquely defined by an initial point and its 
tangent t [82, p. 143]. If t is a focal axis, then, by Lemma 7.1.4, t is a generator of Q and hence 
geodesic. Otherwise, by virtue of Theorem 7.1.3, t contacts exactly two surfaces of the family 
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of confocal quadrics. One surface is Q itself. The other quadric Q’ defines a congruence of 
common tangents with Q, and, as a consequence of the first part of this proof, c must be one 
of the integral curves. Formulas expressing geodesics in terms of elliptic coordinates can be 
found in [73, p. 25-31] a 


In the literature, there are many results about properties of geodesics. We 
consider a theorem by F. JOACHIMSTHAL® [7, p. 517]: Let X be a point of 
a geodesic line with tangent ¢ and tangent plane Tx to the carrier quadric 
Q. Then, along the geodesic the product of the distance of Tx to the 
center and the length of the diameter parallel to t is constant. Geodesics 
of ellipsoids in E” are studied, e.g., in [76]. Geodesics of ellipsoids in 
the 3-dimensional Minkowski space are treated in [43]; geodesics in the 


n-dimensional Lorentz space are a topic in [72]. 


@ Exercise 7.1.1 Vertex generators of confocal paraboloids. 
Prove the following statement [64]: For each family of confocal paraboloids satisfying (7.5), 
the vertex generators of the hyperbolic paraboloids and the proper vertex tangents of the focal 
parabolas are located on a Pliicker conoid with the equation 


a) a? —b? 
+ 


(+ )(2- * 


(compare with the equations in (2.26) and (2.56)). 


e@ Exercise 7.1.2 Affine transformation P- +» Pry in Theorem 2.4.1. 

Let the quadric Q intersect its plane ¢ of symmetry along the conic cz, while f c € is a focal 
conic of Q. Show for the affine transformation P- + Pn, as explained in Theorem 2.4.1, 
that the polar of P: w.r.t. ce coincides with the polar of Py w.r.t. f. Therefore, the affine 
transformation is the composition of two polarities: the first as a point-to-line transformation 
and the second as a line-to-point transformation. 


@ Exercise 7.1.3 Polarity w.r.t. confocal quadrics in E°. 

Prove the following assertions concerning a given family of confocal quadrics in E?: 

1. The poles of a given finite plane ¢ w.r.t. the quadrics of the confocal range are located on 
a line orthogonal to ¢. This line is the surface normal of the unique quadric which contacts ¢. 
2. For a given finite line & outside the common planes of symmetry, the polar lines w.r.t. the 
quadrics of the confocal range form a hyperbolic paraboloid. This paraboloid is orthogonal if, 
and only if, @ is a focal axis. 


e@ Exercise 7.1.4 Proof of Theorem 2.4.2. 


Prove the following statement concerning the surface normals np of any central or parabolic 
quadric Q in E: 


8FERDINAND JOACHIMSTHAL (1818-1861), German mathematician, professor in Halle and 
Wroztaw (Breslau). 
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For any two given points P,, Pz € Q outside of any plane of symmetry, there is a similarity 
between the respective surface normals n; and n2, mapping P; onto P2 and, for each symmetry 
plane o of QO, the point of intersection nj Ma onto nana. 


Hint: By virtue of Exercise 7.1.3, the points of intersection of n; with the planes of symmetry 
are the poles of the tangent plane 7; w.r.t. the singular surfaces in the range of surfaces being 
confocal with Q. These points of intersection are directly related to the fixed parameters k 
of the singular surfaces. In the case of central quadrics, these are the k-values —a?, —b?, and 
—c?. For confocal paraboloids the k-values in question are —a? and —b?, while P; corresponds 
to the parameter k = 0 of the given paraboloid. 


e@ Exercise 7.1.5 Tangent plane and normal line of a quadric. 


Prove the following spatial analogue of focal involutions of conics (see [46, p. 340]): Given any 
quadric Q with o as a plane of symmetry. Then, for all points P € Q outside of a, the normal 
line np and the tangent plane rp to Q at P intersect o in a point and its polar line w.r.t. the 
focal conic of QO which is located in 0. Why is the affine transformation of Exercise 7.1.2 the 
product of two polarities? 


@ Exercise 7.1.6 Orthogonal views of confocal quadrics are confocal. 


Prove the statement that, for every orthogonal projection, the visual contours of confocal 
quadrics are confocal. If the rays r of the orthogonal projection are parallel to a plane o of 
symmetry of the quadric Q, then the tangents to the focal conic f in o that are parallel to r 
are projected onto the focal points of the visual contour of Q. 


@ Exercise 7.1.7 Relations between Cartesian and elliptic coordinates. 


Prove the relations between the Cartesian coordinates (x,y,z) and the elliptic coordinates 
(k1,k2,k3) of points, as listed in (7.11) and (7.12). 


@ Exercise 7.1.8 Points of contact with parallel planes. 


Verify that the points of contact between a pencil of parallel planes and the quadrics of a 
confocal family are located on an equilateral hyperbola [60, Statement 3]. 


e@ Exercise 7.1.9 Involution related to the principal sections of a quadric. 


Given a central quadric Q, let 11, v2 be the planes of the two principal sections, 7.e., the normal 
planes through the principal curvature tangents, at a point X ¢ Q. Then, for all points X 
outside the planes of symmetry, the two planes 11, v2 intersect any axis of symmetry of Q in 
pairs of an involution. 


@ Exercise 7.1.10 An invariant along geodesics. 


Confirm the following statement: For points p with tangent vectors v = (v1,v2,v3) of a 
geodesic on the ellipsoid with semiaxes a, b,c, the quantity 
2_ ,.2¢72 , 2 27,2. 2 27 2, 72 
kis |v x p||* — vy (0° + c*) — v9 (c* +a“) — v3 (a + b*) 
lvl]? 
remains constant. 


Hint: By virtue of Theorem 7.1.4, the tangents of any geodesic contact a confocal quadric. 
Show that k is the parameter of this quadric. 
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@ Exercise 7.1.11 Compute confocal quadrics which are tangent to a given line. 


Confirm the following statement: If a line @ through a point p = (pi, p2,p3) and with direction 
vector v = (v1, v2,v3) contacts a quadric Q out of the confocal range spanned by the ellipsoid 
with standard equation (2.2), then the parameter k of Q is a root of the quadratic equation 


Iv ||? k? + (wl? - vz (0? + c?) - ve (c? + a?) - v3 (a? + b)) k 
+ (a?b?v3 + b?c2u? + c7a?v3 - a?w? - b?w3 - c?w3) =, 


where w = (wi, w2,w3) = vx p. What characterizes ¢, in accordance with Theorem 7.1.3, as 
a focal axis of the confocal family? 


7.2 lvory’s Theorem and bipartite frameworks 


Ivory’s Theorem (see Figure 7.8), implicitly included in Sir JAMES 
Ivory’s paper [66] from 1809, deals with confocal surfaces and holds 
in Euclidean, hyperbolic, and elliptic spaces of all dimensions. The two- 
dimensional version, the spherical version in E?, as well as the versions 
in the Minkowki plane M? and in the hyperbolic plane H? were already 


addressed in |46, pp. 39, 454, 477, 479]. 
qn 


Here, we focus on Ivory’s Theorem in E”, n > 2, together with a re- 
markable converse which illustrates the role of quadrics in the theory of 
rigidity. The converse in question deals with bar frameworks (frameworks, 
for short), ¢.e., with graphs of any combinatorial type and related config- 
urations (or realizations) in E” where the knots as points in E” and the 
edges are bars in the form of straight segments terminating in two knots. 


FIGURE 7.8. Ivory’s Theorem in the Euclidean plane E?: XY’ = X’Y. 
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Corresponding points of confocal quadrics 


As a first step, we pay attention to the fact that, for any two confocal reg- 
ular quadrics Q, Q’ of the same type in E, e.g., for two confocal ellipsoids, 
there is an axial scaling y: (2,y,z) & (A12, A2y,A32) with coefficients 
A; € R, which maps Q onto Q’, while the axes of the coordinate frame re- 
main fixed. In the case of confocal parabolic quadrics, we have to combine 
the scaling of the x- and y-coordinates with an appropriate translation 
along the z-axis in order to obtain again an affine transformation y with 
Q + Q’, which preserves the planes of symmetry. 


We generalize to the Euclidean n-space, n > 2: 


(i) Let Q be a regular central quadric in E”. By virtue of Theorem 3.1.1 
and by analogy to (7.1), the family of confocal quadrics of Q can be 
represented as 
F(x, k):=) 6; -1=0, 7.13 

l= . ma + = a) 
where the sequence of coefficients €1,...,€, with ¢; € {+1,-1} follows from 
the condition that F'(x,0) = 0 is the equation of the given quadric Q. If 
F(x, k’) = 0 defines a confocal quadric Q’ of the same type as Q, the 
parameter k’ must be sufficiently close to 0, or to be precise, a? +e;k'>0 
for all 7. Then, the n-dimensional version of the axial scaling 


* R= Dijengtn) eS = (2h) 


is defined by 


2 ! 
12 a +E;k" o 
Ly = a; 
a; 


for all 0S Lye. (7.14) 


This guarantees that x € Q, 1.e., F(x,0) = 0, implies y(x) € Q’, hence 
P(x’ #20. 

(ii) In the case of a regular parabolic quadric Q in E”, the confocal family 
is given by 


2 


n-1 A ie 
F,,(x,k) = )° e;-—5—-+— - 2an -k =0. (7.15) 
. 7 a2 + Ejk 


To obtain an affine transformation which fixes again all planes of symme- 
try, we set 


2 ! 
1 5 t+ Egk F 1. or k—k' 
x; = 2 3; orj=l,...,.n-land x, =2,+ 
j 


(7.16) 
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(iii) Let Q be a conical quadric in E” with a 0-dimensional apex at the 
origin. Then, the confocal family can be defined by 


Fi(x, k):= a =O 7.17 
—o) de a? + exk oe 
with Q as F.(x,0) = 0. The confocal cone Q’ of the same type satisfies 
F(x, k’) = 0. We define the affine transformation y: Q++ Q’ by (7.14). 


It is easy to see that, for the definitions of confocal central, parabolic, 
and conical quadrics in E”, as given above, the Definition 7.1.1 is still 
valid for all planes spanned by two coordinate axes. More generally, we 
can state that the intersections of confocal quadrics with each subspace, 
spanned by k& coordinate axes with k <n, are again confocal. 


In each of the three cases listed above, the scaling y is not unique since 
the coefficients A; with 


2 ! 
Ge a; + ek 
4 = 9 
a; 


need not be positive (Figure 7.9). Some ; can even be zero, e.g. in E3, 


when Q is an ellipsoid and Q’ covers the closed interior of the focal ellipse. 


We can also extend the definition of 7 to the ‘cylindric’ cases, where the 
sums in (7.13) and (7.17) go from 1 to r < n and those in (7.15) from 1 to 
r-1<n-1. Then, the respective transformations of x#1,...,%;, as given 
above, are completed by 


g,=a, for k=rt+l,...n. (7.18) 


The following definition refers to the affine transformations y and origi- 
nates from classical literature on this topic (see, e.g., [66] or [35, p. 116]). 


Definition 7.2.1 Let Q and Q’ be two confocal quadrics of the same 
type in E”. The pointset Q’ can even be an adjacent flat limit, related to 
a singular quadric in the confocal range. 

If y denotes a fixed affine transformation Q » Q’, as defined above in 
(7.14) and (7.16) with the extension (7.18) for cylindrical cases, then the 
points X € Q and X':=7(X) € QO’ are called corresponding points of the 
pair of confocal quadrics (Q, Q’) (Figure 7.9). 
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FIGURE 7.9. Examples of corresponding points on two confocal conics c, c’. 


It means no restriction to exclude quadrics of revolution, 7.e., cases with 
equal semiaxes a; = a; for 7+ 7. This is so because otherwise y preserves 
all hyperplanes of the pencil spanned by 2; = 0 and x; = 0, and each of 
these (nm — 1)-dimensional ‘meridian hyperplanes’ shows congruent trans- 
formations X + X’ between corresponding points. The same happens in 
‘cylindric cases’ r < n in the hyperplanes from 2,1 = const. to %, = const. 
In the following lemma, this case is also excluded. 


Lemma 7.2.1 Let X and X' be corresponding points of two confocal 
quadrics Q and Q' of the same type, where Q is neither cylindric nor 
a surface of revolution. Then, all other n-1 confocal quadrics, passing 
through X, also contain the point X'. In the conical case, the n-th quadric 
through X is a sphere centered at the origin. 


Proof: It is sufficient to show that the equations F'(x,0) = 0 and F(x, k) =0 with k #0 imply 
F(x’, k) =0 for x’ = y(x) with F(x’, k’) =0. 

(i) In the case of central quadrics, this follows from an identity which expresses F(x’, k), 
defined in (7.13), as an affine combination 


F 


F(x’, k) = 7 F(x0)+(1- 5) F(x,k). 


This identity can readily be verified by (7.14) as 


1 19 tek’ EE k-k’ |? 
= x 


= 4 | 
ka? k(a? +e;k)} * 


———_ 7? =, for alli=1,... 
ae+ek * at(a?+eik)* , 


(ii) It is easy to see that the affine combination, as given above, is also valid for the function 
Fy from (7.15), since the identity holds for the included non-quadratic terms. 


(iii) Concerning the case of confocal cones, the same affine combination works for the function 
F.. We note that corresponding points have the same distance to the common apex at the 
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origin, because, by virtue of (7.14), 
na? + exk! 7 
ee = Sat xy t+eik’ > 
due to x being a point of Q: Fe(x,0) =0. 


All spheres centered at the apex, and therefore orthogonal to all cones in the family, complete 
the family of confocal cones to an n-fold orthogonal system of hypersurfaces in E”. Two of 
these spheres can also be seen as confocal quadrics Q, Q’, and points x € Q and x’ € Q’ on the 
same diameter are corresponding. a 


As a direct consequence of Lemma 7.2.1, we can state, in terms of elliptic 
coordinates: 


Corollary 7.2.2 If X and X’ are corresponding points of two confocal 
quadrics Q and Q! in E?, then the related elliptic coordinates of X and 
X' differ in no more than one coordinate. 


This condition is not sufficient since, due to (7.11) and (7.12), the elliptic 
coordinates only depend on the squared Cartesian coordinates of the two 
points, apart from the last coordinate in the parabolic case.’ 


Any two scalings 1, y2 related to two confocal conics or quadrics out of a 
confocal family satisfy y, 072 = 72071. Therefore, ify: Xe X',YRY’, 
and ya: X » Y, then also yo: X’ + Y’. This means for any Ivory 
quadrangle (see Figure 7.8): If (X,X’) and (Y,Y’) are corresponding 
w.r.t. two confocal conics or quadrics, and if the elliptic coordinates of 
X and Y differ in one coordinate at most, then (X,Y) and (X’',Y’) are 
pairs of corresponding points w.r.t. two other confocal conics or quadrics. 


In the three-dimensional case, the Ivory quadrangles are replaced by 
curved rectangular boxes, so-called Ivory boxes, as displayed in Fig- 
ure 7.10 with the vertices A,...,D on the ellipsoid € and the correspond- 


ing points A’,...,D’ on the confocal ellipsoid €’. Ivory’s Theorem im- 


plies AC’ = A’C and BD’ = B'D. Furthermore, since the pairs (A, B) 
and (D’,C’) are corresponding points of two confocal one-sheeted hyper- 


7Usually, a curved quadrangle X X'Y’'Y formed by two pairs of corresponding points is called 
Ivory quadrangle. For example, in the two-dimensional case, it is not sufficient to speak of 
a quadrangle bounded by two pairs of confocal conics. Ivory’s theorem (Figure 7.8) is valid 
only for curvilinear quadrangles formed by ‘arcs semblables’, according to [26], which means 
that opposite arcs are corresponding under an affine transformation y, as defined above. 
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FIGURE 7.10. Curved Ivory box in E? with its four diagonals of equal lengths. 


boloids, we obtain AC’ = BD’. Therefore, all four spatial diagonals are 
of equal lengths. 


Configurations of bipartite frameworks 


Theorem 7.2.1 (Configuration theorem of bipartite frameworks 
in E”) Let Fo be a complete bipartite framework of combinatorial type 
Knaigti in E”, 1.e., consisting of two disjoint sets of knots together with 
bars connecting every two knots from different classes. Suppose that this 
framework with given bar lengths admits two non-congruent configurations 
F and F' in E”. This means that the classes of knots {Xo,...,Xn}, 
{¥o;-0<5¥g} Of F and {Xp,.<15X,}, Yoses-, Vg} Of F satisfy the (n+ 
1)(q+1) quadratic equations 


2, = XIY?” =Xi¥; for all ic {0,...,n} and ke {0,...,q}. (7.19) 


If the knots Xo,...,Xn are supposed to form a simplex in E” and q > 1, 
then the following holds true: 


1. There is an appropriate motion B: E" > E” of the knots of F' such 
that, for all (i,k), the knots X; + B(X;) and B(Y,) + Yp are corre- 
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sponding points of two confocal quadrics X and Y of the same type (see 
Figure 7.11). 

2. For any r,s € N, the framework Fo can be extended to a complete 
bipartite framework F of type Knar+1,qtstl which still admits two 


non-congruent configurations F, F' when F arises from F by adding 
knots Xysiz.+-,AXnsey on XK and Yosi,-.-,¥qis on , while the knots 


5 ©. Oe eres Sans and DY jsaosereP gen) of B(F’) are specified 


as respectively corresponding points. 


3. For knots of the second class, this is the only choice for extending Fo, 
i.e., for any pair of points Y, Y', the distance conditions 


AVY! = XY for alli {0,..<,n} 


imply Y €Y and Y'¢ B1(4). 


FIGURE 7.11. Illustrating Theorem 7.2.1 for dimension n = 2. 


Proof: We use two Cartesian coordinate frames in E”, one for each configuration. Let x; and 
yx denote the respective position vectors of the knots X; and Y; of F and xiVi those of the 
knots X{,Y/ of F’. Then, the equations (7.19) are equivalent to 


(xi -yn)? = (xi -y})? for all ie {0,...,n} and ke {0,...,q}. (7.20 


After subtracting from the equation for the indices (0,k) that for the indices (7,k), we obtain 


x6 —X7 +.2(xi —X0, VR) = XO — x)? +.2(xi — x, ye), i=0,...,n. (7.21 


For each k, this can be seen as a fixed system of n linear equations for the unknown vector 
yy. For given Vio this system has a unique solution, since Xo,...,Xn is supposed to form a 
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simplex. In order to express this solution in an appropriate form, we take into account that 
there is a unique affine transformation 


a: E” +E”, x a(x) =a’ 4+l(x) with x; + x for all ie {0,...,n}. (7.22) 

Here, | denotes the induced linear map defined by I(x; - x0) = x} - xO for i=1,...,n. Let 
1*: R” > R” be the adjoint map satisfying 

(u, [*(v’)) = (l(a), v’) for all u,v’ € R”. (7.23) 


In the case q > 1, we subtract from (7.21) the equation for k = 0 and obtain 
(xi — X0, ye — yo) = (I(xi -X0), ¥, — YO) for allie {1,...,n} and ke {1,...,q}. (7.24) 
Then, we can fulfill all equations (7.24) by setting 
Yr —Yo=!"(y},—yo) for all ke {1,...,g}- 
This adjoint map /* , together with one pair Yo + yo of points, defines the affine transformation 
a®: E™ +E", y’ bh a*(y’) =bt+l*(y’) with yj), + yx for all ke {0,...,q}. (7.25) 


* 


We call a and a* “adjoint” affine transformations. This results in the necessary condition: 


Lemma 7.2.3 Let F, F' in E” be two non-congruent configurations of 
the bipartite framework Fo, as defined in Theorem 7.2.1. Then, there are 
two adjoint affine transformations a, a* with 


a: X;» X; for all i=0,...,n and a*:Y¥,+ Y; for all k=0,...,¢. 


Neither a nor a®* is an isometry. 


Proof: (Proof of the last statement.) Let us assume that a is an isometry. We can specify the 
coordinate frame of F’ such that x/ = x; holds for all i =0,...,n. Then, (7.21) gives rise to a 
homogeneous system of linear equations 


(xi —X0, Ye —Y;) =0 for each ke {0,...,q}, 


which admits only the trivial solution yj), = yz. The two configurations F, F’ are congruent, 
thus contradicting the initial assumption. a 


We continue the proof of Theorem 7.2.1 and replace xj by a(x;) and yx with a*(y;,) in the 
distance equations (7.20). Thus, we obtain, by virtue of (7.22) and (7.25), 


|x|? - 2(xi, b+ I" (y},)) + Ib +0" (ve )I? = a” + 1G«s)I|? - 2 (a! + U(x), ve) + Iyell?, 
or, because of (x;, 1*(y/,)) = (l(xi), yj,) due to (7.23), 
|<]? — |Uci) |? - 2 (xe, b) — 2(1(xz), a”) + [|b]? 
= lly ll? — Ne" (vy, I? — 2 (ya) — 2 (U*(y;,), b) + la’|?. 
This equation holds for all i ¢ {0,...,n} and all k € {0,...,q}. Since the left-hand side depends 


on the index 7 and the right-hand side only on k, both sides must equal a constant C’. This 
results in two quadratic functions 


F(x) == |x? ~ U(x) I? - 2 (x, b + 1*(a’)) + [bl]? -C, f(xi) =0 Vi=0,...,n, 


n (7.26) 
g'(y') = ly’? - (yD? 2(y’, a’ + 1(b)) + la" ?-C og! (y;,) = 0 VE=0,...,g. 
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Conversely, for all x,y’ € R", the equations f(x) = g’(y’) = 0 imply 


Ix — a* Cy") || = lox) - y’]- 


In what follows, we will see that this is precisely Ivory’s Theorem for corresponding points of 
confocal surfaces in E” (see [127, p. 208]). The forgoing results are summarized below. 


Lemma 7.2.4 Let a and a* be adjoint affine transformations according 
to (7.22) and (7.25). Then, for any Xo,-.--,Xp,Y0,--+1¥q € R”, the points 


Mpeg Xp Vo)ioese" (Vy) Gnd Oxo) jou: (AG) Yorgy, WE 


form two configurations of a complete bipartite framework of combinato- 
Til (ype Kosei. qaty GG: 


xi - a" (y}) || = lexi) — yyl| for alli ¢ {0,...,p} and j € {0,...,g}, 


if, and only if, there is a constant C' such that for the quadratic functions 
f and g', as defined in (7.26), the following equations hold true: 


f(a) =0, ¥i=0,..0p and gC.) =0, VR=0, 


In order to determine the geometric meaning of the equations f(x) = 0 and g’(y’) = 0, we 
specify the coordinate systems associated with the two configurations F and F’. It is well- 
known that the composition of the two linear maps l*ol: R" > R” is self-adjoint since 


(u, l*ol(v)) = (I(a), I(v)) = (I*ol(u), v) for all u,v ¢ R”. 
There is an orthonormal basis of eigenvectors e1,...,e@n satisfying 


l*ol(e;) = AFe; with A? = (I(e;), (e:)) > 0, 


because of 
(U(ex), We;)) = (I*ol(e;), ej) = A? (ei, ej) = AP5i;- (7.27) 
We assume 
Ries Age) Acatyei Ap $01, Andee Ay ol with O<esr sn and? 21, (7:28) 
because of /*ol # idR”, according to Lemma 7.2.3. Obviously, |As+1|,.--,|An| are the singular 
values of the linear map I. 
The eigenvectors @s41,...,@n have mutually orthogonal images I(es41),...,l(en) due to 
(7.27). Thus, there is also an orthonormal basis e},...,e/, such that 
W(e;) = Aze, and 1*(e},) = Apex for all i,k {1,...,n}. (7.29) 
We use €1,...,@€n and e},...,e/, as the basis vectors of the two Cartesian coordinate frames 


associated with F and F’, respectively. With regard to an appropriate choice of the origin, 
we distinguish two cases: 
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Case 1: The affine transformation a*oa: E” > E” keeps a point f fixed: 


Then, we choose f as the origin of the coordinate frame for F and a(f) as the origin for F’. 
Due to (7.29), we obtain 


n 
a: x=f+ Po aje; » a(x) =a(f) + D2, Ariel, 
i=1 (7.30) 
a*: yl=alf)+ Doyen > a*(y’) =£+ Dp Anyper- 
k=l 


A comparison with (7.22) and (7.25) yields a’ = b= 0. Thus, because of (7.28), the coordinate 
representations of the quadratic functions in (7.26) is 


P(x) = ap ter tag + (1 Ab ga oan to (1 Ape C = g'(x). (7.31) 


The equation f(x) = 0 defines a non-parabolic quadric 2. Its affine image V7 := a() is 


1-A7 1-22 
for s=0: f’(x’):= race 4 Sta -C=0, 
. : (7.32) 
1-22,, 1-2 
for 8>0: ah == ah =O and f(x") = At 92, pe EO G2 crc 
stl r 


In the “singular” case s > 0, the symbol 04’ denotes the boundary of ¥’ = a(%), i.e., the set 
OX! = {x' = (0,...,0,25,1,---,"7,) | f(x’) = OF. 
Now we move the second configuration such that the coordinate frame associated with F’ 
coincides with that of F. This motion is denoted by 6 (see Figure 7.11). Then, because of 
»? 1 


= — -1 fori=1l,...,r, 
1-\? 1-A? 


the quadric ¥ and the displaced affine image Y := Boa(#), or OY if s>0, are confocal in E”. 
If C #0, we obtain a central quadric ¥, and the comparison with (7.13) reveals 


(8 Cr? 


eas = To? ei (a? + ejk) = — Y = €,a7 —C, hence k = -C. 
For a conical quadric in the case C = 0, we obtain, by virtue of (7.17), 
2 1 2 7 2 
ea; = i= rs €;(az + e;k) = = 5 = e,a; —1, hence k = -1. 


Case 2: There is no fixed point of 
a*oa: x + btl*(a’+l(x)) =b4+l*(a’) +1%0l(x). 
This means that the system of linear equations 
(l*ol —id R”) (x) = —b -I*(a’) 


has no solution, t.e., the rank r of (J*ol -idR”) is smaller than n, and therefore, 1 is an 
eigenvalue of /*ol and 


d:= —-b-—I*(a’) ¢ (l*ol — id R”)(R”) = [e1,..., er]. 
We decompose 


d =do + di such that do € [e1,...,er] and di € [er41,..., en] 
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with d;+0. We fix the origin f of the coordinate frame associated with F as a solution to 
(l*ol -idR”)(f) = do, i.e., Mol(f) =f +do. 

Furthermore, we modify the basis vectors e;+1,...,@n in the eigenspace of 1 such that dj; = 

-2aen with a#0. This implies 


a*oa(f) = -do — di + l*ol(f) = -di + f = 2ae, +f. 


Let f’ := a(f) - ae’, be the origin of the coordinate frame associated with F’. Then, we get 
with (7.29) and An = 1 


a(f) =f’ +ae), and a*(f’) = a*oa(f) —al*(el,) =f+aen, 


and hence, a’=ae?, in (7.22), b=aey in (7.25), b+/*(a’)=2aen. From (7.26), we obtain 


f(x) sap +e +02 + (1-d2,,) 024, $2 + (1 - A?) a? — dean + D = g'(x) (7.33) 
with D:= a? —C. The image X’ of the quadratic surface X: f(x) = 0 under 
a: (21,...,2n) > (x},...,27,) = (0,...,0, Ase1@e41,--.)ArSr, Eral,-.-; En-1, fn +a) 
satisfies 
1-221, 42 1-2 45 
y= =a,=0, f'(x’)s= Sr wea gar 7 xi —4a(az, -a)+D<0, (7.34) 


FIGURE 7.12. Theorem 7.2.1 in the parabolic case (Case 2). 


Again, we apply to F’ an isometry 3 which lets the two coordinate frames coincide. Then, 
a comparison with (7.15) reveals that, after replacing xn with %n = xn — D/4a, we obtain 
confocal parabolic quadrics with 


2 
eja? = = and k=-2a 
“ 1-a? : 
v 


(see Figure 7.12). 


In the cases 1 and 2, the points x; ++ 6(x;) and @(y/,) + yj are corresponding in the sense of 
Definition 7.2.1. This proves 
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Lemma 7.2.5 Let F, F' in E” be two non-congruent configurations as 
defined in Theorem 7.2.1. There is an isometry B: E” > E” such that the 
knots of F and B(F') are corresponding points of two confocal quadrics 


X and Y with 


Xoy+++) Xn B(V)s-+- BYE) © and B(X$),..-5B(XL), Yoo. ¥q oD. 


Remark 7.2.1 After applying 6, the affine transformations a and a* coincide, or more pre- 
cisely, 

Boa = a*0B8-! = (Boa)*. 
The last equation results from $8"! = 6* for isometries and (Boa)* = a*0f*. Therefore, the 
affine transformation {oa is self-adjoint (compare with [120]). 


Thus, Theorem 7.2.1 is a consequence of Lemmas 7.2.3, 7.2.4, and 7.2.5. a 


Remark 7.2.2 Item 3 in Theorem 7.2.1 is not valid when F and F’ are exchanged and the 
span of {Yo,...,¥q} has a dimension <n. The underlying reason is that the reflection in the 
span of these q+ 1 points sends X to a point X, which again satisfies 


XYj = XY; = X'Y! for all 7 =0,...,q, 


though X need not be a point of Y (note, e.g., the point X2 in Figure 7.12). Of course, the 
reflection in question can be replaced by any other motion which keeps the span fixed. 


Lemma 7.2.6 Let F, F' in E” be two non-congruent configurations of 
a bipartite framework, as defined in Theorem 7.2.1. Two different knots 
X;,Xj; of F share their distance with the corresponding points of Xj, X; of 
F' if, and only if, the spanned line [X;,Xj;] is a generator of the quadric 
xX, 1.€., 

XiXj = X7X => [Xi, Xj] c 2X. 


Similarly, for Y/,Yj ¢ F' with i #7 and the corresponding points Y;, Yj € 
F, we have 


a 


TVW — [,Yf]e p14). 


Proof: The statement [X;, Xj] 4X is equivalent to f (Ax; + (1-A)x;) =0 for all Ae R. From 
(7.26) and f(x;) = f(x;) =0, we get 

x (Ax; a qa = A)x;) 

= | Ax; + (1 - A)x, ||? = ax; + (1 - A)x;) |? - 2 (Ax; + (1 - A)x;, b+1*(a’)) + |bI? -C 

=X? [[f>cel]? — []E(ace )]?] + 1 — A)? [lle gl]? — 05 117] + 2A — A) [ee 5) — (Ue), 15 ))] 

— AL ce]? = [Lee 117] — CL = A) Logg I? = G37] 
= A(1—A) [=[l>cal]? — leg |? + NE Coxe) |? + Leg I]? + 2 (2x2, 265) — 2 (U(:), 1OC3))] 
= MA = 1) [lei — 265]? ~ (2) - UGeg 7] = ACA = 1) [ (2 — 5)? = lai) - (2x) |]?] , 
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which yields the equivalence 

[Xi, Xj] 0% <> [xi — xy] = lai) — oxy) 
The analogous computation shows that [Y/’, Yj] ¢ B-+(&) is equivalent to Y;Y; = Y/Y}. This is 
also a consequence of statements 2 and 3 in Theorem 7.2.1, as Yi¥; = Y/ Y; implies congruent 


triangles Y;Y;X, = Y/Y} X;), for each k € {0,...,n}. Therefore, for any point Y of the line 


[Yi, Yj] and its image Y’ € LY, ¥7] under the isometry [Y;, Y;] > [Y/,¥7] with Y; + Y/ and 


Yjr Yj, we have Y X; = Y'X;, and therefore, Y’ € B14). a 


In order to avoid confusion with the notation, one needs to note that, pre- 
viously, pairs of corresponding points on confocal quadrics were denoted 
by XB X', YR Y"... with X,Y ¢« Qand X’,Y'« Q’. With regard to bi- 
partite frameworks, primes indicate the knots of the second configuration. 
Consequently, by virtue of the Configuration Theorem 7.2.1, we obtained 
corresponding knots of the first class in the order X; + X/, while, for cor- 
responding knots of the second class, the order was reversed as ¥; be; 
where X,Y; eX and X},Y; € Y. In the upcoming subsection, we return 
to the original notation. 


Ivory’s Theorem 


This famous theorem can be directly extracted from Theorem 7.2.1. Be- 
low, we combine it with Lemma 7.2.6. 


yn 


Theorem 7.2.2 (Ivory’s Theorem in E”) 

Let (X,X") and (Y,Y') be two pairs of corresponding points of confocal 
quadrics Q, Q! in the sense of Definition 7.2.1, i.e., with the affine trans- 
formation y: Q > Q', X » X', and Y ® Y’. Then, we obtain equal 
distances 


XY'=X'Y. 


In addition, XY = X'Y' for X +Y if, and only if, the line [X,Y] is a 
generator of Q. 


It is surprising that Ivory’s Theorem is also valid on a quadric’s surface, 
when, e.g. in E?, the conics are replaced by curvature lines and the straight 
diagonals with geodesics (Figure 7.13), while the vertices still form an 
Ivory quadrangle. The most general form of Ivory’s Theorem on surfaces 
is valid for Liouville nets and, in the case of higher dimensions, for Stackel 
nets. For further details and references, see |67, p. 21]. The same holds 
for GRAVES’s construction (cf. planar version in [46, p. 45]). We revisit 
here GRAVES’s construction on ellipsoids: 
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FIGURE 7.13. Ivory’s Theorem is also valid on a quadric’s surface. 


Theorem 7.2.3 Let a line of curvature eg on the ellipsoid E be given as 
well as a closed piece of string strictly longer than the perimeter of eo, 
but sufficiently short. Then, the locus of a point P used to pull the string 
taut around eg is again a line of curvature e (Figure 7.14). 


When eo shrinks to the elliptic arc terminated by two adjacent umbilic 
points, GRAVES’s construction turns into the “gardener’s construction” 
[46, Fig. 1.8]. This reveals that the curvature lines are geodesic ellipses 
and hyperbolas, 7%.e., along each line of curvature, either the sum or the 
difference of the geodesic distances to non-antipodal umbilic points U; 
and U2 is constant (see, e.g., [7, p. 521)). 


Proof: We proceed similarly to the proof of the planar version in [46, p. 45]. In each pose, 
the string is composed of an arc along the curve eg terminated by points T; and Tz, and two 
contacting geodesics which connect T; and T»2, respectively, with the point P. By virtue of 
Theorem 7.1.4 and Corollary 7.1.2, the tangents to these two geodesics at P (note Figure 7.14) 
are symmetric w.r.t. the principal curvature tangents of € at P. 


Let us cut the taut string in our imagination at P. First, we focus on the left-hand part, 
which follows, from an initial point on eo, the line of curvature eg and, from point 7; onward, 
the geodesic. We assume that the initial point of this left-hand part is attached to eg, which 
prevents the string from sliding on eo. If we keep the string under tension and try to move the 
point P, then T; varies on eg, and consequently, the geodesic between T; and P varies on €. 
However, it remains tangent to eg. Since the arc length along the string is preserved, a point 
P, fixed on the string, traces an orthogonal trajectory of the geodesics, due to a theorem by 
Gauss concerning geodesic parallel coordinates [82, p. 160]. Therefore, the tangent vector to 
this trajectory at P is orthogonal to the geodesic. 


However, in GRAVES’s construction, the point P varies also relative to the string. Therefore, 
w.r.t. the left-hand part, the absolute velocity vector v of P is the sum of the velocity vector 
v1 along the string and an orthogonal component. 
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FIGURE 7.14. GRAVES’s construction on the ellipsoid. 


The same holds for the right-hand part of the string. Thus, we obtain a second decomposition 
of v into two orthogonal components. One of them, the vector v2, is tangent to the second 
geodesic through P. Because of the constant total length of the string, the vectors v1 and v2 
are of equal lengths. Furthermore, if the length of one part increases, that of the other part 
must decrease by the same amount. The symmetry of the two decompositions of v reveals (see 
Figure 7.14) that v bisects the exterior angle between the geodesics. Thus, at each position 
the path of P contacts a principal curvature tangent. The path must be an integral curve of 
the set of principal curvature tangents on €, and hence a line of curvature. a 


The same arguments can be used for proving GRAVES’s construction for 
other regular quadrics, provided that eg is a closed line of curvature. 
Otherwise, on paraboloids, one has to replace the Graves condition by 


PT, + PT» = T,T> = const., 


where the 775 denotes the length of the arc along eg between J; and To, 
while PT;, 7 = 1,2, denotes the lengths of the connecting geodesic arcs. 


Remark 7.2.3 The line of curvature eo on the ellipsoid E can be the intersection either with 
a one-sheeted or a two-sheeted hyperboloid. It can happen that, for a sufficiently long string, 
the contact points T; and T> coincide in a particular position, and when moving further, the 
string slips over the ellipsoid. As a consequence, not every point on the ellipsoid € in the 
exterior of eg needs to be reached by GRAvVEs’s construction with a given e9. There is an 
upper bound for the length of closed string in order to prevent it from slipping away. 
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FIGURE 7.15. When a string is attached with both ends to a pair of opposite 
curvature lines and kept taut at P, then P traces again a line of curvature e. 


With regard to GRAVES’s construction on an ellipsoid €, the hyperboloid 
through eg intersects € along a second curve, the antipode €9 of eg. Now 
we see that the construction, as depicted in Figure 7.15, using a string 
with its ends fixed on €9 and €o, respectively, produces a line of curvature e 
of the second family on €. This follows since, by virtue of Theorem 7.1.4 
and Corollary 7.1.2, the tangents to the two geodesics at P are again 
symmetric w.r.t. the principal curvature tangents. 


Referring to Figure 7.15, the same trajectory e can be obtained by using 
the extensions of the geodesics through P on the right-hand side. The 
components vj and v2 of the velocity vector v in direction of the extended 
geodesics remain the same. Thus, if the length of the string at the left- 
hand side decreases, that of the extension increases by the same amount. 
This results in the following statement: 


A closed string of appropriate length that is placed in the form of a figure 
eight around eg and €9 enables the crossing point P to move freely on 
the ellipsoid, while the string does not slide on eg or €9 (Figure 7.16). 
However, in accordance with Remark 7.2.3, not each position in the zone 
between eg and €9 needs to be reachable. 
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Tx 


FIGURE 7.16. A closed string wrapped taut in the form of a figure eight around 
a pair of antipodal curvature lines (e€9,€9) on the ellipsoid € allows for the free 
movement of the crossing point P on €. 


abs. conic 


FIGURE 7.17. The extended diagonals of the Ivory quadrangle X X'Y’Y con- 
tact the confocal conic. 


As already mentioned, Ivory’s Theorem is also valid in non-Euclidean 
spaces. A proof can be found in [122]. In the Cayley-Klein model H” of 
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hyperbolic geometry, two quadrics Q and Q’ are confocal if, and only if, 
the spanned range includes also the absolute quadric of HI”. Consequently, 
any two confocal quadrics Q, Q’ in E”, 7.e., in the Euclidean sense, are 
also confocal in the hyperbolic sense if a third confocal quadric Q” is 


specified as the absolute quadric. Of course, Q” must be regular. 


According to [122], corresponding points X,X‘ of two confocal quadrics 
Q,Q’ in H” are related by a self-adjoint endomorphism Q > Q’. As noted 
in Remark 7.2.1, the affine mapping y = (oa is self-adjoint. Therefore, 
points X ¢ Q and X’ « Q’ corresponding in the Euclidean sense, are also 
corresponding in the hyperbolic sense when another confocal quadric Q” 
serves as absolute quadric. Let (Y,Y’) be a second pair of corresponding 
points. According to Ivory’s Theorem in HI”, the absolute points U;, U2 
on the line [X,Y‘] and Vj, V2 on the line [X’,Y] yield equal cross ratios 


er (XY'U{U2) = cr (X’YVjV2). 


If the line [X,Y’] happens to be tangent to Q”, then the cross ratio in 
question equals 1, i.e., the line [X’,Y] also contacts Q” (Figure 7.17). 
This is still valid in the limiting case when Q” is singular. 


Lemma 7.2.7 Let (X,X') and (Y,Y’) be two pairs of conjugate points of 
confocal quadrics Q and Q' inE”. Then, each quadric Q" which contacts 
the diagonal line [X,Y] is also tangent to the other diagonal line [X',Y | 
in the Ivory quadrangle X X'Y'Y. 


This result is cited in [13, p. 153] and proved in [2, p. 118]. However, most 
probably, it can already be found in the literature of the 19** century. 
An alternative proof of Lemma 7.2.7 is the subject of Exercise 7.2.1. 
Figure 7.18 illustrates this property even on an ellipsoid. 


This means that, in the 3-dimensional case, all four diagonals in any 
Ivory box (Figure 7.10) contact the same two quadrics included in the 
confocal family. In general, these diagonals are mutually skew without 
any symmetry, and they do not belong to a regulus. 


Finally, it must be noted that, due to (7.11) and (7.12), the linearity of 
the transformation between corresponding points of confocal conics Q, Q’ 
has some other consequences. For example, in the case of conics with 
center O, it is easy to confirm that the distances of the vertices of an 
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FIGURE 7.18. Even on the ellipsoid, the extended diagonals of the Ivory quad- 
rangle X X'Y'Y contact the same line of curvature. 


FIGURE 7.19. If [X,Y’] contacts Q at X, then [X’, Y] contacts Q at Y. 
Ivory quadrangle X X'Y'Y satisfy 
OX’ +OY" =OX"'+O0Y. 
Similarly, we obtain equal dot products for the vectors 
—_> —- — _-, 
(OX, OY") ={OX", OY }. 
More generally, for any quadric FR centered at O, we can state: Two points 


X and Y’ are conjugate w.r.t. R if, and only if, X’ and Y are conjugate 
w.r.t. R. This means in the case R = Q: If the line [X,Y’] contacts Q 
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at X, then [X’,Y] contacts Q at Y (Figure 7.19). In the 2-dimensional 
case, the tangents from X’ to the conic Q have common angle bisectors 
with the lines connecting X’ with the focal points (see, e.g., [46, p. 42]). 


More about bipartite frameworks 


An immediate consequence of Theorem 7.2.1 is a statement about the 
flexibility of bipartite frameworks. 


Corollary 7.2.8 A complete bipartite framework of combinatorial type 
Kpq in E” with knots {X1,...,Xp} of one class spanning E” permits a 
continuous flerion E” if, and only if, there is an at least one-parametric 
set of quadrics X& passing through X1,...,Xp such that a confocal quadric 
Y contains all knots Y1,...,Y¥q of the second class. 


FIGURE 7.20. Dixon’s flexible framework of type K4,4 in E?. 


As a first example, we present a flexible framework attributed to DIXON 
in 1899.8 The vertices of two rectangles with two common axes of sym- 
metry constitute the classes of vertices. There is a one-parameter set of 
conics k passing through X,,...,X4. They all share the axes of symmetry, 
and for each conic k, there exists a confocal conic k’ through Y,,..., Y4. 


8Sir ALFRED CARDEW Dixon (1865-1936), English mathematician, professor at the Queen’s 
University Belfast and president of the London Mathematical Society. 
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Thus, Corollary 7.2.8 guarantees its flexibility (Figure 7.20). According 
to DIXON in [36], there are only two continuously flexible bipartite frame- 
works of type K3.3 in the Euclidean plane, and the second one with knots 
X 1, X2,X3,Y1, Yo, Y3 is a subset of the framework presented above. 


The spherical version of Dixon’s framework is also flexible. To prove this 
statement, we only have to replace the confocal conics in the presented 
proof by confocal spherical conics or confocal cones in E® [46, p. 456]. 
This spherical framework is also known under the name Bottema’s 16-bar 
framework |14, 85, 86, 116, 147]. 


Finally, an n-dimensional version is treated in a similar way: We specify 
the x-knots as vertices of n-1 coaxial boxes in E” and the Y-knots as ver- 
tices of another box with the same axes. Then, this yields a continuously 
flexible bipartite framework of combinatorial type K(p_1)2n 9”. 


FIGURE 7.21. A bipartite framework in E® with knots {X1, X2,...} of one 
class located on a conic Xp is continuously flexible (Corollary 7.2.9). 


As a second example, we focus on a particular bipartite framework of type 
Ky q in E”, where the knots of one class are placed on a quadric within 
a hyperplane H. In this case as well, we obtain a continuously flexible 
framework. For the 3-dimensional version, this has first been proved by 


W. WUNDERLICH in [150]. 
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Corollary 7.2.9 A bipartite framework of type Kpq in E”, n> 3, where 
the knots X1,...,Xq of one class are located on a quadric Xp within a 
hyperplane H, is continuously flexible wherever the knots Y,,...,Yq of the 


second class are specified in E” outside of H. 


Proof: In the hyperplane H, there is a one-parametric family of quadrics Yo that are confocal 
with % and of the same type. The equations (7.13), (7.15), and (7.17) of confocal quadrics 
reveal that, through each point Y;, 7 = 1,2... outside H, there passes a quadric Yj; which is 
symmetric w.r.t. H and intersects H at Yo. Furthermore, there exists a confocal quadric 4; 
of the same type through Xp. If Y; € X; corresponds to Yj € Yj and Xj,...,Xj, ¢ Yo have the 
given knots X1,...,Xp as corresponding points, then, by virtue of Ivory’s Theorem, we have 
XiY; = X1Y} for all ie {1,...,p}. 

Note that in this case each Y-knot has its own quadric Y;. The three-dimensional version is 
depicted in Figure 7.21. a 


In [121, Theorem 2] it is shown that for p > n the flexions of F, as 
explained in the proof before, are the only possible ones, apart from re- 
flections of single knots Y; in the hyperplane H. Another result in [121] 
addresses flexions of a bipartite framework in E” where the two classes of 
knots are chosen in two perpendicular hyperplanes. In this case as well, 
the proof can be based on Ivory’s Theorem. 


If two configurations of a framework are sufficiently close, then a physical 
model can be forced to change from one configuration into the other due 
to small deformations of bars and clearances at joints. This is called a 
flipping or snapping structure. By virtue of Theorem 7.2.1, a flipping 
bipartite framework can be produced by specifying the two quadrics 
and Y through the respective classes of knots sufficiently close. 


As the limit VY > #, we obtain an infinitesimally flexible framework as 


defined below. 


Definition 7.2.2 A framework is called infinitesimally flexible (or first- 

order flexible) if, and only if, a velocity vector v; can be assigned to each 

knot p; such that 

1. for all bars p;p; the projection theorem holds, i.e.(see Figure 7.22), 
(pi - Pj, Vi- Vj) = 0, hence (p; - pj, vi) = (pi — Pj, Vj), and 

2. the assignment is nontrivial, i.e., the velocity vectors must not origi- 
nate from a motion of the whole framework as a rigid body. 


In the case of a flipping bipartite framework in the standard position 
(Figure 7.11 (left) or 7.12), for each knot the two positions X,X’ are 
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Vi 


FIGURE 7.22. Geometric interpretation of the projection theorem in E?. 


corresponding points of the confocal quadrics, and therefore, located on 
a common orthogonal trajectory (Theorem 7.1.2). For the limiting case 
of an infinitesimally flexible framework, the following theorem, which is 
attributed to WALTER WHITELEY (1984) (see [136, p. 1337]), holds true. 
The three-dimensional version was used earlier to characterize singular 
positions in satellite geodesy [116, 148]. 


Theorem 7.2.4 A bipartite framework with knots placed on a quadric 
QO is infinitesimally flexible. There is an assignment of velocity vectors 
orthogonal to QO in such a way that, for knots of different classes, the 
vectors point to opposite sides of Q. 


n 
Wy 


Conversely, suppose that in a bipartite framework with both classes 
of knots spanning an affine n-space is infinitesimally flexible. Then, all 
knots must be placed on a quadric Q. 


Proof: Let F(x) =x? Ax+2a?x+a be a quadratic function with AT = A which vanishes for 
all knots p; of the first class and qj; of the second class. Then, the assignment of velocities 
pit vi; = Ap; +a and qj + w; = —Aq; —a satisfies the projection theorem for all bars p;q; 
since 
(pi - ay)" (vi - wy) = (pi - ay) (Api + 2a+ Aq;) 

= pf Ap; - qj Aq +p;Aq;- aj A pi+2pfa- 2qja 

= —2a' p; -at 2a q; +at 2pta - 2q;a =0; 
because of F'(p;) = F'(q;) = 0 and the symmetry of both the dot product and the matrix A. A 
comparison with (2.8) and (2.48) reveals that the velocity vectors v; and w;, as given above, 
are orthogonal to the tangent planes to Q: F(x) = 0 at the respective points p; and qj; (see 
Figure 7.23). 


For the proof of the converse, we use another theorem by WHITELEY, his ‘averaging theorem’ 
1990 ([136, p. 1341]): Let pi,... and p{,... be the knots of two non-congruent configurations 
of any framework F. Then, the midpoints mj; = 3 (pi + pi) of corresponding knots constitute 


an infinitesimally flexible framework F of the same combinatorial type with velocity vectors 
Vi= 3 (Pi — pi‘), and vice versa. This principle of averaging can be proved in two lines. 


The condition ||p; — pj||? - |p, - Pp’, |? = 0 is equivalent to 


(pi -Pj +P) -P5, Pi - Pj — Pi +P5) = (2(m; - mj), 2(vi — Vj)) = 0, 
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FIGURE 7.23. Infinitesimally flexible bipartite framework (Theorem 7.2.4). 


and hence, to the condition of the projection theorem. It can be shown that a non-trivial 
assignment of velocity vectors implies the incongruence of the two configurations. Of course, 
all velocity vectors can be multiplied with a common scalar A € R. 


Given an infinitesimally flexible bipartite framework in E”, we select n+1 affinely independent 
knots x1,... of the first class. Averaging produces two non-congruent configurations, and in 
both configurations, the first class knots must still be affinely independent, at least after scaling 
the velocity vectors with a sufficiently small Ao. By virtue of the configuration theorem 7.2.1, 
all knots of the first configuration are located on two confocal quadrics, and this holds for all 
A < Xo, and hence also for the limit A = 0. 


When the knots of the second class are also affinely independent, we can extend the first class 
only with knots on the same quadric, while all distance relations are still fulfilled. a 


As an example, we deal with infinitesimally flexible octahedra in E’, i.e., 


four-sided double pyramids where the basis X;...X4 need not be planar 
(Figure 7.24). They also form a bipartite framework, with the apices 
Y, Y2 of the pyramids as knots of the 2" class. Since the sides X1Xo,... 
must preserve their length, Lemma 7.2.6 and Theorem 7.2.4 yield: 


Corollary 7.2.10 An octahedron in E® is infinitesimally flexible if, and 
only if, there is a quadric Q through the four sides of the basis A,...A4 
which passes also through both apices B, and Bg. 


Equivalent characterizations are subject of Exercise 7.2.2. 


@ Exercise 7.2.1 Alternative proof of Lemma 7.2.7. 

Within a range of confocal quadrics, let Qg be the regular quadric with parameter k. On the 
other hand, let (X,X’) and (Y,Y’) be two pairs of corresponding points on quadrics Q and 
QO’ out of the range. Formulate a condition that the line [X, Y’] contacts Qo, and prove that 
it implies that [X’, Y] is also tangent to Qo. 
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FIGURE 7.24. An infinitesimally flexible octahedron: The assigned velocity 
vectors v; of Aj, i = 1,...,4, and w; of B;, j = 1,2, are orthogonal to the 
hyperbolic paraboloid P. 


@ Exercise 7.2.2 Infinitesimally flexible octahedra. 

Based on Corollary 7.2.10, prove the following statements (cf. [3, p. 316], [9], [143]): 

(i) An octahedron is infinitesimally flexible if, and only if, the affine spans of four faces, of 
which no two share an edge, meet at a point Cy or C2. 

(ii) An octahedron is infinitesimally flexible if, and only if, the tetrahedra A;A3B iC and 
Az2A4B2C2 are of the Moebius type, i.e., each vertex of one tetrahedron is incident with a 
face of the other tetrahedron. 
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7.3 String constructions of quadrics 


The role of quadrics in E? is analogous to that of conics in the plane. 
Therefore, it makes sense to ask for possibilities of string constructions 
of ellipsoids, as spatial analogues of the gardener’s construction or of 
GRAVES’s construction (cf. [46, Figs. 1.8 and 2.29|). The problem was 
solved in 1882 by STAUDE,® who also provided some generalizations in 
[126]. Here we partly follow the synthetic approach presented by W. 
BOuM in [13], where historical remarks and generalizations are also in- 
cluded. For further references note |6, p. 236], [34, p. 11], [56, p. 19], 
[67], or [125, Theorem 4.3]. Historical models of string constructions are 
included in [112, p. 139].1° 


FIGURE 7.25. String construction of an ellipsoid. 


Theorem 7.3.1 Let the ellipse e and the hyperbola h be the focal conics 
within a range of confocal central quadrics. Let F, be a vertex of e and 
focal point of h, and point Fy be the focal point of e at a greater distance 


®%Orro STauDE (1857-1928), German mathematician. 

10These models are displayed at Digitales Archiv Mathematischer Modelle (DAMM), TU 
Dresden, https://mathematical-models.org/index.php/models/view/279 and https:// 
mathematical-models.org/index.php/models/view/345. 
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to F, and vertex of h. A string of a given length, fired with one end at 
F,, 1s passed behind the nearest branch of h and in front of e and finally 
attached to Fy (see Figure 7.25). 


If the string is stretched at a point P such that it forms a spatial polygon 
with vertices Fi, Gy ¢h, P, Go € e, and Fo, then the point P traces a 
patch of an ellipsoid confocal with e and h. 


The proof of Theorem 7.3.1, as presented below, is based on two lemmas. 


Lemma 7.3.1 Let a string with endpoints F, and Fy be stretched over a 
curve c. Then, the corner-point G € c of the string is characterized by two 
conditions: 


(i) The tangent tg to c at G subtends congruent angles with the straight 
segments F,G and FG, and 

(ii) the normal plane to c at G either passes through both endpoints or 
separates F, and Fy. In the latter case, the lines [F\,G] and [F2,G] are 
generators of a cone of revolution with aper G and axis tq. 


FIGURE 7.26. A string, with fixed endpoints F,, F> and stretched over the curve 
c makes equal angles with the tangent to c at the vertex G (Lemma 7.3.1). 


Proof: When the string has reached its equilibrium at G € c, the stress along the string induces 
two forces of equal quantity, which act along the segments GF and G'F2 and result in a force 
orthogonal to c. Therefore, the components of the two forces in direction of the tangent tq 
must be opposite to each other, %.e., they compensate each other (see Figure 7.26). This 
implies congruent angles between tg and the two segments of the strengthened string. a 
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Lemma 7.3.2 Let a strengthened string of a given length with fired end- 
point F, be bent over a curve c while the second endpoint P traces any 
smooth curve p. Then, at each pose P, the curve p is orthogonal to the 
final segment of the string. 


It is noteworthy that G need not be unique. If, for example, the curve 
c lies on an ellipsoid with focal points Fy and Fb, then each point G €c¢ 
satisfies the claimed equilibrium condition. The sum of distances GF; 
and GF» is stationary (compare with |[46, Fig. 4.17, p. 143]). A similar 
example plays a role below in connection with Corollary 7.3.3. 
Proof: With respect to F as the origin of a coordinate frame, the curve c can be parametrized 
as c(t) = A(t)e1(t) with |/ei(¢)| = 1 for t in some interval J. After being bent over c, the 
upper segments form a ruled surface, and the position vector of the trajectory of Fp can be 
written as 
f(t) = c(t) + (k- A(t)) eg (t) with ||e2(t)|| = 1 for k = const. 
The angle condition claimed in Lemma 7.3.1, implies for all te J 
(é,e2) = (é,e1), and hence (Ae; + A€1, e2) = A. 
We differentiate f(t) w.r.t. t and obtain for the dot product with e2 
(f,e2) 7 (Ae1 +rAe1 — eg + (k— A) é2, e2) = d+ (-Aeg + (k- A) é2, e2) = A-A=0. 
This proves the statement. a 


Proof: [Theorem 7.3.1] By virtue of Lemma 7.3.1, point Gy € h is the apex of a cone of 
revolution which passes through Fy and P and has the tangent tg, to h as its axis. We 
learned in [46, Theorem 4.2.1] that each conic out of a pair of focal conics is the locus of 
apices of cones of revolution which pass through the other conic, and the axes of these cones 
are tangents to the conics. Therefore, since the segment G1 fF; meets the focal ellipse e, the 
same must hold for the extension of the segment G1P. 


Lines through the point P meeting e and h are common generators of two confocal cones 
(Theorem 7.1.2). Thus, if there exists one line, then there are four that are mutually symmetric 
w.r.t. the tangent planes to the three confocal quadrics through P. A 180° rotation about the 
surface normal np of the ellipsoid through P takes the line [P,G1] to a line [P,G2] which 
again meets the two focal conics e and h. The traces of the plane [P,G1,Gz2] in the planes 
of e and h reveal that, starting from P, the line [P,G2] meets first e and then h. Due to the 
properties of a pair of focal conics, the bent portion PG2F» of the string is in equilibrium 
because of Lemma 7.3.1. 


Suppose that the point P moves such that the string remains strengthened. We are going to 
prove that in this case the tangents to all possible trajectories of P are orthogonal to np. 


If the point P were fixed on the moving string, then, by Lemma 7.3.2, the tangent vector 
vt, of the point P is orthogonal to PG. Similarly, for the point P being fixed on the final 
portion of the string, the velocity vector vz, would be orthogonal to PG. Because of the 
constant total length of the string, the relative velocities of P with respect to the two sections 
of the string must be equal. When the length of the initial part increases, that of the final 
part must decrease about the same rate, and vice versa. This shows that the vector of the 
absolute velocity of P equals 


VP =Vt, + Vr, = Vtg + Vr, 
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where vr, and -v;, are symmetric w.r.t. np. The orthogonal projection of the involved vectors 
into the plane [P,G1, G2], as depicted in Figure 7.27, reveals that vp must be orthogonal to 
Mp. 


FIGURE 7.27. Decomposition of the velocity vector vp at P, while the length 
of the strengthened string FG PG2F» is kept fixed. 


Consequently, at all poses, the point P moves tangentially to the ellipsoid. Now, with reference 
to theorems from the theory of partial differential equations, we conclude that P traces a patch 
of the unique ellipsoid through the given initial pose. 

Conversely, if P remains on the ellipsoid, then vp is orthogonal to np. This implies equal 
relative velocities ||v;, || = ||vr.|| in appropriate directions, and therefore, a constant length of 
the string. a 


We can figure out the total length L of the string by specifying the point 
P at one of the vertices of the ellipsoid. Thus, we obtain 


D=2a+de- an, 


where a, Ge, and a, are the respective principal semiaxes of the ellipsoid, 
the focal ellipse, and the focal hyperbola. It should be noted that W. 
BOHM uses Ivory’s Theorem in [13] to prove, for each pose of P, that L 
equals the string’s total length, which hereby remains constant. 


Remark 7.3.1 1. One cannot obtain the complete ellipsoid with this string construction, as 
described in Theorem 7.3.1, since the string, starting at Fy and coming from behind, has to 
be bent around the hyperbola h. This does not work if point P also lies behind the plane 
spanned by h. With regard to the end of the string, the point P cannot lie under the plane of 
the ellipse e. 


2. The same ellipsoid can be generated by using the remaining two common generators of the 
confocal cones which connect P with the pair of confocal conics. Similarly to Figure 7.16, the 
two strengthened strings could be bound together at P with a small ring through which the 
two strings can glide independently from each other. 
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FIGURE 7.28. The fixed points F; and F can be replaced by F/ and F}. 


Corollary 7.3.3 The string construction, as described before, remains 
valid if the fixed endpoints F, and F2 are replaced by other but sufficiently 
close points of the respective conics. This variation affects only the total 
length L of the string and the traced patch of the ellipsoid. 


Proof: The condition stated in Lemma 7.3.1 remains valid when F) is replaced by a sufficiently 
close point FY ¢ e (Figure 7.28). On the other hand, since tg, forms congruent angles with 
GF, and G,F{, while F, and F{ lie on the same side of the normal plane to tg, at G1, the 
difference of distances 

di= GiFi -GiF, 
remains constant. Thereofore, the distance d has to be added to the total length L of the 
string when P should remain on the same ellipsoid. 


The same is valid for the other fixed endpoint Fp ¢ h. Note that similar arguments were used 
in [46, Fig. 4.18]. a 


In [126], STAUDE presented another string construction, which is also doc- 
umented as a historical model in |112, p. 139]. It generalizes the version 
of GRAVES’s construction on an ellipsoid €9, as displayed in Figure 7.16. 


Theorem 7.3.2 Let a string of appropriate length with both ends be at- 
tached to a pair of antipodal curvature lines e,,e2 of an ellipsoid Ey and 
kept taut so that it follows a geodesic crossing from e, to eg. If we elon- 
gate this string to a fixed length and keep it taut at a point P between the 
two curves e, and €9, then P traces a patch of an ellipsoid E confocal with 
Eo. 

Conversely, for a point P moving locally on E, the length of the described 
taut string connecting e; via P with eg remains fixed. 
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FIGURE 7.29. According to STAUDE’s generalized string construction, the two 
ends of the string have to be attached to two antipodal curvature lines €1, e2 of 
an ellipsoid €), while the point P moves on a confocal ellipsoid €. 


If the string is sufficiently short, then if follows, from the two antipodal 
curvature lines €;,e2 c Ep on, geodesic arcs and respective tangents meet 
at the point P (see Figure 7.29). By virtue of Theorem 7.1.4, the two 
tangents [P,7,] and [P,T2] contact € and a confocal hyperboloid H. 
By Theorem 7.1.2, they are common to two confocal tangent cones with 
apex P, and consequently, symmetric w.r.t. the normal np at P to the 
confocal ellipsoid € passing through P. In order to prove Theorem 7.3.2, 
we need a statement similar to Lemma 7.3.2. 


Lemma 7.3.4 Let one end of a strengthened string of given length be 
attached to a line e of curvature, which is the intersection of an ellipsoid Eo 
with a confocal hyperboloid H. Suppose that the string is a C!-composition 
of three arcs. It begins along the curved edge e between Ey and H. Then, it 
continues from a point C'€ e, along a geodesic c of Ey or H, until a point 
T. Finally, there is a straight segment on the tangent to c at T. Then, 
in which way ever, the second endpoint P of the string moves smoothly in 
space, its trajectory p is orthogonal to the straight segment TP. 
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Proof: We proceed similar to the proof of GRAvEs’s Theorem 7.2.3 on the ellipsoid. Any point 
Q attached to the string between C and T will trace an orthogonal trajectory of the geodesic 
c. There is a local parametrization x(u,v), (u,v) € Ix J, of Eo with the u-lines as geodesics 
tangent to c and the v-lines as orthogonal trajectories. By virtue of a theorem by Gauss, 
u can be assumed as common arc length along the geodesics. This implies for the partial 
derivatives 


(Xu,Xv) = 0, (i Ku =, (Xu;Xuu) = (Xu, Xuv) = (00; Xun) = 0 
for all (u,v) ¢ Ix J. The equations (xu,Xuu) = (Xv,Xuu) = 0 confirm that the u-lines are 
geodesics, since their osculating planes are orthogonal to the tangent plane. 


If, under the motion of the string’s endpoint P in space, the geodesic c remains fixed, 7.e., 
T remains on c, then the point P traces on the tangent surface of c an involute, which 
is an orthogonal trajectory of the generators and also a curvature line on the developable. 
Otherwise, the v-coordinate of T varies. Let T trace the curve on €9 given by u = u(t) and 
v=t for te J. This yields the parametrization 


p(t) =x (u(t), t) + (k-u(t))xu(t) with k=const. 


From 


cr =UXutXy -UXut (k-u)(WxXuu + Xuv) 
follows the stated orthogonality, since 
(Xu, P) = (Xu, Xv) + (K-U) (Xu, UXuu) + (k-U)(Xu, Xuv) = 0. 


The same holds when we replace the ellipsoid Eo by the hyperboloid H. a 


Proof: [Theorem 7.3.2] 


(i) We first assume that the string is sufficiently short so that its path between e; and e2 is 
composed of two geodesics and two line segments with the common endpoint P. 


Based on Lemma 7.3.4, the proof is similar to that of Theorem 7.3.1. With respect to the 
part of the string attached to the line of curvature e;, i ¢ {1,2}, a point P which is fixed on 
the moving string has a tangent vector vz; orthogonal to the segment PT;. If, additionally, 
the point P is moving relative to the string with velocity vector v,; in direction of PT;, we 
obtain for the absolute velocity of P the decomposition 


Vp =Vt, + Vr, = Vtg + Vro- 
When the total length of the string remains constant, the relative velocities |v, || and ||v,. || 


must be equal. This implies, as depicted in Figure 7.27, that vp is orthogonal to the interior 
angle bisector of 47, PT2 and tangent to the confocal ellipsoid € passing through P. 


Conversely, if P remains on the ellipsoid €, then we obtain equal relative velocities in appro- 
priate directions, and therefore, a constant length of the string. 


(ii) The arguments given above remain valid if, from e; on, a sufficiently long string also 
contacts the hyperboloid H before reaching the point P. In this case, the string also follows 
— after the straight segment between € and H — a geodesic arc on H and continues along a 
tangent line. Nevertheless, we can still claim that a point P fixed on the string will move 
instantaneously orthogonal to the final straight segment. a 


Remark 7.3.2 In the case of confocal paraboloids, each intersection between an elliptic and a 
hyperbolic paraboloid is a curvature line which consist of two simply connected components 
e, and eg. The string construction, as explained in Theorem 7.3.2, works in this case as well, 
yielding string constructions of confocal elliptic paraboloids. 


Check for 
updates 


8 Special problems 


Patches of quadrics can be swept out by particular movements of conics. The 
picture shows poses of an ellipse moving on a one-sheeted hyperboloid, together 
with the trajectory of the principal vertices. 
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8.1 Reflection in quadratic surfaces 


The stimulus for this section is a photograph showing a coffee cup, which 
is made of ceramics and stands on a plate.! The cup looks transparent 
since the circular boundary of the plate, and even its section behind the 
cup, is completely visible. This seeming transparency is caused by the 
reflection in the cup: The mirror of the plate’s visible boundary appears 
as an exact continuation of itself. Similar effects can be seen in Figure 8.1. 
Is this incidental, or is there a theoretical reason behind it? 


FIGURE 8.1. Why does the bounding circle of the plate continue in the reflec- 
tion (Picture by courtesy of Marko KNOBL [75]). 


Just to clarify the terminology, we would like to emphasize that by reflec- 
tion in a quadric we mean the physical reflection and not the inversion in 
a quadric.? We study the physical reflection in its geometric idealization, 
which is defined as a transformation applied, in general, to non-directed 
lines @ in the following way: At each point P of intersection with the 
mirror FR, i.e., the reflecting surface, the line @ is reflected in the tangent 
plane Tp (or in the normal line np) to R at P. The line ¢ can have more 
than one point of intersection with R, and, hence, more than one image. 
Note that each tangent line at P to R — to be more precise, each real 
line — remains fixed. Yet, each non-real tangent t of R is also mapped 
onto itself, except those in isotropic tangent planes. In the latter case, 


1See http://imgur.com/N10ESf1, retrieved August 2019. 

?The latter is also known under the name ‘pro jective inversion’; it is a rational transformation 
where corresponding points are conjugate w.r.t. a given quadric and collinear with a given 
center. 
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the image of t is indeterminate since, at all points Q € t, normal lines to 
the isotropic tangent plane lie in the tangent plane. 


Reflection in vertical cylinders 


We begin with a fairly popular case of a reflection which is often used for 
producing anamorphoses, 7.e., distorted perspective images, which require 
the viewer to use special devices or a specific point of view to reconstitute 
the image. A very early and impressive example is depicted in Figure 8.2. 


FIGURE 8.2. Left: JEAN FRANCOIS NICERON: Ritratto di Luigi XIII, ~ 1635, 
50 x 66.5cm, Palazzo Barberini, Rome — with kind permission of the Gallerie 
Nazionali di Arte Antica. Right: Photo of the painting together with a reflecting 
cylinder. 


Let a right cylinder R in a vertical position be the reflector. As illustrated 
in Figure 8.3, if observed from the center C’, a point Q of the horizontal 
ground plane is visible at Pe R. We call P an in R reflected image of 
Q w.r.t. the center C. The surface normal np to the cylinder at P is 
horizontal. Therefore, the two segments PQ and PC of the reflected ray 
have the same inclination, and np is the interior angle bisector of QPC, 
also when seen in the top view as ¥QP’C’. 


As a consequence, for a given center C’ and a point Q, a reflected image 
PW has its top view on a strophoid, a curve of degree three [124]. This is 
the locus of points X in the ground plane such that a bisector of the angle 
QXC’ passes through a given center M’ which, in our case, coincides with 
the top view of the axis of R (Figure 8.4). Obviously, there is a second 
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FIGURE 8.3. Reflection in the right cylinder R: The point P is a reflected 
image of the point Q in the ground plane w.r.t. the center C. 


FIGURE 8.4. For a given center C and a point Q in the ground plane, the top 
views of the reflected images P and P lie on a strophoid. 


8.1 Reflection in quadratic surfaces 331 


FIGURE 8.5. Parallel circles p on F are the reflected images of Pascal limacons 
q in the ground plane. 


point P of intersection between the strophoid and the cylinder R such 
that the interior angle bisector of +OP OC passes through M. This shows 
that the point Q can (theoretically) have two in FR reflected images w.r.t. 
C. The second one, P, lies on the back wall. 


Figure 8.4 shows the trajectories q of Q when a reflected image P runs 
on R along horizontal circles p. These trajectories are circles only in two 
particular cases: Either P € lies in the ground plane or P has exactly 
half of the height of C' over the ground plane. Otherwise, the trajectories 
are Pascal limacons. 


This can be proved as follows (see Figure 8.5): The reflection at Pe R 
acts like the reflection in the surface normal np and maps the line [P, C] 
to the line [P,Q]. If P has the height z over the ground plane, then the 
reflection in np maps Q to a point P2 in the height 2z on the line [P,C]. 
Let P run with angular velocity w along the parallel circle pc R. Then, 
the intersection point P, of [P,C] with the plane in the height 2z runs 
with the same angular velocity w on a horizontal circle po with center M> 
on the cone connecting p with C. 

In the top view, we obtain Q’ when P € p% is reflected in n‘>, which 
rotates with angular velocity w about M’, the top view of the cylinder’s 
axis. This shows that the trajectory q of Q is traced when a first bar 
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M'Ms3 rotates about M’ with angular velocity 2w while a second bar 
M3Q{ rotates with the (absolute) velocity w. The path of the end point 
of a dyad M'M3Q moving this way is a particular trochoid, namely a 
Pascal limagon q’ [145, p. 155], provided that no moving bar has length 
Zero. 


Further properties of the reflection in right cylinders, e.g., concerning 
caustics, can be found in [45]. 


Reflection in regular quadrics 


The reflection in regular quadrics is closely related to results on confocal 
quadrics. We recall that, by virtue of Theorem 7.1.2, the tangent cones 
from a given point P to confocal quadrics are confocal, too. 


Let a tangent line @ of any quadric Q9 pass through a point P on the 
quadric Q being confocal with Q 9. Then, the reflection of @ at P in Q 
is again tangent to Qo, since the tangent plane Tp to Q is a plane of 
symmetry of the cone of tangents drawn from P to Qo. Thus, we obtain 
a spatial analogue of a well-known theorem concerning conics (see |46, 
p. 42, Fig. 9.39]). 


Corollary 8.1.1 Let QO and Qo be two different quadrics in a confocal 
family. Then, the reflection in Q maps the line complex of tangents of Qo 
to itself. In particular, the complex of lines meeting any focal conic f of 
OQ remains fixed. 


We learned in Theorem 7.1.3 that, in general, a given line contacts two 
surfaces of a confocal family, and the tangent planes at the respective 
points of contact are orthogonal. The only exceptions are the focal axes 
é, characterized by the property that the isotropic planes through @ are 
tangent to all confocal quadrics. 


Corollary 8.1.1 is the main reason for the optical effects mentioned at the 
beginning (Figure 8.1): Let a quadric Q and a central projection with 
center C’ be given. If any line @ of sight which meets a focal conic f of Q 
at a point Q, is reflected at the point P # C in Q, then the transformed 
line still meets f at any point Q2. Therefore, the perspective images of 
the points Q; and P are coinciding where P is the reflected image of Q2 
w.r.t. C. This holds for all Q; ¢ f. Therefore, in the perspective view, 
the focal conic f and its in Q reflected image w.r.t. C’ belong to the same 
conic. 
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FIGURE 8.6. In the perspective view, the focal hyperbola coincides with its 
reflection in the ellipsoid €. 


The quadric in Figure 8.1 is a one-sheeted hyperboloid of revolution, and 
f passes through the focal points of the meridians. With Figure 8.6, left, 
we recall Figure 7.2 showing a triaxial ellipsoid € and its focal hyperbola 
fn. This time, the perspective view is combined with a zoom-in on fp 
on the right-hand side of Figure 8.6. In the perspective view, the (in €) 
reflected image of f;, appears as the exact continuation of the hyperbola 
Sh: 

As a generalization, we can replace the focal conic f with any other 
quadric in the confocal family and claim: 


Corollary 8.1.2 Let a reflecting quadric Q be given together with a con- 
focal quadric Qo. Then, in the perspective image with any center C, the 
quadric Qo and its in Q reflected image w.r.t. C have coinciding contours. 
This is also valid when Qo degenerates to a focal conic f: The perspective 
of f coincides with that of its in Q reflected image. 

Remark 8.1.1 Lines which do not intersect Q in real points remain fixed under the reflection in 


QO. Tangent lines of Q also remain fixed while directed tangent lines change their orientiation. 
Every other non-directed line has two real points of intersection and, therefore, two images. 


Reflecting cones in a quadric 


By virtue of Corollary 8.1.1, a line intersecting a pair of focal conics 
fi and fo preserves this property after reflection in any quadric being 
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confocal with f; and fo. The set of such lines is the union of cones of 
revolution with apices on the focal conics. Now we check what happens 
if the generators of one of these cones are reflected. 


Theorem 8.1.1 Let Q be a quadric with focal conics f, and fo. The 
cone Co of revolution, which connects any point So € fy with fo, intersects 
OQ along two conics cy and cg. The reflection in Q along the conic cj, 
i=1,2, transforms Co again into a cone C; of revolution passing through 
fo with an apex S; € f,. The axes of the cones Co and C; intersect at the 
point T;. This is the apex of the cone which touches Q along the conic c. 


FIGURE 8.7. The reflection in the quadric Q transforms the right cone with 
apex So € f; into two right cones with apices $1, S2 € fi. 


Proof: The tangent cones drawn from the point So € f1 to the quadrics of the given confocal 
family are confocal with the cone Cg connecting So with f2. Since the latter one is a cone 
of revolution, they are all cones of revolutions with the proper tangents ts, to fi at So as 
common axes. These cones are tangent to the isotropic planes through ts,; the respective 
lines of contact are isotropic lines in the plane orthogonal to ts, through So. 


On the other hand, the poles of a fixed plane w.r.t. the quadrics of a range are collinear. For 
both isotropic planes through ts,, which touch all quadrics confocal with Q, the respective 
points of contact are collinear with So, with the point of contact with f;, and with the 
respective absolute point as the point of contact with the absolute conic. 
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Therefore, the quadric Q, like any other confocal quadric, contacts the cone Cg at two points. 
Consequently, the curve of intersection QM Co splits into two conics c; and c2, both passing 
through the points of contact on the line tS) polar to ts, w.r.t. Q. Figure 8.7 shows the scene 
after being orthogonally projected into the plane of fi. 


For i = 1,2, the tangent cone 7; of QO along c; has the apex T;. In accordance with Lemma 7.1.4, 
the two proper tangents drawn from 7; to f; are the focal axes of 7;. One of them is ts,; the 
other contacts f; at S; (Figure 8.7). As already noted, the reflection in 7; transforms planes 
through ts, into planes through [T;,S;]. On the other hand, the reflection in Q at any point 
X €c; transforms the generator [So, X] into a line meeting f; (and fz). Thus, the reflection 
of [So, X] must coincide with [5S;, X], as stated in Theorem 8.1.1. For all X € c;, the planes 
spanned by the incoming and outgoing ray, which also contain the surface normal nx to Q, 
have the common trace [So, 5;] in the plane of f. a 


The given proof reveals that Theorem 8.1.1 can be generalized by replac- 
ing the focal conic fg with any confocal quadric Qo. 


Theorem 8.1.2 The reflection in any non-revolute quadric Q transforms 
each cone of revolution with its apex on a focal curve f and axis tangent 
to f into two cones of the same type. 


Conversely, this is the only case where two smooth cones with different 
apices correspond under the reflection in Q. 


Remark 8.1.2 (a) Tangent cones of QO would be trivial examples of cones which remain cones 
under the reflection in Q. However, they remain fixed, and thus, they are excluded by the 
condition that the apices of a cone and its reflection should be different. 


(b) Figure 8.7 shows the case of an ellipsoid € with So on the focal ellipse f;. Theorem 8.1.2 
also holds for the focal hyperbola fz, but then, for So specified in the interior of €, the apices 
S1 or S2 can be outside. In this case, only the extensions of the reflected rays meet at a single 
point. 


Proof: Let cc Q be the smooth curve where rays emanating from the point So are reflected 
to rays passing through another point Sj. 


(i) The normal line of Q at each point P € c is an interior or exterior bisector of the angle 
4SoPS 1. Similar arguments, as used to prove Graves’s theorem on quadrics (Figure 7.14), 
yield that either the sum or the difference of distances Sp P and 5; P is constant along c. This 
determines a quadric of revolution Qpr with focal points Sp and 5; which shares with Q the 
surface normal at each point P € c (compare with [46, Fig. 4.17]). 


(ii) Since the degree of a curve of contact between the two quadrics Q and Qpr cannot be 
greater than two, the curve c of contact between Qpr and Q is part of a conic c. 


(iii) By virtue of Theorem 2.4.5, the cones connecting c with So and Sj are cones of revolution 
Co and Cj, respectively. Therefore, Sg and Sj are located on the focal conic of c, which lies in 
the plane o of symmetry of c passing through its principal axis ({46, p. 139]). 


(iv) The plane o contains the pole T of the plane of c w.r.t. Q and Op because of their contact 
along c. The line connecting T’ with the center of c is a diameter of QO and QpR, and it is polar 
w.r.t. both quadrics to the line at infinity of the plane of c, which is orthogonal to the diameter 
through T. Therefore, the plane a is also a plane of symmetry of Q. 
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(v) Finally, we prove that the given apices Sp and Sj lie on the focal conic f c o of Q, and the 
respective axes sg and s1 of the cones Cg and Cy are proper tangents to f. For this purpose, 
we use the complex extension of the Euclidean 3-space. 


The cone of revolution Cp contacts the isotropic planes through the axis so along the isotropic 
generators in the plane orthogonal to sg through Sp. They intersect the conic c at two complex 
conjugate points P and P. All isotropic lines through So form the tangent cone of Qr (see 
[46, p. 457]). Thus, P and P are points of ¢ with isotropic tangent planes to Qp and also to 
QO, due to their contact along c. Therefore, the axis sq is a focal axis of Q (Definition 7.1.2) 
within the plane of symmetry o, and, consequently, by Lemma 7.1.4, a proper tangent to the 
focal conic f co. 


Let To denote its point of contact with f. The contact points of the isotropic planes through 
To with all quadrics confocal with Q are located in the plane orthogonal to so through To, 
since they are generators of tangent cones of revolution with apex Tp. On the other hand, we 
have noted before that the contact points P and P with Q are located in the plane orthogonal 
to sg through So. Therefore, the points Sg and To must be identical on so. 


The same holds for the second cone C1. a 


£0 


FIGURE 8.8. The reflection in an elliptic (or hyperbolic) paraboloid P trans- 
forms the line @9 parallel to the axis into a line @; meeting both focal parabolas. 


From a limiting case of Theorem 8.1.1, we learn how the well-known reflec- 
tion property of a satellite-TV receiving dish changes when the paraboloid 
of revolution is replaced with a general elliptic paraboloid P (Figures 8.8 
and 8.9). In the projective setting, the ideal point of the axis s is common 
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to both focal curves of ?. Hence, lines parallel to s are reflected onto lines 
meeting both focal parabolas. 


FIGURE 8.9. The reflection in the elliptic paraboloid P transforms the right 
cone with apex 5; € f; into the right cone with apex S2 € f; and a pencil of 
lines parallel to the axis s into the plane <q. 


Theorem 8.1.3 Let P be any paraboloid other than a paraboloid of rev- 
olution. Then, the reflection in P maps all lines €, which are parallel to 
the axis s of P to lines meeting both focal parabolas f; and fz of P. The 
pencil of those parallels € to s which lie in a plane €9 orthogonal to the 
plane of f1, 1s mapped to a cone of revolution with apex S1 € fi. 


The latter can also be concluded as follows (see Figure 8.9): Let co denote 
the parabola Pneg. The tangent cone of P along co is a parabolic cylinder 
Co with apex P at infinity. After an orthogonal projection with center 
Po, the cylinder Cp appears as a parabola Cf. In this view, the reflection 
in P along co appears as a planar reflection in Cf’, which transforms lines 
parallel to the parabola’s axis in lines through the focus of Cf’. This focus 
coincides with the projection of S; which is the point of f; with the proper 
tangent ts, passing through Pp. 
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FIGURE 8.10. After at most three consecutive reflections in the elliptic 
paraboloid 7, all lines @ parallel to the axis s are sent back to such lines. 


Let us once more focus on the orthogonal view in the plane of the focal 
parabola f;, as displayed in Figure 8.9. We see that both the cone C, 
with apex S and the cone C2 with apex S2 have one contour line parallel 
to the axis s and the other passing through the focal point F’. In the 
same way as C; on the one side is reflected into the pencil of parallels to 
s in the plane €9, the cone C2 is on the other side reflected into a pencil 
of parallel lines in a plane ¢3 (note Figure 8.10). The relation between é 
and ¢€3 is involutive; the connecting line of the vertices of the parabolas 
EgNP and e3nP passes through a fixed point X on the axis s (dotted line 
in Figure 8.10). The proof is left to the reader as an Exercise (cf. 8.1.1). 
Thus, we can state a result which goes back to WUNDERLICH |140, p. 18]. 


Theorem 8.1.4 After three consecutive reflections in an elliptic 
paraboloid P, all lines £9) parallel to the axis s of P are sent back as 
lines €3 parallel to s, provided €9 is not located in a plane of symmetry of 
P. Otherwise, line £9 is already returned after two reflections as a line ty 
parallel to s. 
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A similar result holds for hyperbolic paraboloids. 


Remark 8.1.3 The two-parameter family of parallels to the axis s of the paraboloid P consists 
of all lines orthogonal to a plane. By virtue of the Theorem of Malus and Dupin [106, p. 446], 
the property of being a congruence of surface normals is preserved under reflection in any 
surface. The surfaces orthogonal to the lines meeting the pair of focal parabolas of P are 
parabolic Dupin cyclides [46, p. 147ff]. We recall that the surfaces whose normals intersect an 
ellipse and its focal hyperbola are general Dupin cyclides. 


@ Exercise 8.1.1 Reflection in an elliptic paraboloid P. 

With regard to Theorem 8.1.4, prove the following statement (note Figure 8.10): Using Carte- 
sian coordinates in the plane of the focal parabola fi with the axis s as x-axis, the product 
of the y-coordinates of the planes €9 and €3 equals -p?/p Ff, where py and p are the respective 
parameters of the focal parabola f; and of the intersection ki of the paraboloid P with the 
[z,y]-plane. The points of intersection of ¢9 and €3 with the parabola k, define an elliptic 
involution on k; with the center X on s (note [46, p. 251]). 


Hint: Note the dilation f; ~ ky, with center F. 
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FIGURE 8.11. Moving ellipses on an ellipsoid (courtesy F. GRUBER). 


8.2 Moving conics on quadrics 


For any given quadric Q, there is a three-parameter family of planes which 
intersect Q along conics. However, the size of an ellipse or hyperbola 
depends only on its two semiaxes. Consequently, on each quadric Q there 
exist ellipses or hyperbolas with a one-parameter family of congruent 
copies on Q. One can expect that some conics can even be moved on the 
quadric. 


The same holds for parabolas: Their size depends on one single length, 
its parameter, while on hyperboloids and paraboloids, there exists a two- 
parameter family of planes which intersect along a parabola. 


There are well-known examples of movable conics on quadrics. Apart 
from the trivial case of circles on a sphere, paraboloids are surfaces of 
translation, even with a continuum of translational nets of parabolas 
(Theorem 2.3.2). Each parabola on a paraboloid can be embedded in 
a net of translation. On quadrics of revolution, each planar section re- 
mains on the quadric under rotations about the axis. Conversely, each 
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conic symmetric w.r.t. a plane through an axis s in space sweeps a ringlike 
portion of a quadric when rotated about s (see [119]). 


What about general quadrics QO? F. GRUBER created a numerical algo- 
rithm to visualize the motion of ellipses on an ellipsoid, as depicted on 
page 91 or in Figure 8.11.° 


Moving ellipses on an ellipsoid 


If we define an ellipsoid € as the image of a sphere under an affine trans- 
formation a, we recognize immediately that on € any two ellipses e1, e2 
in parallel planes must be homothetic. The centers lie on the diameter 
through a point P € € with a tangent plane Tp parallel to the cutting 
planes. The axes of the conics are parallel to the principal curvature 
directions at P (see Figure 8.12). 


FIGURE 8.12. The sections of an ellipsoid with parallel planes are homothetic. 


The same is valid for all other central quadrics Q, due to properties of 
the polarity in Q. It is well-known that even the Dupin indicatrix at 
P (see, e.g., [46, p. 120] or [82, p. 75]) is homothetic to the conics in 
planes parallel to Tp. This can be confirmed either by straightforward 
computation using the Taylor expansion of the quadratic polynomial at 
P or by applying a particular projective transformation which sends Q 
to a paraboloid with vertex P, while all points of vp remain fixed. 


3The authors have included these pictures in memory of FRANZ GruBER, University of Applied 
Arts Vienna, who passed away in 2019 at the age of 47. 
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FIGURE 8.13. The semiaxes (de, b-) of ellipses on an ellipsoid € with semiaxes 
a, b, and c. 


Let € be a triaxial ellipsoid with semiaxes a > b> c. Figure 8.13 shows in 
a diagram the semiaxes (a-,b_) of all ellipses e on €. We notice that the 
ratio of semiaxes for ellipses on € is restricted by 


(8.1) 


It will be shown that all ellipses corresponding to interior points of the 
marked area in the diagram can be moved on €. 


According to the definition of the Dupin indicatrix, the ratio of the princi- 
pal curvatures 1, K2 at P is reciprocal to the ratio of the squared semiaxes 
of the ellipses on € in planes parallel to Tp, i.e., 


de ibe =J/K1:\/KQ if Ky > Ko. (8.2) 


The lines of curvature on quadrics and even the principal curvatures are 
related to confocal quadrics. For that purpose, we recall a few properties 
of confocal quadrics from Chapter 7. 


The one-parameter family of quadrics being confocal with the ellipsoid € 
is given by 


al a eee Hey BS 
eek Pee 2h? where €R\ {-a",—b°,-c"} (8.3) 


serves as parameter within the family. In the case a > b > c > 0, this family 
contains triaxial ellipsoids for —c? < k < oo, one-sheeted hyperboloids for 
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-b* < k < -c’, and two-sheeted hyperboloids for —a? < k < —b? (note 
Figure 8.14). As limits for k > -c? and k > -b?, we obtain ‘flat’ quadrics, 
the focal ellipse f. in the plane z = 0, and the focal hyperbola f);, in y = 0. 


The confocal family (8.3) sends through each point P = (€,7,¢) in ‘general 
position’, z.e., with Cartesian coordinates €,7,¢ #0, exactly one ellipsoid, 
one one-sheeted hyperboloid, and one two-sheeted hyperboloid. The cor- 
responding parameters k define the three elliptic coordinates of P. We 
concentrate on points P on the ellipsoid € with k = 0, and denote the pa- 
rameters of the two hyperboloids H; and Hz by k; and kz (Figure 8.14). 
Therefore, the three Cartesian coordinates (£€,17,¢) satisfy 


a 8 ae oe 
ea Gee. (8.4) 


and for i= 1,2, 


a aa cr a ee ee <—b? < ky <-c?. (8.5) 
 @+k | Pt | +k; 7 oo 


a2 a _p2 ie =f 
5 gage ESS SS Sea SET TET SST SS 
two-sheeted one-sheeted ellipsoids 
hyperboloids hyperboloids 
f h ri e 


FIGURE 8.14. The boundaries of elliptic coordinates (ki, k2) for points P « €. 


From a given triple (0, k1, k2) of elliptic coordinates, we can compute the 
Cartesian coordinates (€,7,¢) of the corresponding points, according to 
(7.11), via 


ga W(a*t hia? ha) a _ B(b+ ta) (0+ ba) 
(a? 0)(a2— 2)  ~ (PR A) a) 

(2 = (e+ Bi) ha) 

(2 =a) (2 - B) 


(8.6) 


There exist eight such points, symmetric w.r.t. the coordinate planes. 


The tangent plane to € at P is given by 
g Dy 


Tp: gett put aeah (8.7) 
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For its distance h to the center O of €, we obtain 


2 1 
h? = Orp =i (8.8) 
at bt 
The surface normal np to € at P has the direction vector 
c Wk 1 
Pc= (<. Be’ ‘) with |np| = rr (8.9) 


The surface normals of the hyperboloids H, and H2 at the point P have 
the direction vectors 


vie (s ls =). é=1,2. (8.10) 


a2 +k; b2 +k; 2+; 


For given P = (€,7,¢) € €, the parameters k; and ko of the hyperboloids 
through P are the two roots of the quadratic equation 


k?+Lk+M=0 (8.11) 


with coefficients 
(b? +e as ge? (era? i? Pe cna Sa 
b? c 
wa Ge 
M =a? +.02c? +b2c2 -€2(b? + C2)? (a2 + c2)—C2(a2 +b?) = 


ie? 


L=a?+ b?+?-€-1?-(7= 


where h = O7p satisfies (8.8). Concerning L, the second expression in 
(8.12) follows from the first one by multiplication with the left-hand side 
of (8.4). On the ae hand, we obtain the last expression of M after 
multiplying a2b? + ac? + b?c? with the left-hand side of (8.4). 


The differences of any two of the equations in (8.4) and (8.5) yield 

c w C a = ae 
Heo Pees Bee ee tks, one 
gg ng 
(a?+ky)(a?+ko) (02+ k1)(b? + ko) (c? +k) (ce? + ka) 


(8.13) 
= (vi, V2) =0. 


This confirms again what has been stated in Theorem 7.1.2: Confocal 
quadrics form a triply orthogonal system of surfaces. Therefore, according 


8.2 Moving conics on quadrics 345 


FIGURE 8.15. Lines of curvature on an ellipsoid and the umbilic points. 


to DUPIN’s theorem, confocal surfaces of different types intersect each 
other along lines of curvature (Figure 8.15). 


At each point P ¢ € in general position, the two principal curvature 
tangents are the surface normals of the two hyperboloids H; und Hg 
through P, and hence in direction of the vectors v, and ve, as given in 
(8.10). 


The following result is the 3-dimensional generalization of a well-known 
property of confocal conics, which can be proved by using the quadratic 
transformation of conjugate orthogonal lines (see, [46, p. 340-343]): The 
center of curvature at any point P of a given conic is the pole of the 
tangent tp w.r.t. the confocal conic through P (Figure 8.16). 


Lemma 8.2.1 Given an ellipsoid E, let Pé € be a point in general posi- 
tion with the tangent plane Tp to E. IfH, and Hz denote the two confocal 
hyperboloids passing through P, the poles of Tp w.r.t. Hy and Hg are the 
centers of curvature of the orthogonal sections of E through the principal 
curvature tangents at P. 


Proof: The tangential equation (7.10) of confocal quadrics yields the pole T; of Tp w.r.t. Hi: 


T, = (< tki) nb? +ki) C(? ) 


a? b2 : C2 
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FIGURE 8.16. The center of curvature P* of the point P w.r.t. the ellipse e is 
the pole of the tangent tp w.r.t. the confocal hyperbola h. 


The two poles JT, and T» are located on the surface normal np at P to €, and can be written 


(2) «(a8 ] 
Ti =| 1 |+ki] n/b? |. 
¢ cfc 


Thus, their distance to P equals, by (8.8), 


= fe m0? _ |kil ki 
PT; = |ki| te po (8.14) 


The statement of Lemma 8.2.1 means that the principal curvatures of € at P are 


—— h 
Ki, =1/PT;=-—, i=1,2. (8.15) 
ky 
We verify this by comparing it with well-known formulas for the Gaussian curvature K and 
the mean curvature H ([7, p. 517, footnote] or [141]): 
heh? ha 


K =k 1K2= = Se 
ee kika = Ms a2b2c2 


according to (8.11) and (8.12). Furthermore, 


1 h(i oo. hL h3 
H= 5m +na)=-3 (5+ 5) = Sar” aaa 

The points T; and T> on the surface normal np are the Meusnier points, i.e., the centers of 
the Meusnier spheres, associated with the principal curvature tangents. Since kg < ky < 0, 
the pole T> of Tp w.r.t. the two-sheeted hyperboloid H2 corresponds to the major axis of the 
Dupin indicatrix. This major axis has the direction vector v2 of the surface normal to the 
two-sheeted Hz at P, as given in (8.10) (Figure 8.17). a 


We formulated Lemma 8.2.1 for the case of an ellipsoid, but it holds 
similarly for hyperboloids and even paraboloids. 
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Lemma 8.2.2 For each point P with elliptic coordinates (0,k1,k2) on 
the ellipsoid E, the ratio of semiaxes of ellipses e c E in planes parallel to 


Tp 1s 
de? be = \/K1? VK2 = V—ko: V1. 


The major axis of e has the direction of the normal vector v2 to the two- 
sheeted hyperboloid through point P. 


FIGURE 8.17. Curves of constant ratio of principal curvatures «1 : Kg in the 
case (i) ac < b? and direction vectors v1, V2 of the principal curvature tangents 
at P. 


A direct consequence of Lemma 8.2.2 is: 


Theorem 8.2.3 On a triazial ellipsoid E, the curves of points with con- 
stant ratio of principal curvatures are identical with the loci of points with 
proportional elliptic coordinates k; and ky. These curves are algebraic of 
degree 8. 


Proof: We can use t := —kg as a parameter for the curves of constant ratio Kk, : Kg. The 


definition 2 
k 
ViE Bu = ae = ve = const. (8.16) 
Ko ki be 


yields ki = t/v. From (8.6) follows for the subarcs in the octant 2, y, z > 0 the parametrization 


a?(a?- t/v)(a?-t) b?(b?- t/v)(b? - t) c?(c?-t/v)(c? -t) 
er | Pye)’ | Pea)" ere oy 
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where, due to (8.5), 

max{b?, vc?} < t < min{a”, vb7}. (8.18) 
Reflections in coordinate planes generate closed curves on €. The degree of these curves, as 
stated in Theorem 8.2.3, is obtained after the elimination of the parameter t in (8.17). a 


The curves of constant ratio v = 1/K2 = k2/k, were already studied by 
W. WUNDERLICH [141, p. 680], however without considering the relations 
(8.15) between the principal curvatures «1, «2 and the elliptic coordinates 
ky,kg. In this paper [141], even the motion of an ‘infinitesimally small 
ellipse’ on the ellipsoid is mentioned. 


Figure 8.18 shows the curves in question on a triaxial ellipsoid. Three 
types of ellipsoids have to be distinguished: (i) ac < b?, (ii) ac = b?, and 
(iii) ac > b?. 

Depending on the respective ratio v = ke/ki, curves with 1 < v < 
min{a?/b?, b?/c?} surround one vertex on the y-axis. Curves with 
max{a?/b?, b?/c?} < v < a?/c surround a single umbilic point. The dis- 
tinguished curves corresponding to v = a?/b? and v = b?/c? are displayed 
as dashed lines in Figure 8.18. At type (ii) they coincide, otherwise they 
bound a family of closed curves which surround pairs of umbilic points. 


Moving an ellipse on an ellipsoid 


In order to move a given ellipse e with semiaxes (a¢,b.) on the ellipsoid 
E with semiaxes a > b > c, we first check the inequality (8.1). If it is 
satisfied, we determine the locus of points P on € with the ratio of princi- 
pal curvatures «1,2 according to (8.16). A parametrization p(t) of this 
trajectory is provided in (8.17). 

Then, for each point P, the center M of e has to be specified between 
P and the center O of € such that the major semiaxis equals the given 
length a,. This is possible only if e is not bigger than the intersection of 
E with the diameter plane parallel to Tp, which is clarified below. 


Lemma 8.2.4 The semiazes of the ellipse in the diameter plane parallel 
to the tangent plane tp at the point P € E with the elliptic coordinates 
(0,k1,k2) are 


ap=V-ko, bp=v/-ky,. (8.19) 


Proof: The diameter plane is spanned by the direction vectors v; and v2 given in (8.10). We 
look for A ¢ R with Av; € E€, hence 


2 a 4 ae + esa, =1 
(a2 +k;)?a2 (b? + k;)2b2 (ec? + kj) 2c? . 
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(i) ac< 0? 


(ii) ac = 0? 


= CL, Vy y, 
Hf 


FIGURE 8.18. Curves of constant ratio of principal curvatures «1 : K2 in the 
cases (i), (ii), and (iii). 
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This condition does not change if we subtract from the term in square brackets the left-hand 
side of the first equation in (8.13), divided by k;. Thus, we obtain 


2 é e - 
Yl aioe meme |= 


2 2 2 2 2 
- ag ta es to = -— Ivil? =1, 
ky (a So ki) (b + ki) (c + ki) kj 


hence, ap = |A|||va|| = /—k2 and bp = |A|||vi|| = V-ki. These equations can already be found 
in [7, p. 517]. a 


and, finally, 


The equations in (8.19) confirm again that the ratio a% : b% equals that 
of the elliptic coordinates ky: k, of P, as stated in Lemma 8.2.2. 


FIGURE 8.19. Moving an ellipse on an ellipsoid of type (i). 


Conversely, if the point P € € has the elliptic coordinates (0, k1,k2), then 
all ellipses of € in planes parallel to tp have a major semiaxis smaller or 
equal to ap, as given in Lemma 8.2.4. For the motion of a given ellipse e 
with semiaxes (d¢,b-), this implies the necessary condition 


de < ap =\/-ka, where b< \/-ko <a. (8.20) 


All ellipses in planes parallel to rp have their principal vertices on an 
ellipse with the conjugate diameters OP and the major axis of the di- 
ametral section. If p denotes the position vector of P and m = wp with 
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0<w=sina <1 that of the center M of any ellipse in this family, then 
its major semiaxis ae equals ap cos x = ap\/1- p?, which results in 


2 2 
pe=1-“@-1-%. (8.21) 
an t 


Suppose that, during the motion of the ellipse e, the scalar jz vanishes, i.e., 
its center M coincides with the center O of €. Then, the corresponding 
point P reaches its final pose on the trajectory at t = —ka = a2. By (8.20), 
such positions are only possible when a, > 6. In order to continue the 
motion, either the point P jumps to its antipode or the scalar ps becomes 
negative. Consequently, for the parametrization p(t) in (8.17), there is 
an additional restriction for the parameter t = —k2, namely 


max{b”,uc’,a2} <t < min{a?, vb}. (8.22) 


Figure 8.20 shows a motion of an ellipse where only a part of the trajectory 
of P is used. The marked principal vertex of the moving ellipse e traces 
a closed curve, as depicted on the left-hand side. 


Now we are able to give an explicit parametrization of the motion of the 
ellipse e with semiaxes a, and be on the ellipsoid €. Based on (8.17) with 
the parameter t according to (8.22), we obtain for the trajectory of the 
center M of e 


2 
Ge 


m(t) = (t)p(t) with p(t)=4/1 (8.23) 


oe 
We can express the motion of e in matrix form, in terms of position vectors 
Xm W.r.t. the moving space (attached to e) and xy w.r.t. the fixed space 
(attached to €), as 


v2 Vi np 


xf¢=m(t)+M(t)xm, where M(t) = | | (8.24) 


Iv’ [lvill’ Ine! 
The square brackets embrace the column vectors according to (8.10) and 
(8.9) (note Figure 8.17) in the orthogonal matrix M(t). 


The interval in (8.22) restricts the parameter t for a motion, which keeps 
the point P within the octant x,y,z > 0. In order to obtain a closed 
motion, we have to continue by appropriate reflections in the planes of 
symmetry of the ellipsoid €. 
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FIGURE 8.20. Motion of the ellipse e on an ellipsoid of type (iii) with ac > b?, 
together with the trajectories of a principal vertex of e and of the corresponding 
point P. 


Algebraic properties of this motion and some references to this problem 
are provided in H. BRAUNER’s paper [15], such as: The carrier planes of 
conics moving on a central quadric form a developable of class twelve. 


Moving conics on hyperboloids 


On hyperboloids and paraboloids as well, the curves of intersection with 
parallel planes are homothetic. However, the method that was used before 
for ellipsoids, cannot be applied in all cases, since point the P either does 
not exist or lies at infinity. Moreover, paraboloids have no center O. 
Below, we analyse such cases, but we confine ourselves to the motions of 
ellipses and parabolas on one-sheeted hyperboloids. The remaining cases 
can be solved similarly. 


For ellipses e on a one-sheeted hyperboloid Hj, there is no point P € Hy 
available with the tangent plane rp parallel to e. However, we find an 
appropriate point P on the conjugate two-sheeted hyperboloid Hz with a 
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FIGURE 8.21. For ellipses e on a one-sheeted hyperboloid 1, there does not 
exist a point P €¢ H, with the tangent plane 7p parallel to the plane of e. 


tangent plane Tp parallel to the plane of e (Figure 8.21). The hyperboloid 
Hy shares the asymptotic cone with 1, and therefore, the axes of the 
ellipse e are parallel to the principal curvature directions of Hz at P. The 
two hyperboloids satisfy the respective equations 


iw) 


2 2 2 
y 


2 
z& x 
ay a ta and Hai -G- at 


= a | 
Por Van Zak 


Again, this family sends three mutually orthogonal quadrics through each 
point P in space outside of the planes of symmetry, one of each type. 
On the two-sheeted hyperboloid Hz with k = 0, we use the respective 
parameters kp and ky, of the ellipsoid and the one-sheeted hyperboloid 
through P € Hz as the elliptic coordinates of P with 


ko >a? and a?>k,>b?. 


Then, similarly to Lemma 8.2.4, the ellipse e € H,; in the diameter plane 
parallel to 7p has the semiaxes 


ap = ko and bs = V1. 
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Hence, if any given ellipse with semiaxes a, and b. should be moved on 
H,, the corresponding point P € Hg has to trace a curve with proportional 
elliptic coordinates 


on Hz. Similarly to (8.17), we can parametrize the trajectory of P by 
t := ko > a”, where 

ko ae 

Vv i= — = — = const. 

ky be : 
hence ky = t/v with b? < ky <a. 
For each P, the principal vertices of the ellipses in planes parallel to Tp 
are placed on a hyperbola, for which one principal vertex in the diameter 
plane and the point P define conjugate diameters. If a. = ap cosh z, then 
the position vectors m of the center of the ellipse e and p of the point P 
are related by m= sinha p. Thus, we obtain 


m=pp with p= =L; (8.25) 


are | se 


Finally, this yields a parametrization, similar to (8.24), for the motion of 
the ellipse e on H,. As a consequence of (8.25), on the trajectory of P, 
only points with az = ky < a? are admitted. Therefore, the parameter 
t = kg runs the interval 


max{a”, vb?} <¢ < min{a?, va"}. 
In the case a? < va?, the same phenomenon appears as depicted in Fig- 
ure 8.20. When the parameter t reaches a2, then, in order to continue the 
motion of the ellipse, either the point P has to jump to its antipode, or 
the scalar yu in (8.25) must get a negative sign. 


Figure 8.22 shows the motion of an ellipse on a one-sheeted hyperboloid. 
In the depicted case, we have vb? < a? and va? < a2. Therefore, the center 
M of the ellipse e never reaches the center O of the ellipsoid. In order to 
obtain a closed motion, the point P has to trace twice its closed curve of 
constant ratio v of elliptic coordinates. After one turn, the moving ellipse 
e returns into its initial position, but the principal vertices have switched 
their positions. 
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FIGURE 8.22. Motion of an ellipse on a one-sheeted hyperboloid. 


Finally, we analyse the motion of parabolas on quadrics. Parabolas exist 
on hyperboloids and paraboloids. Congruent parabolas on paraboloids 
are located in families of parallel planes and form a net of translation. 
Thus, what is left to be studied are parabolas on hyperboloids, and we 
can confine ourselves to non-revolute hyperboloids. 


As shown in Figure 2.23, if the parabola p is the intersection of any plane 
€ with a hyperboloid H, then p is congruent to the intersection pe between 
€ and the asymptotic cone C of H. The parabola p arises from pe by a 
translation along the common axis s. As a consequence, we first have to 
focus on congruent parabolas pe == NC on a quadratic cone C. 


The plane = parallel to ¢ through the apex O of C contacts C along a gen- 
erator 5 which is parallel to the axis s of pe (see Figure 8.23). The vertex 
A of pc is characterized by a tangent t,4 orthogonal to s. The tangent 
plane T4 to C at A intersects = along a line t4 through O orthogonal to 5. 
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Oy] 


FIGURE 8.23. Determination of the parameter of a parabola pe as the inter- 
section on the quadratic cone C with the plane e«. 


The second tangent plane through ¢4 to C contacts C along a generator 
gA, Which carries all vertices of parabolas on C in planes parallel to e. 


The parameter a, of any parabola equals half of the chord through the 
focal point perpendicular to the axis (see [46, Fig. 2.2]). Let P denote one 
of the endpoints, called parameter point of the parabola. The tangent tp 
at P encloses 45° with the parabola’s axis. Therefore, the tangent plane 
Tp at a parameter point P of pe intersects = along a line tp, which meets 
3 in O at an angle of 45°. Consequently, P is located on a generator gp 
along which the second tangent plane tp through tp contacts the cone. 


Let the parameter a, of any parabola on C be given. Then, for a specified 
3 on C with the tangent plane =, the apex A of the corresponding parabola 
pc <C lies on the generator ga, and all possible tangents t,4 are parallel 
to #4 c E and orthogonal to 3. A parameter point P of pc lies on the 
generator gp such that the distance to the axis, measured parallel to t,, 
equals the given parameter a,. We find P as the point of intersection 
between gp and a plane parallel to [g4,5], the polar plane of t4 w.r.t. C. 
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FIGURE 8.24. Motion of a parabola on a quadratic cone (left) and on a 
one-sheeted hyperboloid (right). The green curves are the trajectories of the 
vertex. 


Finally, the axis s of pe has one remaining finite point of intersection A 
with the given hyperboloid H. The point A is the vertex of the parabola 
on H with the given parameter a, and with an axis s parallel to 3c C. 
The translation A+ A takes pe to the requested parabola p c H. 


Variations of 5 on the asymptotic cone C of H gives rise to a motion 
of a parabola on H. For each ap > 0, this motion has two connected 
components, symmetric w.r.t. to the apex of the cone C. Note that the 
constructions of ga, gp, P, A, and A are linear. Nevertheless, the motion 
is not rational since the direction vector of £4 needs to be normalized. 
In Figure 8.24, poses of a parabola during motions on a quadratic cone 
and, after respective translations, on a one-sheeted hyperboloid are de- 
picted. The green curves are the respective trajectories of the parabola’s 
vertex. 
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Infinitesimal kinematics 


What can be said about the instantaneous kinematics of the motion of 
a conic e along any quadric Q? Since e remains on Q, for each pose of 
e the surface normals nx to Q at the points X € e are path normals. 
Therefore, they must belong to a linear complex with the instant screw 
axis as axis of the complex. 


FIGURE 8.25. Surface Nz of normals to the ellipsoid € along the ellipse e, 
together with the remaining curve of intersection WV.m €. Since the plane of e 
is orthogonal to two planes of symmetry of €, the surface N~ has two double 
lines; dc o is one of them. 


It is well-known (see, e.g., [90, pp. 273-281]) that the normals of a quadric 
Q along regular planar sections e are ruled surfaces NV. of degree four and 
generally of type III according to Sturm’s classification (see Figure 8.25). 
This holds since there is an affine transformation between the intersec- 
tion points P, of the surface normals np with any plane o of symmetry 
and the orthogonal projections P, of the points P € e into this plane a 
(Theorem 2.4.1). Ruled surfaces of this type belong to a linear complex 
of lines |90, p. 251], and at the same time, they are surface normals along 
e to the quadratic tangent cone of Q. 
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There are three particular cases where the linear line complex spanned by 
the surface normals along e becomes singular or is not uniquely defined: 


(a) If the plane ¢ spanned by the conic e is orthogonal to a plane of 
symmetry o of the quadric Q, as depicted in Figure 8.25. Then the ruled 
surface N of degree four has a double line d in o. If this is the only 
double line of N~, then the linear complex is singular and the instant 
screw motion of e is a rotation about d. In the particular case, shown 
in Figure 8.25, the plane of e is even orthogonal to a second plane of 
symmetry, the plane x = 0. Therefore, NV. has a second double line and 
is of Sturm type I. In this case the linear complex of path normals is 
not uniquely defined. This correlates with the fact that, locally, two 
symmetric motions of the moving ellipse pass through this pose. 


(b) Let E denote the pole w.r.t. Q of the plane « of e. If F is placed on a 
focal conic of Q, then the tangent cone along e is a cone of revolution. In 
this case, all surface normals np along e intersect the axis s of this cone. 
Therefore, the instant screw motion of e is a rotation about s. 


(c) If FE is a point at infinity, then the tangent cone along e becomes a 
cylinder and ¢ is a diameter plane of Q. Since the surface normals along 
e are orthogonal to the generators of the cylinder, the linear complex 
is again singular. The instant screw motion is a translation parallel to 
the generators of the cylinder, and the surface MN. of normals np is of 
Sturm type V. We have encountered such poses when the scalar pw in 
(8.21) vanished and the center M of the moving ellipse e coincides with 
the center O of the ellipsoid. 
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8.3 Quadrics on skew quadrilaterals 


In this section, we shall discuss the quadrics that contain a skew quadri- 
lateral V = PyP,P2P3 in Euclidean 3-space E°, i.e., four non-coplanar 
points P,,..., P, together with the lines [P;, P;,1] where the indices are 
taken modulo 4. 


From the very beginning, the tangent planes 7; at P; of all quadrics 
through V are known, since 7; = [Pj-1, P;, Pi+1]. Again, the indices are 
taken modulo 4. Therefore, there are eight elements that determine the 
quadrics, which makes clear that there exists a one-parameter family of 
quadrics through Y. The one-parameter family is, indeed, a pencil of 
quadrics: Together with any pair of vertices P; and P;,1 of V, the line 
[P;, Pis4i] is contained in a quadric on VY. Algebraically, this leads to 
a system of eight linear equations in the ten (but homogeneous) coeffi- 
cients of the quadric’s equation, which generally has a one-dimensional 
linear space for its solution. Among these quadrics we find two singu- 
lar ones, i.e., two pairs of planes, S; = [Po, Pi, P2| U [ Po, P3, Po] and 
So = [P,, P2, P3] U Pes Post ul: 


Hyperbolic paraboloids on skew quadrilaterals 


A hyperbolic paraboloid P is a (ruled) quadric that touches the ideal plane 
w (or plane at infinity). Therefore, we perform the projective closure of E% 
and we study the quadrilateral V and the quadrics through it in projective 
3-space P3(R) (see Figure 8.26). 


The pencil of quadrics on V intersects the ideal plane w along a pencil of 
conics, the ideal conics of all quadrics in the pencil. The singular quadrics 
S; and S» defined by V intersect w in pairs (t1,t3) and (to,t2) of lines 
being the ideal lines of the tangent planes T;, 73 and To, T2 which form 
the singular quadrics. These two pairs of straight lines comprise the base 
of the pencil of ideal conics. The two diagonal lines e = [to N ty, tan ts] 
and f = [to Nts,t; Mt] form the third singular conic in the pencil. The 
diagonal point P = enf together with V determines precisely one quadric 
P that touches w at P. The lines e and f are the ideal lines of P and 
meet opposite side lines of V, like any pair of concurrent generators of V. 
In summary, we can say (cf. Corollary 2.3.1): 


Theorem 8.3.1 There exists exactly one hyperbolic paraboloid on a given 
skew quadrilateral in Euclidean 3-space. 
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FIGURE 8.26. A skew quadrilateral V = PoP, P2P3 in the projective closure of 
R® and the determination of a hyperbolic paraboloid through V. 


@ Exercise 8.3.1 The ideal point of a hyperbolic paraboloid on a skew quadrilateral. 
Assume that the vertices Po, ..., P3 of askew quadrilateral V are given by their inhomogeneous 
coordinate vectors po,...,p3. Show that 

(0, po - pi + p2 - ps) € R* 


is a homogeneous coordinate vector of the ideal point of the uniquely determined hyperbolic 
paraboloid on Y. The latter homogeneous coordinate vector is a homogeneous version of 
(2.42). 


The homogeneous coordinates of the ideal points of V’s side lines are (0,p; — pi+1) (indices 
modulo 4). The diagonals e and f can be given in terms of parametrizations with homogeneous 
coordinates in w as e = \(p2 — pi) + u(po — p3) and f = A/(po - p1) + we’ (pe - p3) with 
Q, 1), QQ’, u’) € R? \{o}. For (A,) = (1,1) and (\’,u’) = (1,1), we obtain the only point 
P =Po-Pi+Pp2- ps3 that is incident with both e and f. Thus, en f = (0,p). 


In Exercise 8.3.1, we have learned how to find the ideal point P = (0,p)R 
of the uniquely determined hyperbolic paraboloid P that contains the 
vertices P; and side lines of a skew quadrilateral V = PoP; P2P3. There is 
an affine construction that yields the direction of P’s axis as indicated in 
Section 2.3. 


We still assume that the three-dimensional space is projectively closed. 
Pairs of opposite sides of the given finite skew quadrilateral define the 
ideal line of the director planes. With (ij) = [P;,Pj;]w where (i,j) € 
{(0,1), (1,2), (2,3), (8,0)}, we define the ideal points of the sides of the 
skew quadrilaterals. The ideal lines of the director planes are then e€. = 
[(12), (30)] and f.. = [(01), (23)] (cf. Figure 8.27). This construction is 
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FIGURE 8.27. At the only vertex V of a hyperbolic paraboloid P, the tangent 
plane Ty = [e, f] is perpendicular to the diameter a (axis). Therefore, the ideal 
line vx of Ty is the absolute polar of P with respect to the quadric P. 


the three-dimensional analogue of the construction of a parabola’s vertex 
in P?(R) as shown in [46, p. 270 ff.]. 


From Exercise 8.3.1, we can deduce the following 


Theorem 8.3.2 Let P be a hyperbolic paraboloid and let Q = PoP, P2P3 
be a finite skew quadrilateral on P, 1.e., P; € P and [P;, Pisa] ¢ P fori 
modulo 4. Then, the line joining the midpoints of the segments Py Pz and 
P,P3 is parallel to the azis. 


Conversely, for any skew quadrilateral, the line joining the midpoints of 
the diagonals of a skew quadrilateral are parallel to the axis of the uniquely 
determined hyperbolic paraboloid on Q. 


2 
Proof: Without loss of generality, we can assume that P is given by 2z = x 7 oy. Then, we 
choose four points P; on P such that they form a skew quadrilateral on P by letting 
Po = (a(uo + vo), (vo — uo), 2u0v0), pi = (a(u1 + v0), b(vo — u1), 2u1v0), 
P2 = (a(ui + v1), (v1 -u1),2uiv1), Ps = (a(uo + v1), (v1 — uo), 2u0v1), 
where uo # ui and vo # v1. Now, 
1 
3 (Po ~ Pi + P2 — Pa) = (0,0, uovo — tos — 410 + 4101), 


which is obviously parallel to the paraboloid’s axis pointing to (0,0, 1). 
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For the converse statement, we observe the following: Let (1,p;) (with i € {0,1,2,3}) be 
the homogeneous coordinates of the vertices of the skew quadrilateral. The midpoints of the 
diagonals have the coordinate vectors 
1 1 
mo2 = 5(Po+p2), mis =>5(pi + Ps); 
and the difference i 
a = mo2 — m13 = 3 (Po — pit p2-ps3). 


According to Theorem 8.3.1, (0,a) are the homogeneous coordinates of the paraboloid’s ideal 
point. La 


Po 


FIGURE 8.28. Each skew quadrilateral Pj P,P2P3 is suitable for the determi- 
nation of the axis of a hyperbolic paraboloid. The midpoints Moz and Mj3 of 
the diagonals lie on a line parallel to the axis. 


Figure 8.28 shows that the choice of the skew quadrilateral on a hyper- 
bolic paraboloid has no influence on the direction of the line joining the 
midpoints of the diagonals. In other words: Each skew quadrilateral on 
P determines the same axis direction. 
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In Exercise 8.3.1, we have learned that P =e.1 foo is the ideal point of 
the hyperbolic paraboloid, and therefore, P is the common ideal point of 
all diameters of P. The vertex V of P is the surface point whose diameter 
a is perpendicular to its tangent plane Ty. Thus, the ideal line v. of Ty 
is the absolute polar (line) of P. Now, Eco = VooM€co and Fro = VooM foo are 
the ideal points for those two generators e and f of P that pass through V 
(cf. Figure 8.27). The diameter a of P is called the azis of the hyperbolic 
paraboloid P. Moreover, by definition and due to the construction of V 
as the intersection of e and f, the axis a is the polar line of v. with 
respect to P. 


e@ Exercise 8.3.2 A hyperbolic paraboloid as a (1, 1)-Bézier surface. 


The uniquely determined hyperbolic paraboloid on the skew quadrilateral Po P; P2P3 equals 
the (1, 1)-Bézier surface with the control points Bo,o = Po, Bo,1 = P1, Bi,o = P2, and By; = P3. 
Thus, the tensor product representation 
s(u,v) = po(1—u)(1-v) + piu(1—v) + pouvt+ p3(1—-u)v with (u,v) € R? (8.26) 
is a parametrization of the unique hyperbolic paraboloid on the given skew quadrilateral. We 
define w;; := (pi, p;) for 1,7 € {0,1,2,3}. Now show that the surface point with parameters 
— woo — Wo1 + Wo2 — 2wo03 + W13 — W23 + W33 


Wwo0 — 2wo1 + 2wo2 = 2wo3 +wy41—-2wi2+ 2w13 = 2w23 + W33 : 
ae woo — 2wo1 + woz — Wo3 + Wil — W12 + W13 
Wo0 — 2wo1 + 2wo2 = 2wo3 +wy41 -2wi2 + 2w13 = 2w23 + W33 


is the vertex of the hyperbolic paraboloid (8.26). Compare this result with (2.43). 


Quadrics of revolution on skew quadrilaterals 


From Theorem 8.3.1 and Corollary 2.3.1, we know that there exists only 
one hyperbolic paraboloid on a skew quadrilateral V in Euclidean 3-space. 
This raises the question whether there exist quadrics of revolution con- 
taining a given skew quadrilateral or not. 


A quadric of revolution can be characterized in the complex extension 
of the projective closure of Euclidean 3-space as a quadric whose ideal 
curve touches the absolute conic twice. According to what has been said 
above, a generic skew quadrilateral defines a pencil of conics (pencil of 
the first kind, see |46, p. 268]). In order to look for quadrics of revolution 
in the given pencil of quadrics through Y, we have to find conics in the 
pencil in w that touch the absolute conic twice. This means imposing two 
conditions on a one-parameter family of conics. Therefore, we cannot find 
a solution in the generic case (cf. Theorem 2.2.2). 


Thus, we assume that the skew quadrilateral displays some symmetries. 
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Onefold symmetry 


The four vertices Pp, P,, Po, and P3 of a skew quadrilateral YV symmetric 
w.r.t. a plane can be given by their Cartesian coordinate vectors 


Po = (a,0,0), Pi = (0, 6,0), 
P2= (c,0,d), P3 = (0,=6,0), 


since in this case, the plane of symmetry has to pass through two vertices. 
In order to determine the quadrics Q through Y, we solve the system of 
nine linear equations arising from inserting the coordinates of P; and four 
further points on the lines [P;, Pj:1] (indices modulo 4) into the most 
general form a quadric’s equation. The ninth point P ¢ [P;, P;.1] (indices 
modulo 4) shall have the coordinates p = (€,7,¢). 


(8.27) 


The equations of the quadrics are thus 
Q: d¢(c¢+d&)(b? x? -a?y?-2ab*2-2ab? (a+c)z+a7b?)- 
-(cd(b?£?-a?n? -2ab7é + a7b?)—2ab?c(at+c)C-b7(a?-c?)EC)2z*- (8.28) 
-(d? (b?€?—a?n? -2ab*&+a7b?)—2ab*d(a+c)C +b? (a?-c*)¢?)xz=0. 


Now, the Hessian matrix of (8.28) can be diagonalized and shows three 
mutually distinct entries in its principal diagonal: 


pt+R 0 0 
h(e)= 0 p-RO], (8.29) 
0 0 gq 


where p is a quadratic polynomial and R is the root of a quartic poly- 
nomial, both in the variables €, 7, ¢. We obtain a quadric of revolution if 
two entries of the diagonal matrix are equal, which yields three cases to 
be distinguished: 


(1) Assuming that the first two eigenvalues of (8.29) are equal leads to 
p+R-=p-R and, thus, R=0. Therefore, R? = 0 is also an equation of 
the set of all points P with coordinates (€,7,¢) that lie on quadrics of 
revolution passing through V. 

(2a,b) From p- R = q, we get the polynomial expression R? = (p — q)?. 
Since p+ R =q yields 


(p—q)” = (-R)? = R’, 


these two cases coincide. 
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= Example 8.3.1 The unique hyperbolic paraboloid through Q. 
Show that 


(b?a? — a? y? — 2ab?x + a?b?)d? +b? (a — c)?z? — 2b? d(a — c)az — 2ab7d(a+c)z = 0 


is the equation of the uniquely determined hyperbolic paraboloid on Q with the vertices (8.27). 
Its ideal point has the homogeneous coordinates (0:a-—c:0:d). 


Twofold symmetry 


A skew quadrilateral Q = PoP; P2P3 symmetric w.r.t. two planes can be 
coordinatized by 


Po = (a, 0,0); Pi = (0,,b.=8); P, ae (—a,0,0), Is = (0;=6; =¢). (8.30) 
Forcing the points P; and also the lines [P;, P;.;] (indices modulo 4) to 


lie on a quadric results in a pencil of quadrics, since a ninth independent 
point P can be chosen freely. 


FIGURE 8.29. There exist three (one-sheeted) hyperboloids Hi, H2, H3 of 
revolution with axes a1, a2, a3 through a skew quadrilateral with three planes 
of symmetry. 
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With the same methods as in the previous section, we can show that 
there are three (one-sheeted) hyperboloids H; of revolution on the given 
skew quadrilateral (8.30). Their centers are M,, M2, and M3 with the 
following Cartesian coordinates 


26 2 b2 2 
0,0, = ae Hinge] O50, lta [Oe — 
a2 +b? Cc Cc 


The axes of H1, H2, and Hz are parallel to (0,0,1), (0,1,0), and (1,0,0). 
The semiaxis lenghts are 


ab ab iabc 


Hy : ae “9. , 22? 
Vee Jet e aF +P 


a iab a 
Hy: —Va?+c?, —, —Va?+c2, 
a b b . F 
ia 
Hs3 : _—, -Vb2+¢c?, -Vb?24+c?. 


Cc Cc Cc 


Figure 8.29 shows these three hyperboloids of revolution on the skew 
quadrilateral (8.29). 
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8.4 Rational parametrizations, quadrics as Bézier 
surfaces 


Stereographic projection 


The stereographic projection ¢: c 1 from a conic cc P? to a line | c P? 
can be made a bijective mapping, since we can define the o-image of the 
center C € c of the projection as the intersection of the tangent tc (of c 
at C) with l: o(C) =tcenl (cf. [46, p. 231]). 

We have used a stereographic projection in [46, p. 231] in order to show 
that a conic is projectively equivalent to a projective line. As a byproduct, 
we found a rational parametrization of a conic. In terms of homogeneous 
coordinates, the parametrization of a conic can be written in terms of 
polynomials. 

Stereographic projections from a quadric Q in a projective space P” with 
n > 2 aim to establish a bijective mapping between Q and a hyperplane. 
But they fail to establish bijective mappings, since the exceptional space 
is larger: It is the intersection of Q with the tangent hyperplane To of Q 
at C, and as such, it is a quadratic cone. 


In the case of a quadric Q in P”, we define a stereographic projection o in 
nearly the same way as in the case of a conic (cf. Figure 2.44). Let Ce Q 
be a point in the quadric and let H be a hyperplane that is different from 
the tangential hyperplane To of Q at C. The stereographic projection 


oO: O\{Tco} =H\Te 


assigns to each point P € Q\T¢ the uniquely defined point o(P) =[C, P]n 
H in H\To. The mapping o reaches each point in P"\{H#NT¢}. Only if 
dim#HNT¢ = 0, can the mapping o be turned into a bijective mapping by 
defining o(C) =HNT¢g. Unfortunately, this is only the case if n = 2, and 
then, Q is aconic. In the case n > 2, i.e., dimHnT¢ > 1, the stereographic 
projection is bijective only as the mapping Q\{C} > H\Tc. 

Sometimes the stereographic projection is considered to act in the op- 
posite direction, i7.e.,0: H\T¢e + QO\Tec. We shall use this notion of 
a stereographic projection when we derive rational parametrizations of 
quadrics. 
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Central quadrics 


Usually, stereographic projections are considered only in connection with 
spheres. Then, the (n — 1)-dimensional sphere S$"! c F” is given by its 
equation 

S: o7+...4¢0% =1. (8.31) 


In most cases, F = C or F=C. Nevertheless, F can be any commutative 
field and the characteristic of F is not restricted to 2. 


The center C’ of the projection shall be given by its coordinate vector 
c = (0,0,...,0,-1). Now, the image space H of o shall be the hyperplane 
Lp = 0. The points H in the hyperplane H allow the coordinatization 
h = (uj, U2,---,Un-1,9) with u; €¢ R. The intersection of S with the line 
[C,H] with the parametrization I(w) = (1 - w)c + wh is obtained by 
inserting the line’s parametrization into (8.31). This yields 


n-1 
w (1+ E> “) = 2w. 
i=l 


From the latter equation, we can cancel w, since w = 0 corresponds to C. 


So, 


) n-1 
w=—— with U=1+ > uj, 
1+U a 


and therefore, 


S(t, s+ tips) = on (Bigs ,2Un_-1,1 -U) 


8.32 
with (21,...,Un-1) ¢ F™! ( ) 


is a rational parametrization of the (n - 1)-dimensional Euclidean unit 
sphere and, at the same time, a coordinate representation of the stereo- 
graphic projection from an affine space F”"! to the (n — 1)-dimensional 
Euclidean unit sphere. 


Setting n = 2 in (8.32) yields the standard rational parametrization of the 
Euclidean unit circle (cf. [46, Eq. (6.6) on p. 231]). With n = 3 in (8.32), 
we obtain a rational parametrization of the Euclidean unit sphere. This 
parametrization is by no means the only rational parametrization of the 
Euclidean unit sphere. Indeed, any rational substitution of the form 


Di thiisins ag et) 


with ie {l1,...,n-1 
Ohi ga23 9 Uy ) { i 


Ui > 
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with the polynomial functions vy; and 6; turns (8.32) into a rational 
parametrization of the Euclidean (n - 1)-sphere. However, (8.32) is the 
rational parametrization of lowest possible degree. 


From the parametrization (8.32) of the (n-1)-dimensional sphere, we can 
easily derive rational parametrizations of the (n-1)-dimensional ellipsoid 
E with the equation 


g: Yoel (8.33) 


with all semiaxes lengths a; # 0 by multiplying (8.32) with the diagonal 
matrix D = diag(dy,2+25 0): 


@ Exercise 8.4.1 Rational parametrizations for hyperboloids. 
Compute a rational parametrization of the quadric 


2 


n-1 
Q: Vesel. (8.34) 
i=l 
Assume that no semiaxis length a; is equal to zero. Further, «; ¢ {-1,+1}, and it means 
no restriction to assume that €, = +1. Then, we can choose the point C’ with coordinates 
c = (0,...,0,-an) as the center of the stereographic projection o: H—> Q. The hyperplane 
H shall now be zn = 0, which admits the coordinatization h = (u1,...,Un-1,0) with u; € F. 


Now, the intersection of q(wi,...,un-1) = (1-w)e+wh with QO given by (8.34) is determined 
by 


2 
w= 
n=l y? 
1+> eis 
i=. 
and yields a parametrization of (8.34): 
1 nm ou? 
q(u1,.-.,Uun) = ———— (2015... 2nad -> a) : (8.35) 
nly? = a. 
1+ Seis ot % 
i=l % 


The thus obtained parametrization can be simplified by the regular reparametrization 
(ui,..-,;Un-1) > (@iut,---,;@n-1Un-1). 


If F is algebraically closed, t.e., for all i € {1,...,2—1} there exist the roots \/e;, then, the 
affine mapping a: F” > F” with the diagonal transformation matrix 


diag(\/é1 ai,...,\/En Gn) 
transforms (8.35) into (8.32). 


Gaussian plane 

The real part u and the imaginary part v of a complex number w = u+ iv 
can be interpreted as Cartesian coordinates in the Euclidean plane, while 
w is sometimes referred to as the complex coordinate of the point (u,v). 
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The stereographic projections from the south pole c, = (0,0,-1) and the 
north pole cy, = (0,0, 1) onto the Euclidean unit sphere S: 27 +y?+2? =1 
yield the rational standard parametrizations 


( ) 2u 2v toa aa? 
S.(u.U) = | ——“[|, ccc. —_—— 
~—— Lltu2tyu2’?1lturgv2’?Lltu2evy?]? 
a (8.36) 
( ) Qu 2u ur tour-—1 
Ss U,V) = | —_—., —__—_,_. — 
—s Lltur4u2?l4u2gv2’?1lteu24v?2/]? 


which are well-defined over R? = C. With the help of the conjugate 
complex number @ = u-iv of w, we are able to replace u and v in (8.36). 
We also join the first two coordinate functions x and y, build the complex 
number x + iy, and find 


2 1-ww 2 w—-1 
s.=(——. =) and en= ( sees =). (8.37) 
l+ww 1+ww l+ww 1+ww 


Now, we read (8.37) as homogeneous coordinates on the complex pro- 
jective line P!(C). Therefore, we can immediately see that the mapping 
ut: C? + C? with the coordinate matrix T = diag(1,-1) joins the two 
stereographic images, since s, = Ts,. Moreover, the mapping z is an in- 
volutive projective mapping, because T? = I», or because its characteristic 
cross ratio equals —1 (cf. |46, p. 214]). Thus, the two points s, and s,, are 
each other’s inverses w.r.t. the inversion in the equator e: 2? + y? = 1. 
We can summarize this as follows: 


Theorem 8.4.1 The two stereographic projections from a pair of antipo- 
dal centers S and N of a Euclidean sphere S onto the bisector plane 8 of 
SN map a point PéS to a pair of points Ps and Py, which are inverse 
w.r.t. the great circle Bn S. 


Figure 8.30 illustrates the contents of Theorem 8.4.1 for a point P and 
the circle of lattitude J. 


We can also show the following: 


Theorem 8.4.2 The stereographic projection from a sphere to a plane 
and back is conformal and preserves circles. 


There exist various proofs of the fact that the stereographic projection is 
conformal and circle-preserving. We shall try the following: 
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FIGURE 8.30. The pair of stereographic projections from two antipodal centers 
N and S produce inverse images. The images Py and Pgs are inverse with 
respect to the equator circle. The same holds true for the two images Iy and Is 
of P’s circle | of latitude. 


Proof: We use the symbols introduced on page 368. Then, let C be any point on the Euclidean 
unit sphere S c R”. The tangent hyperplane at C' shall be denoted by Tg. Further, the image 
space H of the stereographic projection 0: S > H shall be precisely that hyperplane through 
the sphere’s center which is orthogonal to S’s diameter through C. 


In the complex extension of the projectively closed Euclidean space R”, the intersection of 
To and S is a quadratic cone '¢ with vertex C. The cone [¢ meets H along a quadric T, 
which is empty over the real number field. The quadric C is fixed under o, since its entire 
superspace HM T¢ is left fixed under o. The quadric Z can be viewed as the absolute quadric 
of the Euclidean geometry in H. 


Now let 7 # Tc, H with C ¢ J be an arbitrary hyperplane and let Sz denote the quadric 
JIS, which shall not be empty. Clearly, Sz is a Euclidean sphere of dimension n- 2, and 
the n-1-dimensional cone [7 projecting Sz from C' to H is a quadratic cone. Therefore, the 
cone’s intersection S’, with H is a quadric in H. Furthermore, S’, and I\z share the same 
subquadric of Z, and thus, S is a Euclidean sphere. 


The mapping o is conformal since the absolute figure of the Euclidean geometry in any 
transversal hyperplane 7 is mapped to the absolute figure of the Euclidean geometry in the 
image space H. Thus, the measure of angles based on Laguerre’s formula (see (2.4) and cf. 
[44]) remains unchanged. 


The above proof is independent of the dimension of the space. In the 
case of the well-known stereographic projection o : S? > R? from the 
south pole C to the plane H: z = 0, the cone [¢ is the pair (i,j) 
of complex conjugate isotropic generators of S? at C, i.e., 7 = 7. The 
absolute quadric Z of Euclidean geometry is the pair (J,J) of absolute 


points J = (0:0:1:i) and J = T on the ideal line of the projectively 
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closed Euclidean plane R?. Any planar intersection of S? is either a circle 
or empty. 

In the case of the stereographic projection S? > R?, we could have also 
argued as follows: 


Proof: (Proof of Theorem 8.4.2.) Assume that q € S? is a planar intersection of S?, i.e., it 
is a circle on S?. The generators of S? through the center C' of the projection are a pair of 
isotropic lines i and j in the (Euclidean) tangent plane To of S? at C. The respective ideal 
points J ¢i and 7 € J are mapped to I’ =inH=TI and J’=j7NH = J, which are the absolute 
points of the Euclidean geometry in the image plane H. The plane [g] spanned by the circle 
q¢S? meets i and j in points which are mapped to J and J in H. The cone Tg =C vq that 
projects q from C is quadratic and intersects H in a conic q’. Further, since q’s intersections 
with i and j are mapped to J and J, the conic q’ contains J and J. Therefore, q’ is a Euclidean 
circle. a 


When we use the conformality of 0, we could argue in a slightly different 
way: 

Proof: (Proof of Theorem 8.4.2.) The rulings of the tangent cone Wg of S? along q intersect q 
at right angles. These rulings are mapped to a pencil of lines, and the image q’ of q intersects 


the lines of the pencil at right angles. Thus, q’ is a circle. (In Example 8.4.1, we show that 
the orthogonal trajectory of a pencil of lines is indeed a circle.) a 


= Example 8.4.1 The orthogonal trajectories of a pencil of lines. 

In the second proof of Theorem 8.4.2, we used the fact that the orthogonal trajectories of 
pencils of lines are circles. We shall verify this with the help of a short computation. Assume 
F(a,y,c) =x-cy=0 
is the implicit equation of a pencil of lines. It means no restriction to assume that the 


pencil is the pencil about the origin of the coordinate system. Implicit differentiation yields 


dF = dx-cdy = 0, and thus, c= se This allows us to eliminate c from F(x, y,c). This results 


in the differential equation whose integral curves are the lines of the pencil: 

ady-—dzx=0. 
The differential equation of the orthogonal trajectories is obtained by replacing se with its 
negative inverse, i.e., -2. Hence, we have 

ada +ydy =0, 


which integrates to x? + y? = c’ with a constant c’ € R of integration. The latter equation 
describes the pencil of concentric circles about (0,0) (provided that c’ > 0) as the orthogonal 
trajectories of the pencil. 


@ Exercise 8.4.2 The center of an image circle. 

We use the south pole C = (0,0,-1) of the Euclidean unit sphere S? as the center of the 
stereographic projection ¢: S? + H onto the image plane H: z= 0. 

Assume that E is the pole of the plane ¢ w.r.t. the Euclidean unit sphere S?. Let e denote 
the circle en S?. 


Show that the center of the image circle o(e) of e is the image o(£) of E (cf. Fig. 8.31). The 
stereographic projection of E is found in the same way as for points on S. 
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FIGURE 8.31. The stereographic projection maps circles to circles. The pole 
E of the plane < = [e] is mapped to the center of the image circle o(e). 


Paraboloid 


There is a significant difference between central quadrics and paraboloids, 
besides the fact that the latter do not have a center. According to Theo- 
rem 3.1.1, the equations of parabolic quadrics have the form 


n-1 ed 
P: Yet = 20, (8.38) 
i=l 


where ¢; € {-1,+1} and a; ¢ F\ {0}. Therefore, x, is always a quadratic 
polynomial in the variables 71, ..., %,. Hence, parabolic quadrics are the 
graph surfaces of polynomial functions of degree two. 


In the following, we will show that the parametrizations of parabolic 
quadrics as graphs of a polynomial functions are also the results of stereo- 
graphic projections. For that purpose, we perform the projective closure 
of F”. Again, the transition from affine coordinates to homogeneous ones 
is given by 

Ly Yo y+ En > YO - 
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Consequently, (8.38) changes to 


n-1 


2 
Y; 

> i> = 2Yndo, 
a 


i=1 a 


and we can immediately infer that the ideal point X, of the x,-axis with 
the homogeneous coordinates c = (0:...:0:1) lies on P. The projection 
from H: 2, =0 to QO with center C maps the points in H to the points 
P via 


{rt 2 
(15a tn eta 20) 9 (1m tata 25 Dy ee 


Stereographic projections of singular quadrics 


In this section, we will discuss the stereographic projection from a singular 
quadric only in a special case. We start with the cylinder 


A: gt+y*=1 


and choose the center C'€ A given by c = (1,0,0). The image plane H of 
o is the plane x = 0. The plane €: x = 1 passes through the center C' and 
is parallel to the image plane H, and therefore, its points have no image 
under o. According to the theory of linear mappings, the exceptional 
plane € can be called the vanishing plane of o. 


First, we are interested in the interplay between conics on A (ellipses) 
and their stereographic images in H (see Figure 8.32). We assume that a 
plane ¢ is given by the equation 


E: egteyr+eqy+e3z =0. (8.39) 


As long as the normal e = (e1, €2,e€3) of € is not orthogonal to the z-axis 
(and thus, ¢ is not parallel to the generators of A), the curve e=enA 
is an ellipse that can be parametrized by substituting x = cost, y = sint 
into e’s equation and solving if for z. 


376 Chapter 8: Special problems 


FIGURE 8.32. Each spear s in the Euclidean plane defines a unique oriented 
plane > s with <(s,¢) = 4. The intersection e = en A of BLASCHKE’s cylinder 
and ¢ is an ellipse and is also uniquely assigned to s. The subsequent stereo- 
graphic projection 0: A\{€}—> H transforms e into a parabola e’, i.e., into an 
isotropic circle. 


The stereographic projection ¢: A — H maps each point X ¢ R°\{E} to 


a point X € H according to 
Z ee 1) G 
x = (€,7,¢) x= (0.1, 25). 


Therefore, the ellipse e is mapped to the parabola e’ with the parametriza- 
tion 


phe sint e1, cost + egsint + eg 
"1-cost’ e3(1- cost) , 


which can be given in an implicit form as 
(eo + €1) y” + 2eay + 2e3z + (ep — €1) = 0. (8.40) 


It is clear that the ellipses on A (not through C’) are mapped to parabolas 
in H: Each ellipse e intersects A’s generator c through C in exactly one 


8.4 Rational parametrizations, quadrics as Bézier surfaces 377 


point, which is mapped to the ideal point of the z-axis. It is obvious that 
the ellipses through C' are mapped to straight lines. 


In the second step, we impose the following condition on the coefficients 
e; of (8.39): 

ev +e = ef, 

i.e., the planes described by (8.39) enclose the angle a = =| with the 
plane z =0. The intersection of such a plane ¢ with the plane z =O isa 


straight line s with the equation 
§: eg+eyxt+egy =0, 


that can be oriented with the help of the oriented normal e. Thus, s is an 
oriented straight line, frequently referred to as a spear. Ellipses through 
C’ correspond to straight lines in H. Consequently, we have the chain of 
objects 


/ 
SREPEPE, 


which shows that the spears of the Euclidean plane z = 0 correspond to 
the parabolas with vertical axes and straight lines in H. The parabolas in 
H. with common ideal point can be considered as circles of the isotropic 
geometry in H. We summarize the thus obtained relations: 


Theorem 8.4.3 There is a one-to-one and onto correspondence between 
the oriented lines (spears) in the Euclidean plane and the circles in the 
isotropic plane. 


The Euclidean Laguerre* geometry (i.e., the geometry of spears in the 
Euclidean plane) corresponds to the geometry of isotropic circles (in the 
isotropic plane). 


Laguerre geometry is not restricted to planes. The geometry of oriented 
hyperplanes in arbitrary Euclidean spaces can also be termed Laguerre 
geometry (cf. [10, 24]). 


In any case, a hyper cylinder can be used as another model of Laguerre 
geometry. This cylinder is usually called BLASCHKE® cylinder. A stere- 


4Epmonp NicoLas LAGUERRE (1834-1886) was a French mathematician who studied con- 
tact transformation (Laguerre transformations), algebraic equations, approximation theory, 
orthogonal polynomials, elliptic functions, and closure theorems. 

5WitHeELM JoHANN Eucen BLascukE (1885-1962) was an Austrian mathematician. He 
worked in a huge variety of fields, such as Differential Geometry, non-Euclidean Geometry, 
kinematics, and integral geometry. 
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ographic projection from a Blaschke cylinder to a hyperplane H relating 
the geometry of oriented hyperplanes with the geometry of isotropic hy- 
perspheres in the isotropic space H is straightforward. Blaschke’s cylinder 
for the geometry of oriented planes in Euclidean 3-space is a subquadric 
of Lie’s quadric L5, as we shall see in Section 10.2. This is clear since 
the oriented planes in Euclidean 3-space can also be viewed as oriented 
spheres with infinitely large radius. 


Bézier representation of quadrics 


As we have seen, quadrics admit rational parametrizations. If we use 
homogeneous coordinates, then we are able to multiply the parametriza- 
tion of a quadric by the common denominator of all coordinate func- 
tions. Therefore, the homogeneous representation can be written with 
polynomials only. 


Polynomials are usually given in the monomial basis, but can be rewritten 
in any other basis. Among the huge amount of bases in the ring F[u] or 
F[v], the Bernstein basis with basis functions 


pe(u) = (7) wy tut, with k=0,1,...,n 


turned out to be useful. The above polynomials span the space of poly- 
nomials of degree n. Moreover, independent of the choice of n, the poly- 


n 
nomials y, form a partition of unity, 7.e., ©} yr, = 1. Choosing n+1 control 
k=0 


points B; with coordinate vectors b; € F”, we can give a parametrization 
of a Bézier curve as 


>> beve(u) with we [0,1], 
k=0 


which parametrizes a curve segment starting at Bo ending at B, with 
tangent lines [Bp, Bi] and [Bn-1, By] at the end points. 

A Bézier surface patch of bi-degree (m,n) is described by a parametriza- 
tion of the form 


f(u,v) = YY values (eb (u,v) € F?, (8.41) 
i=0 j= 


where b;,; are the coordinate vectors of the control points. The functions 
yi(u) and y;(v) are the Bernstein polynomials of degrees m and n, re- 
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spectively. In the following, we set m =n even though it is possible to 
construct Bézier patches of arbitrary bi-degrees (m,n) with m #n. 


Bo 


FIGURE 8.33. Rewriting the rational standard parametrization of the Euclidean 
unit sphere in the Bernstein basis yields the depicted control structure. 


In the case n = 2, (8.36) equals the rational standard parametrization 
of the Euclidean unit sphere. If we use homogeneous coordinates, the 
Euclidean unit sphere can be parametrized by 


s(u,v) =(1+u?+v", 2u, 2v, 1-u?-v7), (u,v) € R?. 


Now, we can compare the latter equation with (8.41), which results in a 
system of linear equations for all polynomial coordinate functions. The 
variables in the equations are the homogeneous coordinates of the control 
points of the desired surface patch. In the present case, we find the 
homogeneous coordinates of the nine control points as 


bpo= (1s 0:02 1), boa = (2021+), beg =(@:0:2:0), 
big= (1212071), big = (shes 1), big]: 172:0), 
bao = (272:0:0), boa =(2:221:0), bog = (8: 2:2:=1). 
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Figure 8.33 shows the surface patch in the sphere that is defined over the 
parameter domain [0,1]x[0,1]. There, the control points are also shown. 


@ Exercise 8.4.3 Representing a symmetric part of the sphere as a Bézier patch 

The standard parametrization of the Euclidean unit sphere over the domain [0,1] x [0,1] 
describes a rectangular patch on the sphere that lies in the octant described by x > 0, y > 0, 
and z > 0. Obviously, it is not symmetric with respect to the coordinate planes. We can 
overcome this difficulty by reparametrizing the surface. 


As a first step, show that 

u-+2du'-d, v—>2dv'-d (with d#0) 
is a reparametrization that stretches the unit square in the parameter domain to a square of 
edge length 2d, with edges parallel to the coordinate axes and centered at (0,0). 


Now, the parametrization s(u’,v’) can be compared with (8.41), and again, a system of linear 
equations is to be solved in order to find the coordinates of the control points of the Bézier 
surface. 


Show that the solutions of the system of linear equations yield the following homogeneous 
coordinates of the control points: 


bo,o = (142d? : -2d: -2d: 1-2d?), bo,1= (1:-2d:0:1), bo,2= (1 + 2d?, -2d, 2d, 1 - 2d), 
bio= (1,0,-2d,1), bi = (1-2d?,0,0,1+2d?), bi2= (1,0, 2d, 1), 
boo= = (1+2d?, 2d, -2d,1-2d?), bo1= (1,2d,0,1), be2= (1+2d?, 2d, 2d,1-2d?). 


Figure 8.34 shows this particular control structure together with the thus defined surface patch 
for d = \/2 (left) and d = 5 (right). Choosing a very large d extends the parameter domain. 
However, the hole around the opposite pole can never be closed. 


Bo 1 


FIGURE 8.34. The sphere as a Bézier surface: Left: The control structure is 
chosen to be symmetric around the north pole. Right: The quadratic parameter 
domain can be extended arbitrarily large. A hole still remains as long as de R. 
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@ Exercise 8.4.4 The ellipsoid and the one-sheeted hyperboloid as Bézier surfaces. 
Find rational parametrizations of the one-sheeted hyperboloid Q, and the triaxial ellipsoid QO. 
2 2 2 a2 2 2 
Qh: 


x y ee a a 
7 Ro and ot atta 

Use the stereographic projections with the centers C;, and Ce with coordinates cp, = (—a,0,0) 

and ce = (0,0,-c) onto the planes Hy, : x =0 and He: z =0 in the case of the hyperboloid 

and the ellipsoid, respectivley. 

Then, derive the control points of a quadratic rational Bézier surface patch which is symmetric 


with respect to the plane y = 0 in both cases. An example of either symmetric Bézier patch 
on Q, and on Q- is shown in Figure 8.35. 


Paraboloids are translation surfaces, as we have learned in Theorem 2.3.2. 
Therefore, the parametrization of a paraboloid can be written as the sum 
of parametrizations of two Bézier curves p(u,v) = b(u)+e(v), where b(w) 
and c(v) parametrize two profile curves. 


For elliptic paraboloids the two Bézier profile curves are quadratic curves, 
i.e., these curves are parabolas. The case of a hyperbolic paraboloid 
has been studied in Section 8.3. There, we have seen that a hyperbolic 
paraboloid can be parametrized as a Bézier surface of bidegree (1,1). 


Bo 
FIGURE 8.35. A symmetric Bézier patch on a one-sheeted hyperboloid (left) 
and on a triaxial ellipsoid (right). 
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The Gaussian curvature has a minimum at the striction points of the ruled 
hyperboloid, and therefore, the curves of constant Gaussian curvature touch the 
hyperboloid’s rulings precisely at the striction points. 
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Quadrics appear in differential geometry as approximations of surfaces: 
The second order Taylor approximation of a surface at a regular point P 
(that is not a flat point) is either an elliptic or a hyperbolic paraboloid, 
or a parabolic cylinder (cf. [46, p. 124]). 


In this chapter we shall study some curvature functions and the distri- 
bution of curvatures on quadrics by describing curves along which some 
curvatures are constant. Clearly, these curves are algebraic since so are 
quadrics. Some of these results can be found in |95] and [141]. 


One-sheeted hyperboloids and hyperbolic paraboloids are ruled surfaces 
in two ways, and as such, they define their own striction curves. The 
striction curve on a one-sheeted hyperboloid is a quartic of the second 
kind. We shall also give a brief description of the orthogonal trajectories 
of the rulings of a ruled quadric. 


As we shall see, in line geometry there exist intrinsic approximating 
quadrics. We want to focus on Lie’s osculating quadric and show how 
to compute it. Higher order differential geometry of ruled surfaces is not 
particularly useful for ruled quadrics, since they are represented by conics 
in Klein’s model of line geometry (cf. Section 10.1), which is not the case 
with generic ruled surfaces (cf. [94]). 


From a generic point, we can draw up to six real normals to a central 
quadric and five normals to a paraboloid. The totality of normals to a 
quadric form the quadric’s congruence of surface normals whose envelope 
is one algebraic surface consisting of two sheets, the so-called central 
surfaces. We give some results concerning a quadric’s offsets. 


Envelopes of one-parameter families of quadrics play an important role 
in many applications. Therefore, we discuss channel surfaces, pipe sur- 
faces, rolling ball blends, and natural channel surfaces. Special types of 
pseudo-Euclidean channel surfaces show up when we study the envelopes 
of certain one-parameter families of cones of revolution. We add a short 
discussion of two-parameter families of spheres. 


The curves of constant slope on quadrics of revolution show interesting 
relations to kinematics. Apparently, these curves can be found as cycloids 
lifted to the quadrics. 

Finally, we devote a small section to algebraic geodesics on quadrics. 


Among them, we can find quartics of the first and second kind on central 
quadrics and even geodesic cubics on paraboloids. 
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9.1 Curvature functions on quadrics 


Gaussian and mean curvature 


In the following, we shall mainly treat regular quadrics. Singular quadrics 
in Euclidean 3-space are either cylinders or cones, and thus of constant 
Gaussian curvature Ko = 0. Their mean curvature equals the non- 
vanishing principal curvature. Hence, the curves of constant mean curva- 
ture agree with the curves of constant principal curvature. 


Central quadrics 


Without loss of generality, we may assume that central quadrics in Eu- 
clidean 3-space may be centered at the origin O = (0,0,0) of a Cartesian 
coordinate system. Then, they can always be given by their respective 
equations 


2 2 2 
5 ee Ga 
“gt pa” 
eee ee 
gp aot (9.1) 
re | ane 
te ee eee 
eR A 


with a,b,c € R*. In the case of the ellipsoid €, it is admissible to as- 
sume that a>b>c holds. We exclude the case of rotationally symmetric 
quadrics for the moment and focus on triaxial ones. For the cases of one- 
sheeted hyperboloids H; and two-sheeted hyperboloids H2, it is allowed 
to assume that a> b holds. 


Let us now focus on the triaxial ellipsoid €. The Hesse form of the 
equation of the polar planes 7 of all points x = (€,7,¢) with respect to € 
reads 


T: Oo = 0 (9.2) 


and yields the tangent planes of Q at x if, and only if, €, 7, and ¢ satisfy 

(9.1). Moreover, for any triplet x = (€,7,¢), (9.2) yields the (oriented) 

distance h between Q’s tangent planes and the origin of the coordinate 

system, i.e., the support function h: S? > R of Q by letting x = y = z = 0 
1 

h=-—__.. (9.3) 


ome eC 
atyta 
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In order to find expressions for the Gaussian and mean curvature of 
the quadrics (9.1), we derive algebraic parametrizations by solving the 
quadrics’ equations for z. In the case of the ellipsoid €, we find 


e(1,y) = (x,y, 2(a,y))" (9.4) 


with z(z,y) = c/1- i - ve The expressions for the one- and two- 
sheeted hyperboloid are similar. With the restriction x,y > 0, (9.4) 


parametrizes only one eighth of the ellipsoid. This is sufficient, since 
the remaining seven parts are symmetric copies and can be obtained by 
reflecting (9.4) in the three planes of symmetry of €. With the partial 
derivatives of z(x,y) w.r.t. the parameters x and y, we have 


2 
= Cc x = cy 
On = — Gaz Oy2 = Fee 


4(,,2_p2 4 A( 22 
_ &(y*-b*) _ cry _ e(2*-a*) 
Ove ~ eto? Oxy 2 ~ @2b2 23? Oyyz ~ G252z3 —° 


This yields the coordinate functions of the first and second fundamental 


form on € at (€,7,¢) 


4¢2 4 4,2 
_ _ ¢& 1h te 
fi = 1+ ae 912 = [app¢2 Ga2=1+ ep) 
7 c?(b? —9)h 7 én h 7 (a? -&)h 
i Dea a2b2c2—”’ 12 ~ ~ @a2b2C2’ 22 7 a2bec2 


where we have used (9.3). The well-known expressions for the Gaussian 
and mean curvature 


7 hy, h22 ~ hig Ji ho2 ~ 29 9M1z + Yooh 
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with L:= (b+ ys +(¢7 +02) +(a7+ bys. The latter formula relating 
the Gaussian curvature K with the support function h of a quadric can 
be found in [109] and in even older literature. However, the formula (9.5) 
covers not only the case of the ellipsoid. It also returns the Gaussian 
curvature of a two-sheeted hyperboloid H2 with the equation given in 
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(9.1). A small modification turns (9.5) into the equivalent expression for 
the Gaussian curvature of the one-sheeted hyperboloid (cf. [90, p. 66]). 


The formulas for the two most important curvature functions on € allow 
us to formulate 


Theorem 9.1.1 1. The curves of constant Gaussian curvature on a reg- 
ular central quadric (9.1) are quartic space curves of the first kind. 


2. Along a curve of constant Gaussian curvature on a regular central 
quadric, the support function h is constant. The developable ruled sur- 
face D enveloped by the center quadric’s tangent planes along a curve 
of constant Gaussian curvature are tangent to a sphere concentric with 
the quadric. 


3. The curves of constant mean curvature on a regular central quadric are 
algebraic space curves of degree twelve. 


Proof: 


1. From (9.3) and (9.5), we infer 
2 


orev (S++ S)a=1 (9.6) 


bt ct 


On a regular quadric, the Gaussian curvature K is always non-zero. Therefore, the latter 
equation is that of an ellipsoid, even in the case of a one- or two-sheeted hyperboloid. 
Consequently, the curves of constant Gaussian curvature are the curves of intersection 
of the given quadrics and the one-parameter family of quadrics (9.6), and thus, they are 
quartic space curves of the second kind (see Section 6.9). 


2. By virtue of (9.5), we see that K is constant if h is constant, and vice versa. At each point 
of a curve of constant Gaussian curvature Ko on a regular central quadric, the tangent 
plane has the constant distance 

ho = V abcy/ Ko 


to the center of the quadric. Hence, these tangent planes are also tangent to a concentric 
sphere with radius ho (cf. Figure 9.1). 


3. This follows from counting degrees in the respective equations. a 


Figure 9.1 (right) shows a specific curve k of constant Gaussian curvature 
on a one-sheeted hyperboloid H2 together with the tangent developable 
A of Hz along k. The developable ruled surface A is in line contact with 
the sphere ©. Consequently, the Dupin indicatrices (cf. [46, p. 120]) ta 
and iy of A and & constitute a pencil of conics of the third kind (cf. [46, 
p. 287|) and the only singular conic in the pencil is a double line. This 
double line is conjugate to the ruling of A. Lines which are conjugate 
w.r.t. a sphere are orthogonal. Thus, the tangent to s is orthogonal to 
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the ruling of A, and therefore, the curve s of contact between © and A 
is an orthogonal trajectory of the rulings of A. 


FIGURE 9.1. Left: Curves of constant Gaussian curvature on a one-sheeted 
hyperboloid. Right: The developable ruled surface A tangent to Hz and the 
concentric sphere © touches Hz along a curve k of constant Gaussian curvature. 


The curve & is an algebraic curve of degree four (cf. Theorem 9.1.1). The 
same holds true for the curve s. The developable surface A is of class 
four, since it is a developable that is tangent to two surfaces of class two, 
i.e., to % and Hg. The curve s of contact is the polar image of the one- 
parameter family of tangent planes of A w.r.t. ©. The same holds true 
for k on Hz. Moreover, this works on any quadric. 


As an immediate consequence of Theorem 9.1.1 and (9.6), the curves of 
constant Gaussian curvature on a regular central quadric appear as conics 
in the three orthogonal projections onto the quadrics’ planes of symmetry. 
Figure 9.2 illustrates this fact by means of a triaxial ellipsoid. 
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FIGURE 9.2. Top row and bottom right: The curves of constant Gaussian 
curvature on a triaxial ellipsoid € are mapped to ellipses and hyperbolas in the 
orthogonal projections onto €’s planes of symmetry. Bottom left: axonometric 
view of the curves of constant Gaussian curvature on €. 


@ Exercise 9.1.1 One- and two-sheeted hyperboloids. 


Show that the formula for the Gaussian curvature of a two-sheeted hyperboloid H2 agrees 
with (9.5). For that purpose, use the equation of H2 given in (9.1) and derive the support 
function h. Then, compute the first and second fundamental form. Now, use the well-known 
formula for the Gaussian curvature. Finally, eliminate the parameters and global coordinates 
x, y, z with help of the expression for the support function. 


With the same methods show that the Gaussian curvature function on a one-sheeted hyper- 


boloid equals 
ht 
Ke= ~ pe (9.7) 


Paraboloids 


The Gaussian curvature on a paraboloid cannot be expressed in terms of 
the paraboloid’s support function only. However, the curves of constant 
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Gaussian curvature on paraboloids exhibit a behaviour that is similar to 
that of curves of constant Gaussian and mean curvature on regular central 
quadrics. 


@ Exercise 9.1.2 Gaussian curvature on elliptic and hyperbolic paraboloids. 
Start with the equations 


2 2 2 2 
md yo _&  Yy 
Pet ga ae and Phi Pp 
of elliptic and hyperbolic paraboloids, derive an algebraic (rational) parametrization of each, 
and show that the curves of constant Gaussian curvature and mean curvature on paraboloids 
are the intersection of either paraboloid with the surfaces 
676 2727 Ap2 y Opt | 2,9 42-9 
a°b a“ b*(a*b* + a“b* +a +b*x 
Eee 454 4 hte? 4 aty2)2 ane, HS : 3 
(a*b* + b*a? + aty?) 2(a*b4 + b4+x? + aty?)2 


= 2z (9.8) 


(9.9) 


with constant K or H and the upper sign for the elliptic paraboloid and the lower sign for the 
hyperbolic paraboloid. 


Similarly to Theorem 9.1.1, we can summarize the results of Exercise 9.1.2 
and state 


Theorem 9.1.2 1. The curves of constant Gaussian curvature on (ellip- 
tic or hyperbolic) paraboloids are quartic space curves of the first kind. 


2. The curves of constant mean curvature on (elliptic or hyperbolic) 
paraboloids are algebraic space curves of degree twelve. 


@ Exercise 9.1.3 Curves of constant Gaussian curvature - quartic space curves of the first kind. 


Show that the three principal views (top view k’, front view k’’, right-side view k’’’) of the 
curves of constant Gaussian curvature on the triaxial ellipsoid € from (9.1) have the equations 


k!: x? (a? - c?)a~* + y? (b? - c?)b-4 =1-c?h, 

k's &?(a? — b?)a~* — 22 (b? — c?)e-4 = 1-7, 

kl": y? (a? —b?)b-4 + 2? (a? — c?)e~4 = ah? - 1, 
where the support function h is subject to a > h>c. How do these equations change in the 
case of a one- or two-sheeted hyperboloid, or even in the case of an elliptic or a hyperbolic 


paraboloid. The equations of k’, k’’, or k’” can be considered the equations of projecting 
cylinders. Figure 9.2 shows the curves of constant Gaussian curvature on a triaxial ellipsoid. 


2 
Show that the curve with K = —o (through the vertices (0,+b,0)" splits into two ellipses. 


Figure 9.3 shows color maps of the mean curvature on a triaxial ellipsoid, 
on a one-sheeted hyperboloid, on a hyperbolic paraboloid, and on an 
elliptic paraboloid. 
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FIGURE 9.3. Color maps of the mean curvature: on a triaxial ellipsoid and a 
one-sheeted hyperboloid (top row); on an elliptic and a hyperbolic paraboloid 
(bottom row). 


The principal curvatures 


Once we have found the Gaussian curvature K and the mean curvature 
HT, we can use the well-known formulas 


2H=h,+k2 and K =kjko, 


relating them with the principal curvatures «1 and K2. Thus, each princi- 
pal curvature is, according to Vieta’s theorem, a solution of the quadratic 
equation 

K? -2HK+K =0. 


Now, we are going to describe the curves of constant principal curvature. 
These are not to be confused with the curvature lines which are the in- 
tegral curves of the field of principal curvature tangents and are quartic 
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curves on each regular quadric. This is so, because they are the inter- 
sections of the given quadrics with the family of confocal quadrics (see 


Chapter 7). 


We follow an idea by W. WUNDERLICH (cf. [141]) applied to the ellipsoid. 
First, we recall that the principal curvature tangents at each point P of 
an ellipsoid € are orthogonal. For the sake of simplicity, we write the 
equation of € from (9.1) in matrix form 


E: x'Ax=1 (9.10) 


with A = diag(a-?,b-?,c°?) and x = (x,y,z). The tangent plane Tp at P 
with coordinates p = (€,7,¢) has the equation 


Tp: p' Ax = (n,x) = 1, (9.11) 


where n = Ap. The distance |h| between Tp and the center of € (the 
origin of the coordinate system) equals 


-h-! = |n| = /(a,n) = V/pTA2p. (9.12) 


We can write down the equation of a sphere S tangent to € at P with 
radius 9 >0 as 

S: (x-m,x-m) = 0’, (9.13) 
where the coordinate vector m of S’s center satisfies m = p - ohn. 


The intersection q of € and S is a quartic of the first kind with a double 
point at P. The quartic’s tangents at the double point P determine 
the normal curvature « = 9 !. The two tangents at the double point 
P coincide, exactly for two specific choices of 9, 7.e., the two principal 
curvature radii 9; and gg corresponding to the two principal curvatures 
Ky, and kg. 

It proves useful to change the coordinate frame by applying the translation 
x=y+p. Consequently, the equations of € and S from (9.10) and (9.13) 
turn into 


E:y' Ay +2p' Ay =0, (9.14) 
S:yly-2ohp!Ay =0. (9.15) 
We multiply (9.14) by -eh, add (9.15), and obtain 
[: y'By=0, B:=ohA+Is, 
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which is the equation of a quadratic cone [ centered at P carrying the 
quartic intersection curve g=&€nNS. The cone [ also carries q’s tangents 
at the double point P. The two tangents at the double point coincide, if 
T and € share the tangent plane Tp at P, i.e., Tp contains its polar line t 
w.r.t. T. Let us assume that t is described by t. Then, we have t'By = 0 
for Tp’s polar line t w.r.t. [. According to (9.11), t c Tp if, and only if, 


t B= pA <> t=B Ap. 
Hence, t is contained in I (or equivalently, in Tp) if t™Bt = 0, i.e., 
p' AB 'Ap=0. 
In terms of coordinates, this reads 
or? By? 22 


~ + 
atKkh B+Kh yt+hh 


= 0, (9.16) 


where h satisfies (9.3) and a, 8, and y are shorthand for a~?, b-?, and 
c?. We see that (9.16) is a quadratic equation in k. Its solutions are the 
principal curvatures of € at P. The quadratic equation for « reads 


K°h* + Mh + aby = 0 (9.17) 


with 
M = 07(8 + y)a7 + B?(y+a)y? +77 (a+ B)2” (9.18) 


and is of degree eight in the coordinates x, y, z after the middle term is 
isolated and squared. Hence, we can say 


Theorem 9.1.3 The curves of constant principal curvature on a regular 
central quadric are algebraic space curves of degree sixteen. 


Proof: The determination of curves of constant principal curvature on one- or two-sheeted 
hyperboloids is most likely the same as of ellipsoids. a 


Another way of computing the principal curvatures is shown in Lemma 
8.2.1. 


Figure 9.4 shows some curves of constant principal curvature on a triaxial 
ellipsoid €. At first glance, there appear to be two kinds of such curves, 
since at each point on the ellipsoid, there are two different principal cur- 
vatures. There are only four exceptions: the umbilics of €. There, the 
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two principal curvatures have the same value and the two branches of the 
curves of constant principal curvature coincide. However, the algebraic 
description of the curves makes it hard to distinguish between these two 


curves. 


FIGURE 9.4. The curves of constant principal curvature on a triaxial ellipsoid 
appear to form two separate families. This net of curves has four singularities at 
the umbilics, and the curves of constant principal curvature through the umbilics 
have double points there. 


@ Exercise 9.1.4 Parametrization of the curves of constant principal curvature. 


Show that an eighth of the curves of constant principal curvature can be parametrized by 
means of algebraic functions. For that purpose, it is useful to interpret h~! as a parameter. 


Use (9.18) with M = const. and (9.12) with h = const. and determine the eight points of 
intersection of the thus defined three quadrics. Further, (9.17) has to be solved for M. In fact, 
this means solving a system of three equations which are linear in 2”, y?, and z? and yields 


a= M ~ oh" = BY Pe M - Bh? -ya =. ee M ~ yh? - a6 (9.19) 
a(8-a)(a- 7) Bly - B)(B - a) yla-7)(y- B) 


Similar equations can be given for the curves of constant principal curvature on a one- or 
two-sheeted hyperboloid. 


Curves of constant principal curvature on paraboloids 


It is easy to verify that the curves of constant principal curvatures on 
elliptic or hyperbolic paraboloids are algebraic curves of degree sixteen. 
The elliptic and the hyperbolic paraboloid 


2 2 > .3 
ote ch a ce i oY = 
re a and Pia ga oP 


o> 
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can be written as graphs over the [2,y]-plane. The curves of constant 
principal curvature « lie on the surface of degree eight 


K4(b4a2+a4y2)44 
+a1b1K?(aty?+b4a7)(2(aty?+b427)K — 2z)(2(aty?+b4a7)K + 2z)+ 
+0°b? 5? (642 (aty2+b427)? — 2(at207b7 +04) 27 y? — 3(b4x4*+04y*))+ 

+0508? (4a4b4(aty? +b427) «2 - 3a4b* (2? +y") — box? — ab y?)+ 
+a)7b!2 (atx? -— 1)(b4n? - 1) =0 


and the respective paraboloid. The upper sign (third row, center term) is 
to be chosen in the case of an elliptic paraboloid. Figure 9.5 shows curves 
of constant principal curvature on an elliptic paraboloid (left) and on a 
hyperbolic paraboloid (right). 


FIGURE 9.5. The curves of constant principal curvature on paraboloids are 
also of degree sixteen. Left: on an elliptic paraboloid; right: on a hyperbolic 
paraboloid. 


Principal and mean curvature on quadratic cones 


We do not have to investigate the curves of constant Gaussian curvature 
on quadratic cones, since the Gaussian curvature is constantly equal to 
zero all over the cone. This is due to the fact that one principal curvature 
that is measured along the rulings of the cone, say k2, vanishes. 


Therefore, only «, # 0 and the mean curvature equals H = $(K1 +0) = 
4 +0, which is not constant. Assume that the quadratic cone’s equation 


396 Chapter 9: Quadrics and Differential Geometry 


is given in its normal form 


Pees (9.20) 


with a > b>0O andc#0. Now it is elementary to compute the mean 
curvature H and to show that the points of constant mean curvature H 
on [ also lie on the sextic surface 


ree oe es Digi B® s3252 
ne aettte (SHS) we +y +27)" =0. (9.21) 
The elimination of z from (9.21) with (9.20) allows us to recognize another 
surprising property of the curves of constant curvature on a quadratic 
cone. In other words, the top view of the curves HOT of constant mean 
curvature on I reads 


H': 4(a*(b7+07)y*+b* (a7+c*) x?) H? = a'b'c? (b?(a2+c*)a7+a7(b'+c7)y”)?. 


H’' can be considered as the vertical cylinder through the curve of constant 
mean curvature H as well as the top view of the curve. Surprisingly, it 
admits a rational parametrization, which is caused by the fact that the 
point (0,0) is a four fold point. The rational parametrization of H’ is 
obtained by intersecting H with the lines (t, kt) (with t ¢ R) of the pencil 
through (0,0). In a first step, this results in a non-rational algebraic 
parametrization 


h(k) 


EEO ('), (9.22) 


2H (a4(b2+c2)k2+(a2+02)b4)? \k 


which can be transformed into a hyperbolic-trigonometric parametriza- 


. F _ PVar+c? .. 
tion by setting k = a ore sinh! that reads 


h(1) = c(a? + b? sinh? 1) 1 
2H (a2V/b2 + 2 cosh* 1) \ sinh! } 
Finally, the substitution cosh! = it and sinh! = es turns the latter into 


a rational parametrization. We can summarize these results as follows: 
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Theorem 9.1.4 The curves of constant mean curvature and the curves 
of constant principal curvature on a quadratic cone (9.20) are algebraic 
curves of degree twelve. Their top views (orthogonal projection in the 
direction of the z-axis) are rational curves. 

Proof: So far, we have described the curves of constant mean curvature H = const.. However, 
for the case of constant principal curvature, we recall that the second principal curvature K2 
vanishes and Kk; = 2M. The sextic surface analogous to (9.21) has a similar equation (just 


remove the factor 4 on the left-hand side in (9.21)). The rational parametrization is obtained 
in the same way as for the top view of the curves of constant mean curvature. a 


Figure 9.6 shows some curves of constant principal curvature on a 
quadratic cone. 


FIGURE 9.6. The curves of constant principal curvature «, #0 on a quadratic 
cone [I have rationally parametrizable top views and are algebraic curves of 
degree twelve. This is also the case for the curves of constant mean curvature 
on T. 
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9.2 Quadrics as ruled surfaces 


From Section 2.2, we know that, among regular quadrics, the one-sheeted 
hyperboloid and the hyperbolic paraboloid carry two independent one- 
parameter families of lines, i.e., the two reguli. So, it seems obvious 
to start with a mixture of a line geometric and a differential geometric 
methods, which leads to a treatment of quadrics as ruled surfaces. 


FIGURE 9.7. Left: The normals at all points of a regular non-torsal ruling on 
any ruled surface form a hyperbolic paraboloid. Right: The mapping between 
points of contact and the respective tangent planes on any regular and non-torsal 
ruling is projective, and thus, one-to-one and onto. 


Let a ruled surface R be parametrized by 
R(u,v) =l(u)+u-r(u), welcR, veR, (9.23) 


where 1: J > R° andr: J > R® are parametrizations of an arbitrary di- 
rectriz and the direction vector field of the rulings. It means no restriction 
to assume that the vector function r is normalized, and thus, r: I > S? 
is the spherical image of R’s rulings and v-R: Ix R— R? is the director 
cone of R. 

Here, and in the following, we shall denote derivatives with respect to the 
parameter u with a dot. The normals of R along a fixed ruling r, i.e., 
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u = Ug = const., depend on v linearly and exclusively. They are parallel to 
n(v) =Ixr+u-rxr. (9.24) 


The latter equation makes clear that there is a projective mapping that 
assigns to each point on r the tangent plane of R as long as lxr andrxr 
are linearly independent, or equivalently, 


det(i,r,i) + 0. (9.25) 


The mapping that assigns to each point on r the unique tangent plane is 
usually referred to as the contact projectivity. It is degenerate at torsal 
and singular rulings, i.e., where 1xr and ¢xr are linearly dependent, and 
thus, det(1,r,#) = 0. We shall not discuss this in detail here. 


A ruled surface that carries only finitely many or countably many torsal 
or singular rulings is called a skew ruled surface. We shall keep in mind 
that all regular ruled quadrics (hyperbolic paraboloids and one-sheeted 
hyperboloids) are skew ruled surfaces. 


A ruled surface that carries only torsal rulings is called a torsal ruled sur- 
face. The most general form of a torsal ruled surface may be composed of 
at least one of the following basic types: plane, cylinder, cone, and tan- 
gent surface of a (true) space curve (see Figure 9.8). A torsal ruled surface 
is developable, i.e., it can locally be mapped isometrically in a Euclidean 
plane. Among quadrics, only quadratic cones and cylinders are torsal 
ruled surfaces. Torsal ruled surfaces are frequently called developables. 


FIGURE 9.8. The basic torsal ruled surfaces (except the plane and from left to 
right): cylinder, cone, tangent surface of a space curve. 
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From (9.24), we learn that the tangent plane of any ruled surface along a 
regular and non-torsal ruling behaves like the tangent planes of a (regular) 
ruled quadric. The surface tangents of R along r comprise the set of 
lines in a parabolic linear line congruence. Figure 9.9 shows some of the 
tangents of a ruled surface R along a non-torsal ruling r. We shall have 
a further look at parabolic linear line congruences in Section 10.1. 


FIGURE 9.9. The surface tangents of a ruled surface R that touch along a 
regular non-torsal ruling r form a parabolic linear line congruence. The magenta 
lines are tangent to R at the ideal point R. of r and form a pencil in the 
asymptotic plane. 


The two-parameter family of lines in the parabolic congruence can also 
be obtained as the limit of the lines in a hyperbolic linear line congruence, 
i.e., the set of all lines in 3-space intersecting two skew straight lines. 
Assume that r- is a ruling on R in a sufficiently! small neighborhood of 
r. For a skew ruled surface, it is always guaranteed that r and rz are 
skew. Hence, the straight lines that meet both r and r; form a hyperbolic 
linear line congruence. Once we perform a limit procedure rz > 1, 1.e., 


1Here and in the following, sufficiently means that functions are still defined at t +e if they 
are at t, and that Taylor expansions still exist and converge there if they do at t. 
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€ > 0, the hyperbolic congruence of lines that meets R in two different 
points converges towards the parabolic congruence of surface tangents 
that touch R in points of r. 


FIGURE 9.10. The central (tangent) plane Ts touches the ruled surface R at 
the central point S (on a non-torsal ruling r) and is orthogonal to the asymptotic 
plane T... 


On each (regular) ruling r of a ruled surface R in Euclidean 3-space R?, 
we find a distinguished point called the central point S. It is defined 
with the help of the contact projectivity and the orthogonality in R*: In 
the projective closure of R°, the ruling r has an ideal point R. (point 
at infinity). The tangent plane T,, is spanned by the ruling r and the 
derivative point (0,r). To. is usually referred to as the asymptotic plane 
of R at r. The central (tangent) plane Ts is said to be orthogonal to 
To. and is, therefore, uniquely defined in the pencil about r. The contact 
projectivity along r assigns to T's a unique point S of contact (cf. Figure 
9.10). Consequently, there is a well-defined central point on each ruling, 
provided that 7 is regular at Ro. 

From the parametrization (9.23) of a ruled surface, we can compute the 
central point via (9.24). While n depends only linearly on v along a fixed 
ruling r, it is linearly dependent on r at the central point S. This yields 
(i xr+ust xr) xf =o, and therefore, 


(r, 1) 

(r,t) 

The central curve or striction curve is the union of all central points on a 
ruled surface. 


(9.26) 


Uz == 
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The central point of a regular non-torsal ruling can also be found by means 
of a limiting procedure: Assume that r: I x R > R? is a parametrization 
of a ruled surface R over some interval J c R. Choose two rulings r = r(to) 
and r- = r(to +) in a sufficiently small neighborhood and compute their 
common normal. The pedal point P € r converges towards the central 
point S of r if ¢ + 0 and r; > r while the common normal converges to 
the central tangent. Almost all invariants of a ruled surface have analogs 
in properly discretized versions of the ruled surface (cf. [110]). 


The one-sheeted hyperboloid is a ruled quadric in two different ways: It 
carries two independent one-parameter families of straight lines, the two 
reguli. Each of the two ruled surfaces R, and R2 contained in Q defines 
its own striction curve s; and s2, respectively. The two parametrizations 


acos Uu —asinu 
Ri2=| bsinu |+u} bcosu wé[0,27], weR (9.27) 
0 +c 


of the two reguli may be a starting point for the analytic treatment of 
the differential geometry of Q as a ruled surface. Both parametrizations 
given in (9.27) satisfy the equation 


In the first step, we normalize the direction vector field(s) 
(-asin u, bcos u, +c), 


which yields 


r12 = (-asinu, bcos u, +c)/V a? sin? u + b? cos? u + c2. 


The actual directrix 1 = (acost,bsint,0), which is the ellipse in the plane 
z = 0, will be replaced by the striction curve(s) s1 (or s2 in the case of Re). 
Using (9.26), we find the parametrizations of the two striction curves 


a>(b? +c”) cosu 
b3(a? + c*)sinu . (9.29) 


+¢3(a? — b*) sin ucos u 


1 


Ss ean 5 
= (a? — b?)c? cos? u + b?(a? + c?) 
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The reparametrization u > 2arctant of (9.29) makes clear that the stric- 
tion curves on Q are algebraic, of degree four, and admit even rational 
parametrizations. In the case of a hyperboloid of revolution, we have a = b 
and the two striction curves coincide, namely in the gorge circle. 


The rational parametrizations of the striction curves on a one-sheeted 
hyperboloid give rise to another result: 


Theorem 9.2.1 The striction curves of the two reguli on a one-sheeted 
hyperboloid are quartic space curves of the second kind without singulari- 
tres. 


Proof: In order to show that the striction curves on a one-sheeted hyperboloid H are quartic 
space curves of the second kind (cf. Section 6.9), we have to show that these curves can be 
found as the intersection of H with a cubic surface K sharing two straight lines with H (9.1) 
(second equation). Indeed, the pencil of cubic surfaces spanned by 


Ki: b’c(a? +c?)xz +act(b? — a?)y® — ab4(a? +c?) yz? + ab?ct(a? — b?)y = 0, 
Kz: be®(a? — b?)ay + act (a? — b?)y?z + ab*(a? +c?) z3 + abtc? (a? +.c?)z = 0 


contains a one-parameter family of such surfaces that intersect H along the striction curve s1. 
Two cubic surfaces with similar equations can be given for the second striction curve. 


Both surfaces K; and K2 (displayed in Figure 9.11) carry the striction curve s1 of H. While 
Ky carries the rulings (+at,b,+ct) (with t € R), K2 carries the complex conjugate pair in the 
planes a?x? + b?y? = 0. 

The striction curve on a (regular) ruled quadric will never show a singularity, since a (regular) 
ruled quadric carries only regular, non-torsal, and non-inflection rulings. a 


Figure 9.11 shows the two cubic surfaces mentioned in the proof of 'The- 
orem 9.2.1. 


@ Exercise 9.2.1 Striction curves on hyperbolic paraboloids. 


Show that the two striction curves s; and s2 of the two reguli on the hyperbolic paraboloid P 


are two parabolas admitting the parametrizations 


$1.2 = (abt, +a7bt, (bv? -a’)t?), teR. 


a? + b2 
The striction curves s1 and s2 lie in the planes 


ax + by = 0. 


In this case, it is useful to parametrize P by p = (a(u+v),b(u—v), 2uv) with (u,v) ¢ R? and 
extract the two reguli on P. 
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FIGURE 9.11. The two cubic ruled surfaces K, (red) and K2 (blue) through the 
striction curve s; (blue) of the one-sheeted hyperboloid 1 also share the y-axis 
of the underlying Cartesian coordinate system. The two rulings e; and e2 are 
part of the intersection K, NH. 


Now, let us return to the one-sheeted hyperboloid. We can show the 
following result relating the central points on the reguli of a one-sheeted 
hyperboloid H with two particular planar intersections of H: 


Theorem 9.2.2 The central points of both requli on a one-sheeted hyper- 
boloid H are the midpoints of the ruling’s segments bounded by two ellipses 
€1,€2 CH, which are the curves of contact of two cylinders of revolution 
Ai, Ag touching H along theses ellipses. 
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Figure 9.12 shows the two striction curves for the two different reguli on 
a one-sheeted hyperboloid. 


h A 


FIGURE 9.12. Left: The central points S (points of the striction curve) on 
each ruling are the midpoints of the ruling’s segments EE between the two 
ellipses e1, eg that are the curves of contact of two cylinders A;, A» of revolution 
touching the one-sheeted hyperboloid . Right: The two striction curves for 
the two different ruled surfaces on a one-sheeted hyperboloid. 


Proof: We may assume that H is given by (9.28) and a> b. A cylinder of revolution that 
touches H along an ellipse is one of those quadratic cones whose vertex is an ideal point of one 
of the focal conics. Consequently, there are two such cylinders, say A; and A». Further, A; 
must have a plane of symmetry with H in common, and moreover, they both have to touch H. 
at its vertices (0,+b,0). Therefore, the axes of A; coincide with an asymptote a, of the focal 
hyperbola h, and thus, the cylinders have the equations 


2 24 2 
y be +e 
A Dots —s + ——— Sally 9.30 
12° 92" 5 ( a? +c? = =) ( ) 


Hence, the intersection curves (ellipses) e1 = Ain Q and e2 = A2nQ are located in the planes 


OVa2 +2 2 +0°Vb2 +c? z= 0, (9.31) 


2 2 2 
which meet Q along ellipses because Q’s asymptotic cone a + by - aS = 0 is steeper. 
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FIGURE 9.13. A front view (orthogonal projection onto y = 0) of the planes 
mentioned in the proof of Theorem 9.2.2 shows two harmonic quadruples of 
planes: H(1™,72,01,€1) and H(7,72, a2, €2). 


Now, we intersect each line R;(t) (for any t € [0,2x[ and 7 = 1,2) with each plane ej (7 = 1,2) 
and obtain four parametrizations e;,;(t) of the ellipses ¢; 1 Q. Then, it is easy to see that 
Ss; = $(ei1 +e;,2) with s; being the parametrization of the striction curve given in (9.29). @ 


Figure 9.12 (left) illustrates the contents of Theorem 9.2.2 for one par- 
ticular regulus. Note that each plane containing an ellipse (either e; or 
e2) can be found without explicitly determining the cylinders A;: Let 
€ = €1M€g, 1.e., the second principal axis of Q carrying the two real ver- 
tices (0,+b,0) of Q. The pencil (of planes) about e contains two tangent 
planes 71, T2 of Q’s asymptotic cone. If a; are now those planes through e 
that contain the two asymptotes of the focal hyperbola h, then the planes 
€, are the harmonic conjugates of a; with respect to ¢, and €9. In Figure 
9.13, e appears as a point, and so do all planes in the pencil about e. 


@ Exercise 9.2.2 The shape of the striction curve. 


Show that the front view (orthogonal projection onto y = 0) of the striction curve (9.29) has 
two flat points exactly for 2a? c? = b?(c? - a’). Figure 9.14 shows various appearances of the 
striction curves of one particular regulus on a one-sheeted hyperboloid depending on the ratio 
a:b:e. 
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FIGURE 9.14. The front view of the striction curve of a regulus on a one-sheeted 
hyperboloid has a double point in any case, but besides, it may have four points 
of inflection (middle) or two flat points (right). 


Orthogonal trajectories of the rulings of a quadric 


On aruled quadric Q, we can find two independent one-parameter families 
of curves that traverse the two families of rulings at a right angle. Assume 
that 


f(u,v) =s(u)+ur(u): IxR- R’, 


is a parametrization of one particular regulus on Q where s: J > R® and 
r: I > S? are parametrization of the striction curve and the spherical 
image of the rulings (over some real interval J), then the striction (func- 
tion) o: I > R of the ruled surface (even if it is not a quadric) is given 
by 

cosa = (s,r), (9.32) 


provided that |r|] = 1. It measures the angle between the striction curve 
and the rulings. 


While the striction curve of a closed ruled surface is a closed curve, the 
orthogonal trajectories of a closed ruled surface are, in general, not closed. 
According to [62, p. 83], the orthogonal trajectories of a closed ruled 
surface starting at one point, say P,, on a particular ruling r9 meet the 
ruling ro in the well-defined point P:, which is, in most cases, different 
from P,. The distance | = P; Py is called the aperture and is independent 
of the trajectory (or independent of the starting point P,). 


Following [62, p. 84], the aperture of the ruled surface can be computed 
as 


l= | [cos oda (9.33) 
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Hence, the orthogonal trajectories of the rulings of (9.23) can be 
parametrized by 


o(u) = s(u) + vVor(u) (9.34) 


Vo = - f odu, 


In the case of the triaxial one-sheeted hyperboloid, the anti-derivative of 
coso can only be expressed in terms of elliptic integrals. The one-sheeted 
hyperboloid of revolution, 7.e., a = b, yields the constant value 


where 


b2 
Vee 


Thus, the orthogonal trajectories of the rulings of a one-sheeted hyper- 
boloid of revolution can be given in a parametric form. Up to rotations 


COS 0 = 


about the z-axis, these curves are 
b*tsint + (b? +c) cost 
o(t) = ——~ | -b*tcost + (b? + c”)sint |. 9.35 
()=3 gi ) (9.35) 


The same curve can also be written as 


bcost 524 —bsint 
o(t) = bsint |— Raa oe 
ue Cc 


This shows that the orthogonal trajectories are also located on a helical 
developable D. D’s curve of regression is a circular helix with radius }, 
pitch - and with the z-axis as its axis. 


The top views (orthogonal projection onto z = 0) of the orthogonal trajec- 
tories of the regulus on a one-sheeted hyperboloid of revolution are spirals 
with radius function o(t) = pos V/b4t? + (0? + c?)?. 

Figure 9.15 shows the orthogonal trajectories of the rulings on a one- 
sheeted hyperboloid of revolution (left) and on a triaxial hyperboloid 
(right). The latter are determined numerically. 
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FIGURE 9.15. Some orthogonal trajectories of a regulus on a one-sheeted hy- 
perboloid: a hyperboloid of revolution (left), triaxial (right). 


@ Exercise 9.2.3 Orthogonal trajectories on hyperbolic paraboloids. 


Use the parametrization of the hyperbolic paraboloid P given in Exercise 9.2.1 on page 403 
and compute the orthogonal trajectories of one of the reguli on P, but admit a parametrization 
in terms of elementary functions. Figure 9.16 shows some orthogonal trajectories of the 
hyperbolic paraboloid. 


FIGURE 9.16. Some orthogonal trajectories of one family of rulings on a hyper- 
bolic paraboloid shown in a top view (left) and in an axonometric view (right). 


What do these curves look like if P is an orthogonal hyperbolic paraboloid? 
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Distribution parameter and Gaussian curvature 


We have seen that a torsal ruling is characterized by (9.25). Following 
[62, 151], along each ruling, the distribution parameter 


5 det(i,r, 1) 
— (B,F) 
is a measure for the winding of the tangent planes while the point of 


contact traces the ruling. Herein, the direction vector field r has to be 
normalized. Especially for the ruled quadric described by (9.27), we find 


(9.36) 


(a =) cos? u-(e? +e) 


6 = abe —_———-. 
: “O(a — b?) cos? u + b?(a? + c?) 


(9.37) 


Now, we compute the Gaussian curvature by inserting (9.27) first into 


(9.3) and then into (9.7) and find 


. 2 
2722 (cos?u, sin?u, 1 
e a“b*c (sort + ses 5) 0 38) 
— 2 2 2 ; 2 , 
2a2b2c2 (ote ses 4) v?+(a? sin? u+b2 cos? u+c?) 


With (9.37) we can eliminate the surface parameter u from (9.38) by 
solving (9.37) for cos? u, which yields 
Dig D 2 
a b(a* + c~)(ac + bd) a a a(b* + c~)(bc + ad) ; 
c(a? — b?) (ab — cd) c(a? — b?) (cd — ab) 
Substituting the latter expressions for cos? u and sin? u into (9.38), we 
find that the distribution parameter and the Gaussian curvature of Q are 
related via LAMARLE’s” formula 
62 
K =-—~———, 9.39 
(v2 + 62)? aoe) 
where v € R is the surface parameter along the ruling with v = 0 at the 
central point and 6: Ic R-R is the distribution parameter. 


It is worth mentioning that LAMARLE’s formula (9.39) is valid for all 
ruled surfaces (see |62, 90]). 


?ErNEsT LAMARLE (1806-1879), Belgian mathematician. 


9.2 Quadrics as ruled surfaces All 
For the example displayed in Figure 9.17, we have chosen a = 2, b=ceH=l. 
Thus, (9.37) yields 6(0) = —o = 3 and 6(5) = -¢ = =e Hence, with 
(9.39), we find the Gaussian curvature at the vertices (a,0,0) and (0, 6,0) 
to be K(0,0) = -2 and K(4,0) = -#. 


FIGURE 9.17. The Gaussian curvature K at the vertex generators u = 0 (vertex 
(a,0,0), blue) and u = 4 (vertex (0,b,0), red) for a= 2, b=c=1. 


2 4) 


@ Exercise 9.2.4 Distribution parameter of a hyperbolic paraboloid. 


Start with one of the two parametrizations 
1 
P(u,v) = (au, by, rica -—v7)) or p(u,v) = (a(u+v),b(u-v),2uv) with (u,v) € R? 


of the hyperbolic paraboloid 
= 2z 


‘73 
a b 
and compute the distribution parameter 6. For that purpose, the direction vector field has to 
be normalized. Show further that the Gaussian curvature at the vertex (0,0,0) is 


1 


Kymin os eae 
a2b? 


(of course independent of the parametrization). 
As can be seen from (9.39), for any ruled surface, and thus, also for ruled 


quadrics, the Gaussian curvature considered as a function on a particular 
ruling r is a rational function with lim = 0. It attains its minimum 


UU? 0Co 
—2 
Kyin =-d 


at the central point S, i.e., at v = 0 (cf. Figure 9.17). 


Consequently, the curves of constant Gaussian curvature on Q (and on 
any ruled surface) touch the rulings at the central points (see Figure 9.18). 
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FIGURE 9.18. The curves of constant Gaussian curvature touch the rulings at 
their central points and all these contact points line up on the striction curve, 
since at the central point (or striction point), the Gaussian curvature has its 
minimum along the ruling. Left: one-sheeted hyperboloid, right: hyperbolic 
paraboloid. 
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9.3 Lie’s osculating quadric 


In [46, p. 124], we have discussed various appearances of conics in differ- 
ential geometry. We have seen that the Dupin indicatrix is a frequently 
used tool in local differential geometry. Further, the Dupin indicatrix can 
be seen as the orthogonal projection of a planar section of a local sec- 
ond order Taylor approximation of a surface. The distance of the section 
to the tangent plane is closely related to the factor of similarity of the 
indicatrix. 


Among the many osculating quadrics of a surface S in three-dimensional 
space, there is a special type associated with any regular, non-torsal, 
and non-inflection ruling r of a ruled surface R in projective 3-space. It 
is called Lie’s osculating quadric O and osculates R along the chosen 
ruling r. O does not only share the tangent planes with R along r, it 
also shares the asymptotic tangents with R along r. These asymptotic 
tangents comprise one set of rulings on O. 


We may start the discussion of Lie’s osculating quadric O in Euclidean 
3-space R®. However, Lie’s osculating quadric, or to be more precise, the 
osculating regulus of a ruled quadric along a regular non-torsal and non- 
inflection ruling can also be defined in the projective setting and is, thus, 
an object that is related to a ruled surface in a projectively invariant way. 
Klein’s model of line geometry which will be sketched roughly in Section 
10.1, is a proper framework for that. 


As we have seen on page 401, the central point can be found via limit 
procedure that is applied to the common normals of two sufficiently close 
rulings. We can go one step further. Similarly to the limit of a circle 
through three close points on a (planar or space) curve (cf. [46, p. 92]), 
we can choose two sufficiently close rulings of a smooth ruled surface R 
in the vicinity of a (regular, non-torsal, non-inflection) ruling r. In fact, 
C? smoothness of R would be sufficient. Assume that 


f(u,v) =M(u)+vr(u) (u,v) € R? 


with 1: Jc R> R’ andr: I > S? is a parametrization of a ruled surface. 
Let to ¢ J be some parameter and further ¢ > 0 such that tg9+¢¢J. Then, 
r_e = f(to -e,v) and r, = f(to + €,v) are the rulings close to r._ The 
symmetry of the ¢-vicinity is not necessary, but helpful. 
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In Chapter 4, we have learned that there exists a unique regular ruled 
quadric on three mutually skew straight lines. The same holds true for 
r_e, 7, Te and we denote this quadric by O,. Now, with e > 0, we see that 
O; attains a limit which will, in general, be a quadric O. 


From the parametrization (9.3) of a ruled surface R by means of a direc- 
trix 1 and a direction vector field r, we can easily derive a parametrization 
in terms of Pliicker coordinates (r,r): I + M+. (For details, especially 
on the Pliicker quadric M3} c P°, see Section 10.1.) 


For what follows, we need 


Lemma 9.3.1 Assume we are given three mutually skew straight lines a, 
b, c in Euclidean 3-space. Let A = (a,a), B = (b,b), C = (c,€) be their 
Pliicker coordinates and, furthermore, let x = (x,y,z) be inhomogeneous 
Cartesian coordinates. Then, an inhomogeneous equation of the uniquely 
defined ruled quadric Q ona, 6, c is given by 


det(x, a, b)(x,€ 
+ det(x, b,c) (x, 


+ det(x, c,a) 


(9.40) 


(x a 
+ det(a, b,€) = 0. 


FIGURE 9.19. Lie’s osculating quadric O along a regular non-torsal ruling: at 
a quartic ruled surface R (left), at a helicoid H (right). 
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Proof: Assume P is a point on Q and has the Cartesian coordinates p. Then, there exists a 
line / through P with Pliicker coordinates (1,1) from the regulus R* complementary to the 
regulus R spanned by a, b, and c. We find (1,1) as the intersection of the two planes a = [a, P] 
and 8 =[b, P]. Using (10.12), we find the homogeneous coordinates of the planes a and 3 


a=((a,p),pxa-a), 6=((b,p),pxb-b) 


and therefore, the Pliicker coordinates of 1! computed with (10.6) and (10.8) read 
(1,1) = ((p x a-@) x (px b-b); (a, p)(p x b—b) - (b,p)(p x aa). 


Since | € R%*, it intersects all lines of its complementary regulus R. Therefore, it also intersects 
c and, according to (10.9), the Pliicker coordinates of | and c satisfy (c,1) + (€,1) = 0. In this 
latter intersection condition, we replace p with x and obtain (9.40). a 


In terms of the Klein model of the manifold of lines in 3-space (as will 
be explained in Section 10.1), the points A, B, C corresponding via their 
Pliicker coordinates to the three lines span a plane in P”. 


e@ Exercise 9.3.1 Singular quadrics on three lines. 


If one, two, or even all three lines have mutual non-empty intersections, then (9.40) returns a 
singular quadratic equation. 


Discuss all configurations of three lines and compute normal forms of the thus arising singular 
or degenerate quadrics using (9.40). 


With Lemma 9.3.1 we can show 


Theorem 9.3.1 Let R be a C? ruled surface in 3-space given by a 
parametrization in Pliicker coordinates R(t) = (r,F): Ic R > Mo. 
Define R := R(to), R:= R(to), and R= R(to) (the three derivative points 
of order 0, 1, and 2). Assume that R= (r,¥) is a regular (R, R linearly 
independent), non-torsal (Q(R,R) + 0, cf. (10.10)), and non-inflection 
([R,R,R] ¢ MY) ruling. Then, an inhomogeneous equation of Lie’s os- 
culating quadric of R along R is given by (9.40) with A= R, B= R, and 
C=R. 


Proof: The proof becomes more clear once the Klein model of line geometry is established 
(see Section 10.1). However, the plane 7 = [R, R, R] is the osculating plane of a curve r in 
the Pliicker quadric M3. The plane 7 intersects M3 along a conic o which is, by assumption, 
a regular conic that is not contained in a generator plane of M3. Therefore, o is in second 
order contact and represents a ruled surface that is in second order contact with R along R. 
In Section 10.1, we will see that regular conics in M3 represent reguli. a 
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@ Exercise 9.3.2 Osculating quadrics of helical ruled surfaces. 


The composition of a uniform rotation about the z-axis of a Cartesian coordinate system 
with a uniform translation about the same axis results in a helical motion. In the underlying 
coordinate system, the helical motion yz: R? > R® shall be given by 


cost -sint 0 0 
pi xx’ =] sint cost 0 ]x+] 0 |, (9.41) 
0 01 pt 
where t € R and pe R \ {0} is the pitch of the helical motion. 
A straight line L that allows the parametrization 
I(u) =(d,u,ku) with weR, 


with constants d,k ¢ R undergoing the helical motion pz traces a helical ruled surface 


dcost — usint 
R=| dsint+ucost with (t,u) €R?. 


pt+ku 


FIGURE 9.20. Left: Lie’s osculating quadric O along L at a right open helical 
ruled surface R (k = 0, d #0) is a hyperbolic paraboloid. Right: Lie’s osculating 
quadric O along L at a skew open helical ruled surface R (k #0, d #0) isa 
one-sheeted hyperboloid. 


Show that Lie’s osculating quadric O along L has an equation of the form 

O: k(p-dk)ax? — k(dk — 2p)y? — 2pzy + dz” + 2p(dk — p)x + d(dk -— p)(dk -2p)=0. (9.42) 
For helical ruled surfaces, it is sufficient to write down this particular quadric at t = 0. Lie’s 
osculating quadric ©; along any other ruling can be obtained from (9.42) by applying the 
helical motion (9.41) to (9.42) and it is, therefore, congruent to O (cf. Figure 9.20). 
O is a double plane if R is a helical developable, i.e., the torsal ruled surface traced by the 


tangents of a helix. If the slope k of R’s generators equals zero, R is a right helical ruled 
surface and Lie’s osculating quadric along any ruling is a hyperbolic paraboloid. 
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9.4 Normals to a quadric 


In [46, Section 9.3, p. 402], we have seen that a generic point in the plane 
of a conic sends up to four normals to the conic. The computation of the 
four pedal points is reduced to the computation of the common points of 
the conic and an equilateral hyperbola. 


Now, we want to discuss the three-dimensional case by means of a triaxial 
ellipsoid Q c R® with the equation 


i a _ 
ao te 8 (9.43) 


with a,b,c € R* being its semiaxes lengths. 


Let p = (€,7,¢) ¢ R® be a point P off the quadric and assume further 
that the normals from P to Q hit the surface at yet undetermined points 
F with coordinates f = (u,v,w). Then, Q’s normals n = gradQ(f) at F’ 
and the vectors p-f are linearly dependent, which yields 
u v w 

OE ONY OF=C-w, (9.44) 
where 0 € R*. The scaling factor @ is to be determined. We solve (9.44) 
for the coordinates u, v, w of the pedal point F’, find 

g ” G 


= = = 9.45 
“ 1+’ ° 1+5' wo Tee ve) 


Ryo 


insert them into (9.43), since F' € Q, and obtain 
e iP ¢? 

Peal ey Ri 2 21 o\? 

a (1+ 4) (1+%) (1+) 


The latter equation is of degree six in the unknown og. Thus, we have: 


=1. (9.46) 


Theorem 9.4.1 A generic point P ¢ R® sends up to six (real) normals 
to an ellipsoid Qc R®. 


@ Exercise 9.4.1 Normals to a paraboloid. 


The determination of normals from a generic point to a paraboloid differs slightly from the 
analogous problem with ellipsoids and hyperboloids. Assume that we are given an elliptic and 
a hyperbolic paraboloid: 


->=22 (9.47) 
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with a,be R*. 


Now show that there are no more than five normals from a generic point P with coordinates 
p = (€,7,¢) to any paraboloid. These five normals correspond to the zeros of the quintic 
equations 


ne 
a2(1+ 2) (122) 
with either the plus or the minus, the latter in the case of the hyperbolic paraboloid. Figure 


9.21 (right) shows two different points P3 and Ps; with their normals to an elliptic paraboloid. 
At Ps, five normals meet, while at P3 there are only three concurrent normals. 


The reality of all six solutions of (9.46) is guaranteed at least in the 
interior of the ellipsoid € if we choose P in the quadric’s center. Figure 
9.21 (left) shows a triaxial ellipsoid and three points P2, Py, and Pg that 
differ in the number of normals of € passing through these points. 


FIGURE 9.21. Left: A generic point sends six normals to a triaxial ellipsoid. 
The points P2, Py, Ps have two, four, six real pedal points and lie on just as many 
normals. Right: A generic point sends five normals to an elliptic paraboloid. 
The points P3 and P; have three and five pedal points. 


Focal surfaces, central surfaces 


Congruences of lines are the line geometric analoga to surfaces in a 3- 
space (see, e.g., [83, 106, 151]). Among the congruences of lines, the 
normal congruences, t.e., the congruence of all normals of a surface play 
an outstanding role. The normals of an ellipsoid € also form a congruence 
N of surface normals. Usually, the congruence of surface normals of any 
surface envelopes a surface consisting of two sheets. These surfaces are 
called focal surfaces of the congruence, or, especially in connection with 
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the normals of a surface, the central surfaces. Figure 9.23 shows the two 
different sheets of the central surface of a triaxial ellipsoid. 


FIGURE 9.22. Left: The central surface of an elliptic cylinder is a cylinder 
whose orthogonal cross section is the evolute of the cross section of the elliptic 
cylinder together with the ideal line of all planes orthogonal to the rulings of 
both cylinders. Right: The central surface of a quadratic cone (not of revolution) 
is an algebraic cone of class four plus a conic in the ideal plane. 


In special cases, the focal surfaces of a congruence coincide. Sometimes, 
one or even both sheets of the focal surface degenerate to curves or even 
points. For example, the normals of a Dupin cyclide intersect a pair of 
focal conics (cf. [46, p. 137]). The normals of a sphere form a star of 
lines, and therefore, the focal surface of the congruence of normals of a 
sphere is a single point. The normals of a cylinder of revolution meet the 
cylinder’s axis at a right angle and, at the same time, the common ideal 
line of all planes orthogonal to the axis. So, the congruence of surface 
normals of a cylinder of revolution consists of a pair of skew straight lines 
one of which is even a line at infinity. In the case of an elliptic cylinder, 
the focal surfaces are a straight line and a further cylinder whose cross 
section (orthogonal to the cylinder’s rulings) is an evolute of the cross 
section of the given cylinder (cf. Figure 9.22, left). The central surface of 
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a quadratic cone that differs from a cone of revolution consists of a cone 
of algebraic class four and a conic in the ideal plane (Figure 9.22, right). 
We can describe the ellipsoid’s normal congruence NV by a parametri- 


zation of the lines’ point sets: Starting from the trigonometric standard 
parametrization of € 


asin U COs U 
e(u,v) =| bsinusinv (9.49) 
CCOS U 


over the domain [0,7] x [0,27[, we find the direction of €’s normals with 
(9.43) as gradQ(e) and arrive at 


-1 


asin ucos Vv a sinucosv 
N(u,v) =| bsinusinv }+w| b-'sinusiny (9.50) 
CCOS U ch cosu 


with w eR, (u,v) € [0,7] x [0, 27[. 

The parametrization of the congruence N : R® > R® has a two- 
dimensional manifold of singularities, z.e., the focal surface(s) of the con- 
gruence. 


Mathematically, these singularities are best described as the set of zeros 
of the determinant of Jacobian of NV. Therefore, we compute the Jacobian 


IN = (OuN, ON, OwN) (9.51) 
and, finally, its determinant det Jy =: f 


f =w+(a?(1-sin? ucos? v) +b? (1-sin? usin? v)+c? sin? u)w+ (9.52) 
9.52 


252 2 242 


cos? u+a?c? sin? 


+a usin? v+b?c? sin? ucos? v. 
The polynomial f in (9.52) is quadratic in w, #.e., the parameter of points 
on the surface normals. We can expect up to two real singular points of 
the mapping NV: [0,7] x [0,27[xR > R°. Indeed, it can be shown 
that, on each line of a congruence of surface normals, there are two real 
points. It turns out that these points are the Meusnier points of the 
principal curvature tangents at e(u,v) (note Exercise 9.4.2). In Lemma 
8.2.1, these points have been identified as the poles of the tangent planes 
w.r.t. confocal hyperboloids. (Only in the case of a sphere, all the singular 
points coincide, the center of the sphere.) 
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Les 
SS 


FIGURE 9.23. The central surface of an ellipsoid is the focal surface of the 
ellipsoid’s normal congruence. The central surface has two sheets (yellow and 
blue). Here, the semiaxes lengths are a = 9, b=5, c= 7. It is possible to choose 
the axes lengths such that both sheets of the focal surface are either inside or 
outside the ellipsoid, or only one sheet is inside. 
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At a singular point, NV is of rank two, and thus, the singular points form 
two surfaces Cy and Cy which can be seen as two sheets of one algebraic 
variety, at least for algebraic surfaces, especially for quadrics. (There are 
exceptions, some of which have been described above): 


(1) If NV is the congruence of surface normals of a Dupin cyclide, then the 
set of singular points consists of a pair of focal conics or a conic and 
a straight line. 


(2) For surfaces of revolution, one sheet of the singular set is a straight 
line, 7.e., the axis of revolution.) 


(3) The sphere is a surface of revolution. Since all the sphere’s normals 
are concurrent in the center, the central surface degenerates and is 
just a single point. 


The surfaces C; and C2 are called focal surfaces. This is justified by con- 
sidering the lines of the congruence as light rays. Near the focal surfaces, 
the density of the light rays increases, and finally, a caustic appears as the 
envelope of all light rays. On the other hand, the congruence of surface 
normals of a surface in (Euclidean) 3-space consists of lines tangent to 
two (focal) surfaces. 


The zeros of the polynomial f(w) correspond to the singular points on 
each line in the congruence NV, and thus, to the two focal points. There- 
fore, the polynomial f is called the focal polynomial of the congruence NV. 


e@ Exercise 9.4.2 Congruence of surface normals, normal curvatures, and focal points. 
Assume s(ut, u?) :DcR?—R? is a regular parametrization of a surface ScR?. Then, n: D> Ss? 
is the unit normal vector field along S induced by the Euclidean structure on R’, i.e., 


1 
n(u!,u?) = —=01s x gs, 
VG 


where G(ut,u?) equals the determinant of the first fundamental form of S. The congruence 
N of S’s surface normals can now be parametrized by 
f(ul,u?,u®)=s+u%-n 
with u® ¢ R and (u!,u?) ¢ D. The focal polynomial f of NV, as defined in (9.51), then equals 
f =VG((u?)?K - 2Hu? +1), 


wherein H, kK : D— R are the mean and Gaussian curvature (functions). The zeros of f are 


3 H+ J/H2-K 
U1. = —— >? 
K 
which are the inverses of the principal curvature functions. So, the central surfaces are the 
focal surfaces of the congruence N of surface normals and the loci of the principal curvature 
centers (Meusnier points) of F at the same time. 
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@ Exercise 9.4.3 Central surface of a quadratic cone. 
Derive a parametrization of the normal congruence of the quadratic cone 

ee ae a (9.53) 
Compute the proper part F of the focal surfaces of the congruence. For the sake of simplicity, 


set a:= b? +c?, B:=c? +a”, and y= a? — b? and show that F is a cone with the same vertex 
as T, which can be parametrized by 


bcB-yv cos? u 


1 
f(u,v) = ————-—_ _ -cayav sin? u (9.54) 
abc(a + y cos? wv) 
abaBu 
with (u,v) € [0,27[ xR and has the equation 
C: (arora? +67 B2y? — 02227)? + 270702 C207 8277 07 y7 27 = 0. (9.55) 


An alternative approach to the equation of the cone C as the central surface of the cone (9.53) 
uses the dual representation of the cone. We can consider I as the set I’* of its tangent planes. 
From the parametrization 
g(u,v) = v(acos u, bsin u, c) 
with (u,v) € [0,27[ xR of [, we derive the equations of I’’s tangent planes 
7: becosuaz + casin uy — abz = (n,x) =0 


with x = (x,y,z), which form a one-parameter family, and therefore, they depend on a single 
parameter. Through each generator e of I’ there exists a unique plane 7+ orthogonal to 7 (cf. 
Fig. 9.24). These planes are tangent to the central surface C of I. Since e aims in the direction 
e = (bccos u, casin u, —ab), the planes 7* are perpendicular to 


. . * 
exn = (-aasinu, bG cos u, cysinucos u) =n". 


The envelope of all planes 7* : (x,n*) =0 can be computed by differentiating the equation of 
7* w.r.t. the parameter u which yields 7* : (x,n*)=0. Then, the intersection of 7* and 7* 
yields a parametrization of the cone C. The subsequent implicitization yields (9.55). 


FIGURE 9.24. The enevelope of the one-parameter family of planes r+ (through 
the generators and orthogonal to the tangent planes 7 of the cone I) is the 
central surface C of T. 
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@ Exercise 9.4.4 Central surface of paraboloids. 

Compute the focal polynomial analogous to (9.52) for the two paraboloids 
2 2 2 

ae ee , EYL 

ot ae ae and Phi a aoe 


Derive parametrizations of the focal surfaces of the respective normal congruences. A hyper- 
bolic paraboloid with the two sheets of its central surface is shown in Figure 9.25. 


FIGURE 9.25. A hyperbolic paraboloid P, with the two sheets of its central 
surface. Both sheets have a sharp ridge, each of which corresponds to the 
principal sections of P. 
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@ Exercise 9.4.5 Central surface of an orthogonal hyperbolic paraboloid. 


Show that both sheets of the central surface C of the hyperbolic paraboloid P: xy = z can be 
described by the implicit equation of degree nine: 


C: Avyz(a?y? 2? — 372xyz + 1344) — 27(aty4* + 424 - ytz4)+ 
+192(xyz +4)(a4 + yt + 24) — 6(a? y?z? + 244ayz — 128) (x? + y? — z?)+ 
+256(a + y® — 2°) — 48(ayz + 58) (a? y? — 222? — y?z?)+ 
-96(a4y? — az? + 2? yt + 0? 24 - yt2? + y224) + 256 = 0. 
Show that this surface has the pair of focal parabolas 
pli ©=Y, y? -4z-4=0 and pog:xv=-y, y? +4z-4=0 


as sharp ridges, i.e., as curves of singular points (cf. Figure 9.26). 


FIGURE 9.26. The two sheets C; and C2 of the central surface C of the hyperbolic 
paraboloid P have parabolas as sets of their singular point. The two parabolas 
p, and p2 comprise a pair of focal conics. 
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@ Exercise 9.4.6 Central surfaces of quadrics of revolution. 


One sheet of the central surface of a quadric of revolution is a (part of a) straight line. 


1. The central surface of the paraboloid of revolution 
P: x + y" = 2pz 


with p € R* consists of the half-line c; = (0, 0, = +p) with u € R (or, equivalently z = y = 0, 
z2p). The second part C2 is a surface of revolution sharing the axis with the paraboloid 
P. A meridian curve of C2 is a semi-cubic parabola that is the evolute of the coplanar 
meridian of P (see Figure 9.27, left). An equation of C2 reads 


8(z—p)? = 27p(a? +). 


2. In the case of the one-sheeted hyperboloid of revolution 


arty? 22 
Oe Ai 
a? C2 


Hi: 


with a,ce€R*, the first branch of the central surface is the z-axis. The doubly curved part 
C2 of the central surface can be described by 


Co: Q24+ (a? +c7)?(-3Q? + 3(a? + c7)?Q - 27a7c? (a? + y?)z? - (a? +.c7)*) = 0, 


where Q = -a?.x? - a?y? + c?z?. 


3. For the two-sheeted hyperboloid of revolution 


c 


2,2 
with a,c ¢ R*, the straight part of the central surface equals ci = ((0, 0, += cosh u) with 


2 
a 


2 
uweR(orx=y=0,z2 + ). The second sheet is a surface of revolution with the evolute 
of one of 2’s meridian hyperbolas as its meridian and has an equation of the form 


Co: Q3 + (a? +07)? (3Q? + 3(a? +07)? Q + 27077 (a? + y?)2? + (a? +c7)*) =0 
with the same Q as above. 
4. The ellipsoid of revolution with a # c and a,c € R* 


Di pnt 2 
a +y z 
ao tig Ed 
a ic 


(oan 


has the (non-trivial) central surface 
C: Q°-(a-c?)? (3Q? — 3(a? — c?)Q - 277? (a? + y?)2? + (a? - c*)*) =0, 


where Q = a?a? + a?y? + c?z?. 
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FIGURE 9.27. Quadrics of revolution with their doubly curved central sur- 
faces. Top row: paraboloid (left), one-sheeted hyperboloid (right); bottom row: 
two-sheeted hyperboloid (left), ellipsoid (right). 
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Offsets to quadrics 


In the case of conics in a plane, it is often believed that offsets to ellipses 
are ellipses. This impression may originate especially from looking at the 
outer offset curves. However, the offset of an ellipse (different from a 
circle) is not an ellipse, as we have seen in [46, p. 117]. The offsets of an 
ellipse at distances +d are two branches of one algebraic curve of degree 


8. 


It takes a little bit more work to determine the offsets of quadrics than 
those of conics. Only the offset surfaces of the sphere and the cylinder of 
revolution are of the same type, 7.e., spheres and cylinders of revolution. 


Regular central quadrics 


First, we shall consider the case of the ellipsoid. For the sake of simplicity, 
we assume that the ellipsoid is centered at the origin of the coordinate 
system and has the equation 


ier, (9.56) 


The offset surface Eq of € at distance d € R can easily be parametrized as 


iL. 


asin ucos v @ ou COSY 
eq(u,v,d) =| bsinusinv | + W fsinusinv |, (9.57) 
CCOS U st eosu 
Cc 
where W := = sin? ucos? v + oa sin? usin? v + 4 cos? u. A positive dis- 


tance d€ R leads to the outer offsets, while a negative d yields the inner 
offsets, and & = €. 


An implicit equation of Eg can be obtained from 


a*(x-—asinucosv)*W2 = d? sin? ucos? v, 
b°(y—bsinusinv)?W? = d? sin? usin? v, 
c?(z-ccosu YW = d? cos? u 


2 2 
by substituting cos u = sn sinu = reed COS U = a. sinv = oa, and 
the subsequent elimination of U, V. It turns out that (9.57) parametrizes 
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a one-parameter family of surfaces of algebraic degree twelve. There is 
no ellipsoid among them, irrespective of the choice of d # 0. 

Note that the thus obtained equation describes the algebraic completion 
€; of Eq. It also contains €_g, since the distance d appears only squared 
in the equation. 

We will not provide the equation €7 of the offset surfaces in full length. 
However, the terms of degree twelve are 


Tyo = (a? + y? + 27)? (07d? 2? + a2c?y? + b?c?x?)?. 


a? -aB -ay 
XT] -a6 B? -By |X, (9.58) 
BONO ae 
fee FS 


=Q 


where X = (x”,y”,z”) and a:= b? -c’, B:= c? - a, and y:= a? -B?. 


The coordinates x, y, and z can be viewed as homogeneous coordinates 
in the ideal plane. Then, Tj. = 0 is the equation of the intersection of the 
offset surface(s) €7 with the ideal plane. We can see that the offsets of 
an ellipsoid pass twice through the absolute conic of Euclidean geometry, 
which makes it a part of the offsets’ double curve independent of the offset 
distance d ¢ R*, since the factor x7 + y?+z? appears with multiplicity two 
and d does not appear in any factor of Tyo. 

Furthermore, the ideal conic of the ellipsoid which is given by the second 
factor a7b?z? +a?c?y? + b?c?2? in (9.58) (also with multiplicity two) turns 
out to be a further part of the curve at infinity and the double curve. 


The quartic factor X™QX can be rewritten as 


(ax? - By? - yz)? - 4B-yy?2? = 
= (ax? — By? — yz? — 2/Byyz) (ax? — By” — yz" + 2/Byyz) 
and yields the equation of four lines when set equal to zero. In case that 
either a = b, or b=c, or c= a, X'QX = 0 is the equation of a pair of lines 
with multiplicity two. 
We can summarize these results in 


Corollary 9.4.1 The ideal curve (intersection with the plane at infinity) 
of the offset surface of a central quadric Q is a cycle of algebraic degree 
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twelve consisting of the absolute circle of Euclidean geometry (multiplicity 
two), the ideal conic of Q (multiplicity two) and four straight lines. 
If Q is a quadric of revolution, i.e., either a=b, or b=c, or c=a, then 
the four lines in the cycle form a pair of lines with multiplicity two. 


Proof: The result remains to be verified for two- and one-sheeted hyperboloids. This can be 
done in the same way as for ellipsoids, with some signs of coefficients changing. Ll 


FIGURE 9.28. The red ellipsoid with a = 2, b = 1.5, and c= 1 with offsets at 
1 


distances d = —=, -, -1, -4, -3, -2 (from top to bottom and from left to right). 
Figure 9.28 shows some interior offsets of an ellipsoid. (Here, interior 
means that the surface normal is oriented outwards and the offset distance 
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d is negative.) As can be seen, the offsets may have singular curves (sharp 
ridges) or even isolated singularities. The term interior offset may lead 
to the somewhat wrong impression that interior offsets of an ellipsoid are 
totally in the interior of the ellipsoid. Choosing a sufficiently large d, the 
interior offset can be completely outside the quadric €. 


The outer offsets (surface normal of points outwards and d is positive) 
look like ellipsoids, but they are not. If d is growing larger, Eg increasingly 
assumes the shape of a sphere, for the difference between the major axes 
length is always 2d = const., but the ratios 


at+d:b+d:c+d 


converge to 1 as d approaches infinity. 


Once the equation(s) of the ellipsoids offset surfaces is known, it is an 
elementary task to show 


Corollary 9.4.2 The self-intersections of the offset surface Ej of an el- 
lipsoid Q consist of the absolute conic of Euclidean geometry, the ideal 
conic of the ellipsoid, and three conics in the planes of symmetry of Q: 


Sey: Caz? — c*By* + aB(c? - d”) =0, 
Sez: ban? — b*yz" - ay(b? -— d’) = 0, 
Sua a? By? — a®-yz? + By(a? - d*) = 0. 


Proof: From Corollary 9.4.1, we know that the absolute conic together with the ideal conic of 
O are part of the double curve. 


The three conics mentioned above come along as the intersections of the offset surface €7 with 
the planes of symmetry of QO z= 0, y=0, and x = 0, which are also the planes of symmetry of 
Q’s offsets. The conics’ equations appear as factors with multiplicity two. 


The remaining factors have multiplicity one and are the offset curves of the principal conics 
on Q joining Q’s vertices. a 


The intersections of the offset surfaces €; with the three planes of sym- 
metry do not only contain the conics mentioned in Corollary 9.4.2. They 
also contain the offset curves of the principal sections of the ellipsoid. 
This also holds true for any other quadric, no matter if it is regular or 
singular. 


The three conics given in Corollary 9.4.2 are not to be confused with the 
sharp ridges on the offset surfaces. These sharp ridges consist of singular 
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points of the offset surfaces and are the analogues to cusps on the evolutes 
of planar curves. 


Offsets of paraboloids 
The offset surfaces Py and P_q of the paraboloids 


at distance +d € R\ {0} belong to an algebraic surface P7 of degree ten. 
We do not provide their equations in full length, because only little can 
be read off from them. 


The leading terms are independent of d and yield an equation of the 
intersection P,, = Panw of the offset surfaces with the plane w at infinity 


Pa! (x? fy? + z*)(x* + y*)* (ay? + b*a7)? = 0, 


which tells us that the offset of paraboloids always pass through the ab- 
solute conic with the equation «7+ y?+z? = 0. There are two factors with 
multiplicity two in P’s equation: 

(1) 27+ y? = (2 +iy)(x —iy) = 0 is the equation of a complex conjugate 
pair of ideal lines passing through the ideal point of the z-axis. 

(2) The factor a?y?+b?x? = (ay+ibx)(ay-ibx) = 0 describes a further pair 
of complex conjugate lines. The latter lines are the paraboloid’s rulings 
in the ideal plane. Clearly, these rulings form a complex conjugate pair 
if P is elliptic, i.e., b? > 0. In the case of a hyperbolic paraboloid, these 
lines form a real pair. 


It is worth noting that paraboloids are LN surfaces, which means that 
the coordinate functions of the normal vector field derived from a cer- 
tain parametrization are linear functions in the surface parameters. The 
elliptic as well as the hyperbolic paraboloid share this property with all 
quadratically parametrizable triangular Bézier surfaces (see Section 8.4). 


The standard parametrizations 
p(u,v) = (2au, 2bv,2(u? + v?)) with (u,v)¢R 


and ab # 0 for the elliptic and hyperbolic paraboloid x 4 rs = 2z yield 
the normal vector field 


n(u,v) = (—2bu, #2av, ab). 
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A complete classification of quadratically parametrizable triangular 
Bézier surfaces can be found in [104]. 


Sometimes it is necessary to reparametrize a surface such that the nor- 
mal vector field becomes linear (see [102|). It turned out that these 
reparametrizations are, in principal, planar quadratic Cremona transfor- 
mations (cf. [46, p. 329 ff.]) applied in the parameter domain of the 
quadratically parametrized surface. All three types of planar quadratic 
Cremona transformations occur when reparametrizing all eight types of 
quadratically parametrizable triangular Bézier surfaces in 3-space. This 
includes parabolic cylinders, quadratic cones, paraboloids, the Whitney 
umbrella (an affine version of Pliicker’s conoid), and Cayley’s cubic ruled 
surface. 

LN surfaces could be seen as generalizations of paraboloids. If the dual 
surface F of an LN surface F is of algebraic degree n, i.e., F is of class 
n, then the ideal plane w is an (n-1)-fold point of F. Paraboloids are 
of class two and the ideal plane is a tangent plane. 


Singular central quadrics 


FIGURE 9.29. Left: Offset Cy of an elliptic (not right circular) cone C with a = 2, 
b=1.5, c=1 at distance d = -2. The offset is a developable (neither a cone nor 
a cylinder) with a non-trivial curve g of regression and has self-intersections. 
Right: The curve g of regression and its three principal views. 
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Each cone is a developable (ruled) surface and so are quadratic cones. 
Thus, a quadratic cone C is also the envelope of a one-parameter family 
of planes. The construction of the offset surface Cg of C at d can be viewed 
in two ways: 


(1) It is the envelope of all spheres of constant (and fixed) radius dé R 
centered in the points of C 


(2) It is the enevelope of the one-parameter family of planes at distance 
d from the tangent planes of C (and parallel to the tangent planes of C). 


Therefore, offset surfaces of (quadratic) cones are developable. 


The offset Cg of a cone C will, in general, no longer be a cone. Only if C 
is a cone of revolution, then its offset is also a cone of revolution. Figure 
9.29 shows a quadratic cone with one of its offsets. 


The offsets of quadratic cones can be parametrized in the same manner 
as shown for the ellipsoid in (9.57). Subsequently, an implicit equation 
can be derived, as shown for the ellipsoid below (9.57). It turns out that 
the algebraic completion C7 of the offset Cq and C_q of the quadratic cone 
gy? 2 


—_—_—+ oo Tl 
az be 


C: =0 (9.59) 


is an algebraic surface of degree eight. Again, we have make use of the 
abbreviations a := 0? + c?, 6B := c? +.a7, and y := a? — b? and define addi- 
tionally C := a?a+0b?6, B:=a’a+c’y, A:= b?6-c’y. Then, the equation 
of C3 reads 


Cr: b4ctatak+atct B2y8 + atbty225 

+(ctaty* + dty22*) (cA? + 6a7b2aB)+ 

+(btat24 + d*B7y*)(b* 6? + 6a2c2ay)+ 

+(aty424 + d4a7x*) (aa? — 6b?c? By) + 

+2c4C (b?ax* + a? By*) x7 y? — 2b*B(cCaxt + a*yz*) x? z7+ 
—2a4 A(c? By* — b?yz4)y?27+ 
2072. d2a? Ax® —2a*c?d? B? By® -2a7b?d?y7C' 2-20 CABr*y? 27+ 

2(Pearty 2 Bey sta + Cd Byta?—d4 By 22y") (Bata? —b2e2By)+ 
-2(a2e2 yt 27227 +2 Party? +a7d?yz4y2+d*ayx22”)(3b* 62 +a2cay)+ 
42(a7b? 2407 y? —a7d? By* 2? -b? dant 2? + dtabx*y")(3cty? +a7b?a8)+ 


20 aby? Cx? -2d° ab? By? +2d° a? By Az + da? p77 =0. 
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The equation of the ideal curve C., 7.e., the intersection of C7 with the 
plane w at infinity 


Coo: (ax? + By? +722)? — davyx?2?) (2b? 2? — acy? — Pe x?)? 


shows that the ideal conic of C and Cj is a curve of multiplicity two on 
all offset surfaces. 


Since Cg is a developable, it has a curve gq of regression. The curve g 
determines the surface Cg, for it is the envelope of gq’s osculating planes. 

A parametrization gz: I c R > R? of the curve gq of regression can be 
computed from the dual representation Cy of C or from a parametrization 
of Cg. The dual representation can be given in the form 


Ca: (x-(c+dn),n) =0, 


where d € R is the offset distance, x = (x,y,z), ¢ is a parametrization 
of the cone C (e.g., ¢ = (avcosu, businu,cv)), and n is the unit normal 
vector field of C derived from the parametrization c. Cz depends on one 
parameter and for each parameter, say ug € J, it delivers the equation of 
a tangent plane of the offset surface Cg, provided that de R is fixed. 


The curve gq of regression (for fixed d) consists of the common points of 


C, and its first and second derivative C; and Cj. We skip the details of 
this lengthy, but rather simple computation. So, we arrive at 


F —cbBy cos? u 
acyasin® u |. (9.60) 


ga(u) =§ —————— 
ae a) 
\/ (a2a — c?y cos? u) sab 


We summarize our results in 


Theorem 9.4.2 The offset surface Cg at distance d € R\ {0} of the 
quadratic cone C given by (9.59) is a developable ruled surface. Its al- 
gebraic completion C7 is of degree eight and passes twice through the ideal 
conic of C. The curve of regression of Cq is an algebraic curve of degree 6 
and consists of two disjoint parts parametrizable by (9.60) as gq and g_q. 


Finally, we shall note that offsets of quadratic cylinders are cylinders. 
Offsets of quadratic cylinders are quadratic only if the cylinders are cylin- 
ders of revolution. Offsets of elliptic, parabolic, hyperbolic cylinders are 
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cylinders whose profile curves (cross sections in planes orthogonal to the 
generators) are offsets to conics. From [46, p. 118 & 119], we know that 
offsets of ellipses and hyperbolas are algebraic curves of degree eight, while 
those of parabolas are only of degree six. The same holds true for offset 
surfaces of elliptic, hyperbolic, and parabolic cylinders. 


One-parameter families of quadrics 


A one-parameter family of quadrics can simply be defined by the equa- 
tions of all quadrics in the family: Assume that all coefficients in the 
equation of a quadric are univariate functions. Smoothness and differen- 
tiability of the family of quadrics is then defined by the smoothness and 
differentiability of the coefficient functions. 


In what follows, we shall not deal with the most general case. We will se- 
lect some simple examples that have applications in various fields such as 
the production of pipings and milling. Some inner geometric applications, 
i.e., applications to geometric problems and explanations of geometric 
facts will appear in a natural way. 

Let A(t): Ic R— R* be a one-parameter family of (not necessarily 
regular) symmetric 4x 4 matrices. If now x = (X90, 21, 22,73) are homoge- 
neous coordinates in P?(R), then 


Q(t): x A(t)x =0 (9.61) 


are the equations of the quadrics in the one-parameter family. Usually, 
such a family of quadrics has an envelope. 


Although (9.61) depends on one parameter, an implicit equation of the 
envelope can be derived. For that purpose, we compute the derivative of 
(9.61) with respect to the parameter t and denote it by 


Q(t): x? A(t)x = 0. (9.62) 


The points of the envelope satisfy both (9.61) and (9.62). Thus, we only 
have to eliminate the parameter t from both equations. 


The intersection curve c = Qn Q is called the characteristic curve at t. 
The quadric Q touches the envelope along c. Since Q is a quadric, its 
derivative will, in general, also be a quadric. (Later, when we deal with 
special examples, we will mostly confine ourselves to cases where Q is a 
plane.) Consequently, the characteristics of envelopes are algebraic curves 
which are of degree four at most. 
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If the coordinate functions of A(t) in (9.61) are of degree 
n= max(deg(aij(t))), 
then the degree of the envelope € is bounded by 
deg(E) < 6n - 2. 


In the vast majority of examples that we will see, the actual degree of the 
envelope is much lower than this upper bound. 


An implicit equation of the envelope may be interesting from the theo- 
retical point of view. In practical applications, an implicit equation of 
relatively high degree may not be satisfactory. Moreover, most CAD sys- 
tems cannot deal with such implicit equations. In order to overcome such 
difficulties, a lot of research has been done on this topic (see [101]). 


Envelopes of spheres — one-parameter families 


The setting of the previous section will now be simplified. We deal 
with Euclidean spheres in three-dimensional space R*. It is sufficient 
to use Cartesian coordinates x = (x,y,z) and to assume that m(t) = 
(mz(t),my(t),mz(t)) + Ic R > R° is a parametrization of a curve m, 
and further that r(t): J > R is a function defined over the same interval. 
The curve m is usually called the spine curve of the envelope € of the 
spheres 

S: (x-m,x-m)-r*=0. (9.63) 


According to the previous section, the envelope of (9.63) is found by 
intersecting S(t) with S for all t¢ J. We find that the derivatives 


S: (tn,x-m)+7fr=0 (9.64) 


are planes. Therefore, the characteristic curves of the envelope € of a 
one-parameter family of spheres are circles. Here, we have to distinguish 
between two cases: 


(1) The radius function is constant. Then, the plane (9.64) contains the 
center M of the sphere for all t ¢ J. Thus, the envelope € can be viewed 
as the offset of the spine curve. These envelopes are called pipe surfaces. 
Since the carrier plane S of the characteristic circle c contains the center 
of the sphere (at each t € I), the characteristic circle is a great circle of 
the sphere and the envelope € is covered by a one-parameter family of 
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congruent circles. So, there is a one-parameter family of distinguished 
conics (circles) on each pipe surface. 


FIGURE 9.30. A pipe surface € can be seen as an envelope in two different ways: 
as the envelope of a one-parameter family S(t) of spheres or as the envelope of a 
one-parameter family of cylinders C(t) of revolution. The characteristic circles 
c are curvature lines on €. 


At each t € I, the envelope € and the sphere S(t) touch along a great 
circle c of S(t). Therefore, the tangent planes of € along c envelope a 
cylinder C of revolution (cf. Figure 9.30). Consequently, a pipe surface is 
also the envelope of a certain one-parameter family of congruent cylinders 
of revolution. 


The surface normals of € along c constitute a pencil of lines about the 
center of S. Therefore, the ruled surface of normals along c is developable, 
and thus, the characteristic curves on € are lines of curvature. 

(2) If the radius function r is not constant, then 7 # 0 and the plane (9.64) 
does not pass through the sphere’s center. S meets S along a small circle 
c, the common tangent planes of S and the envelope € along c envelope 
a cone I. of revolution (cf. Figure 9.31). In this case, the envelope € 
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belongs to the class of channel surfaces. Channel surfaces are also the 
envelopes of certain one-parameter families of cones of revolution. 

It is worth pointing out that envelopes of one-parameter families of cones 
of revolution are not necessarily channel surfaces. We shall have a look 
at surfaces of constant slope later in Section 9.4. 

The center N of c can be found as the intersection of S’s normal n(w) = 
m+wm through M and is, therefore, 


FIGURE 9.31. The envelope of a one-parameter family of spheres with variable 
radius is a channel surface. Each sphere S of the family touches the envelope € 
along a characteristic circle c whose carrier plane S does not contain the spheres 
center. Along the characteristic circle c, both € and S are tangent to a cone [’, 
of revolution. The characteristics of € comprise one family of lines of curvature 
on €. 


The characteristic circle is of radius 


re 
re= Vr2-MN =ry|1-— 


(ri, ta)’ 


Note that in the case MN >r the sphere S has no real contact with the 
envelope. The apex A of the tangent cone I, is the pole of S with respect 
to S. 
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We insert n = m+wr1h into the polar form (x - m,x’-m) =r? of S and 
find the polar plane wy of N w.r.t. S as r(x -m,m)+r(m,m) =0. The 
intersection of n = m+wm and my yields [,’s apex A with the coordinate 
vector 


Ws 
a=m--m. (9.65) 
r 


Clearly, the surface normals of € along c also form a cone of revolution, 
which makes c a line of curvature on €. 


Among channel surfaces, we find a further class of special surfaces: As- 
sume that the spine curve is a straight line parametrized by m(t) = (0,0, t) 
(which means no loss of generality, it is only an appropriate choice of the 
coordinate system). Then, (9.63) simplifies to 


S: e+y?+(z-t) =r (t) (9.66) 


and (9.64) becomes 
S: -(z-t)=F(t)r(t). (9.67) 


Inserting (9.67) into (9.66) yields 
a ty? =r7(t)(1-F(t))t?, 


which gives rise to a representation of the envelope € in cylinder coordi- 
nates 


E: o(t)=r(t)V1-7r2(t), and z(t) =t-r(t)r(t). (9.68) 


The surfaces described by (9.68) are invariant w.r.t. all rotations about 
the z-axis, since all intersections with planes x = const. are circles. These 
surfaces are usually referred to as surfaces of revolution. From the ex- 
planations in (2), it is clear that surfaces of revolution are also envelopes 
of one-parameter families of coaxial cones of revolution. Only the vertex 
and the angle of aperture change, see Figure (9.32). 


Further, the characteristic circles — here usually referred to as parallel cir- 
cles — comprise one family of lines of curvature. Clearly, the intersections 
of € with planes through the axis a — called meridians — are orthogonal 
trajectories of the parallel circles, and thus, they form the second family 
of lines of curvature on €. 
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FIGURE 9.32. A surface € of revolution is a channel surface, for it is the 
envelope of a one-parameter family of coaxial spheres. € is also the envelope of 
a one-parameter family of coaxial cones I'y of revolution. Along each parallel 
circle c, the surface normals of € form a cone I'y of revolution. The axis a of 
E is the common axis of all tangent cones and normal cones of € along parallel 
circles. The parallel circles and the meridians are the lines of curvature on €. 


Rolling ball blends 


Pipe surfaces appear frequently in pipe manufacturing. There, a smooth 
join between two (not necessarily) cylindrical pipes P; and P2 is to be 
modeled in order to make the transition smooth, without creases, and 
waterproof or even steam-tight. However, rolling ball blends are dense, 
which is important for piping under pressure. 


The technique uses the following idea: While a sphere S with constant 
radius d is assumed to roll on both pipes simultaneously, it leaves a trace 
c; on either pipe. Precisely that part of the envelope € of all spheres in 
this one-parameter family that lies between the two traces c, and C2 is 
the blending surface. In the case of a constant radius, the pipe surface 
(part) € is called constant radius rolling ball blend; otherwise it is called 
a variable radius rolling ball blend. The latter are studied especially for 
those cases where planes and natural quadrics are to be joined (cf. [80]). 
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FIGURE 9.33. Rolling ball blends with constant radius are pipe surfaces. The 
spine curve of the pipe is the intersection of the offsets of the surfaces to blend. 
Each characteristic curve joins two points of contact of the blending surface B 
and the surfaces P; and P2 to blend. 


We shall discuss the case of a constant radius in more detail. The spine c of 
the blending pipe surface € is the intersection of the offset surfaces P; (d) 
and P2(d) of the two pipes at distance d (see Figure 9.34). In the case of 
two cylinders of revolution P; and P2, the offsets are again cylinders of 
revolution and the intersection is a quartic curve. (Degeneracies will not 
occur with ordinary pipe connections.) The curves c; and cz of contact 
between the rolling ball blend € and the pipes are the set of pedal points 
from s to Py and Py. The blend B c € is that part of the surface € 
enveloped by a one-parameter family of congruent spheres of radius d 
that lies between the two contact curves c, and cp. 


The construction (shown in Figure 9.34) can be enhanced by adding the 
tangents to the contact curves. Assuming a fixed speed of the rolling 
ball at a certain position, the tangent vector (velocity vector) can be 
decomposed into its two components in the directions of the tangents to 
the respective contact curves. Here, in the case of cylinders, an axial 
similarity transforms the two components into the tangent vectors at the 
corresponding points of contact on c; and c9. 

An alternative approach to the tangents of c; and cg uses the fact that 


the Dupin indicatrices (see [46, p. 120|) of pairs of surfaces that are in 
line contact form a pencil of conics of the third kind (cf. |46, p. 287]). 
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The indicatrix 7p, of each cylinder P; is a pair of parallel lines, while the 
indicatrices ig of E€ at each point of c; is a hyperbola (at least in that 
part showing up in Figure 9.34). The common chord of ip, and i¢g is the 
tangent to cj. 


FIGURE 9.34. Construction of the rolling ball blend between two cylinders 
Pi, P2 of revolution with intersecting axes a; and a2 and radii r; and rz: The 
radius d of the rolling sphere equals the offset distance of either cylinder. The 
offset P;(d), i = 1,2 (cylinders of revolution with radii r; + d) intersect in the 
spine curve s of the blending pipe surface €. The displayed construction uses 
the orthogonal projection onto the plane [a1,a2] spanned by a; and ape (front 
view) with two different edge views that show either axis as a point, i.e., a} 
and ag’. Planes A || [ai,a2] intersect the offsets P;(d) along generators which 
appear as points in the edge views, but as lines in the front view. The points 
of the spine curve s are constructed as the intersections of generators of P;(d). 
The points of the contact curves c; between the rolling balls and either P; lie 
on the cylinder’s normals through the points on the spine curve. 


Figure 9.33 shows a rolling ball blend between two cylinders of revolution. 
This example is sufficient in order to explain the construction of a rolling 


ball blend. 
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Natural channel surface 


FIGURE 9.35. Left: The hyperosculating sphere 1 of c at a regular point P 
(that is neither a point of inflection nor a handle point). The osculating circle 
o lies on H and in the osculating plane o of c at P. The tangent of c is tangent 
to o and H as well. Right: H is tangent to a cone of revolution I along o. The 
cone I is also tangent to the natural channel surface of c (cf. Theorem 9.4.4). 


Assume that a C? space curve c is given by an arc length parametrization 
c: Ic R-+R?*. With {c1,c2,c3} (satisfying (c;,c;) = 5;;), we denote 
the Frenet frame of c and the derivatives of these vectors are linear com- 
binations in the Frenet frame, since they satisfy the Frenet equations: 


Cj = KC2, 
Co = —-KC, + TC3, (9.69) 
C3 = —TCQ. 


Here and in the following, ‘ indicates derivation with respect to the arc 
length parameter of c. Further, k,7: Ic R are the curvature and torsion 
(functions) of c. At any regular point P of c which is neither a point of 
inflection (« # 0) nor a handle point (7 # 0), we can ask for a sphere H 
through P that has the highest order contact there. Clearly, the order of 
the contact will be three at most. Higher order contact can only be ex- 
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pected at special points. Therefore, the sphere H is called hyperosculating 
sphere. 


First, we determine the center M with coordinate vector m and the radius 
r and set. 


H: (c-m,c-m) =r’. (9.70) 


We differentiate once, twice, thrice, insert (9.69), and obtain 


H:(cy,e-m)=0, H:«(c2,e-m)+1=0, 
(9.71) 


HH: kr(c3,e-m)-— =0. 
K 


We recall that the curvature radius (function) @ of c and the curvature Kk 


are related via Kg = 1 (at each te I). Hence, 6=-KK”. 


The derivatives of H (9.71) allow us to write the vector c- m as a linear 
combination of the Frenet vectors: From each single equation, we obtain 
the component of the vector c — m in the direction of a vector c;. Thus, 
we have 


m=c+oc+ cs (9.72) 
T 


and the radius r of H equals 


4/248 
r=\j ort. (9.73) 


Finally, the hyperosculating sphere H has the equation 


=o + g (9.74) 


(cf. [81]). As an intermediate result, we can formulate 


Theorem 9.4.3 At each regular point P (that is neither a point of in- 
flection nor a handle point) on a C? space curve c, there exists a uniquely 
defined sphere H which is in third order contact with c at P. The equation 
of H is given by (9.74). 
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FIGURE 9.36. Two views of the natural channel surface € of a cubic curve c. 
The cubic c is the locus of all singular points of €. The osculating circles of c 
are the characteristic circles of €. 


The hyperosculating spheres of a space curve form a one-parameter family 
as long as the curve is not spherical, 7.e., the curve is not entirely contained 
in its hyperosculating sphere. So, it is obvious to expect an envelope, 
which is called the natural channel surface of the given space curve. We 
can show 


Theorem 9.4.4 The hyperosculating spheres of a regular non-spherical 
space curve c which is free of inflection points and handle points in the 
desired interval envelop a channel surface E€. The characteristic circles 
are osculating circles of c. The points of c are singular points on E. 


Proof: Clearly, there exists an envelope € of all hyperosculating spheres H of c. The following 
will show that this envelope indeed consists of a real branch. 
We only have to show that the osculating circles of c are the characteristic circle of €. For that 
purpose, we insert (9.74) into (9.64) and make use of (9.69). Finally, some minor manipulations 
yield 

H: (x-c,c3) =0, (9.75) 
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which is the equation of the osculating planes of c for all t. Inserting the latter equation into 
the equations of the hyperosculating sphere (9.74) results in the equation of the intersection 
HOH: 


O: (x —c- @c2,x-c-9c2) = 9". 


Taking the linear equation (9.75) of H. into account, we recognize o as the osculating circle of c. 


We differentiate (9.75) once again, use (9.69), and find 
H: (x-—c,c2)=0, 


which is the equation of the rectifying plane of c. The osculating plane o and the rectifying 
plane g of a space curve c at a certain point P = c(t) intersect in the tangent T of c at P. 
Since T is tangent to H, P is a double point on €, and thus, a singular point on €. a 


Figure 9.36 illustrates the contents of Theorem 9.4.4. A cubic curve c with 
its natural channel surface swept by c’s osculating circles is shown. Figure 
9.35 shows that, along the characteristic circle of the natural channel 
surface of a space curve c, the tangent planes envelop a cone of revolution. 


= Example 9.4.1 Natural pipe of a helix. 


A helix h (right circular helix) is a curve of constant slope, curvature, and torsion, winding up 
a cylinder of revolution. Since « and 7 of h are constant, the radius of H is, too. Thus, the 
natural channel surface € is a helical pipe surface that is invariant under the helical motion 
which generates h. An example is shown in Figure 9.37. 


FIGURE 9.37. The natural channel surface € of a helix h is a pipe surface, since 
h’s curvature and torsion are constant. The helix is a sharp ridge on €. 


448 Chapter 9: Quadrics and Differential Geometry 


Envelopes of spheres — two-parameter families 


The geometry of two-parameter families of spheres compares to the ge- 
ometry of two-parameter families of lines (congruences of lines). Both the 
two-parameter families of spheres and the two-parameter families of lines 
can be considered as two dimensional surfaces. This will become clearer, 
when we describe the geometry of spheres and lines as geometries that 
take place on quadrics in Sections 10.1 and 10.2. 


In the following, we shall try a more elementary differential geometric 
approach to two-parameter families of spheres. Sometimes, algebraic as- 
pects are of more importance. For example, rational envelopes of one- 
and even two-parameter families of spheres are of interest and can be 
constructed using deep knowledge from pure geometry and classical ge- 
ometries (see, for example, [103]). However, the case of two-parameter 
families with variable radius function still bears some difficulties. 


Let us assume that 
S(u,v): (x-m(u,v),x —m(u,v)) = 7?(u,v) (9.76) 


are the equations of the spheres in a two-parameter family. This means 
that m(u,v): Dc R? > R? is a parametrization of a surface in R® and 
r(u,v); Ic R= Ris a real-valued function. 


If the spheres S in (9.76) produce an envelope, we shall find the points of 
contact as the intersection of S with its two partial derivatives 


? 


Sy: (mMmy,x-m)+r,r=0, 
(9.77) 


Sy: (m,,x-m)+r,r=0, 


’ 


where ,, and ,, is short-hand for the partial derivatives with respect to 
u and v. Obviously, the derivatives S,, and S,, are planes. These are 
not parallel unless m,, and m,, are linearly dependent, i.e., the surface 
parametrized by m is singular. 


We assume that the surface of centers is regular in D and then, S,, and 
S, intersect in a straight line a. The contact points of each sphere S 
and the envelope € are the common points of S and a (see Figure 9.38). 
Consequently, there are up to two such points that are real, and therefore, 
the envelope consists of two sheets at most. 


We can give a condition on m and r so that the two contact points 
are either a real pair, or fall in one (real) point, or are a pair of complex 
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FIGURE 9.38. Left: The points of contact H, and Hp» of the envelope € of 
the two-parameter family of spheres are the intersection points of a=S,NSy. 
Right: a configuration with precisely one point of contact, seen in the direction 
of a. 


conjugate points. The poles of the two planes S,, and S., shall be denoted 
by S; and Sy. The line p = [.$1, Sa] is the polar of a= SS, with regard 
to S. Intersecting pairs of polars with regard to a quadric are conjugate 
surface tangents. According to (9.65), the coordinate vectors of the poles 
S; and S> are 


Ss] =m- —m, and s9=m- my, (9.78) 
ier Ty 
provided that neither r,, = 0 nor r, = 0. Then, we derive the Pliicker co- 
ordinates (p,p) of p (see p. 478) using (9.78) and the Pliicker coordinates 
(a,a) of a (see p. 482) with (9.77) and find 


(p, DP) =(S2 - 81,81 x S2) = 
(9.79) 


r r. 
=("m,-—my», 
Tu , rv , 


r Va r 
Pare thu x eg x og x m.,), 


and subsequently, 
(a,a)=(m,, x my, (r77,-(m,m,,))m,—-(rr,-(m,my))m,,). (9.80) 


Following (10.9), the two lines a and p intersect if, and only if, their 
Pliicker coordinates (a,a) and (p,p) satisfy (a, p) + (a, p) = 0, and thus, 
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with (9.80), we find 


(Har pee — Mya — Pb + 2 uP yhaz — 7,22) = 0. (9.81) 


Tu 7U 
Here, we have set 
Mi =(My,My), 12 (My~,M,y), and fz2 = (My,My), 
1.€., fi; are the coordinate functions of the metric tensor on the surface 


M of all centers of spheres S. 


A complete discussion of (9.81) is far beyond the scope of this book. 
The case of two-parameter families of spheres with constant radius is not 
covered by (9.81), since by assumption r,, + 0 and r,, #0. 


FIGURE 9.39. The offset E€ at a distance r of a surface M consists of two 
sheets. The points H, and H2 on € lie on the surface normal a of M at M and 
MH, = MH» =d. 


In the case of r = const., the points (9.78) become the ideal points 
(0,m,,,)R and (0,m_,,)R of two (linearly independent) surface tangents 
of M and the tangent cones I, and [, of S along SNS, and SNS, be- 
come cylinders of revolution. Finally, the condition (9.81) on the reality 
of contact points of S and € can be simplified to 


[11122 — Hy > 0. (9.82) 
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This is equivalent to the regularity of M at M, the center of that par- 
ticular sphere S. In this case, the planes S,, and S, contain the center 
of S (cf. (9.77)). Therefore, a = S,,9S, also passes through S’s center 
and the two points H, and H2 of the envelope € form an antipodal pair. 
Moreover, since a = m,, x m,, (according to (9.80)), the line a is the 
surface normal of M at M (see Figure 9.39). 


Therefore, the tangent planes of the envelope € at H, and Ho are parallel 
to the tangent plane of M at M. Thus, the envelope consists of all points 
at distance +r from M and is, therefore, the offset of M at distance r. 
(The fact that the tangent planes of € at Hy and H2 and of M at M are 
parallel is the reason why offsets are sometimes called parallel surfaces; 
“Parallelflachen” in German.) 


Surfaces of constant slope 


Surfaces of constant slope are developable (ruled) surfaces whose tangent 
planes subtend a fixed and constant angle 6 with a (horizontal) base plane 
am. These surfaces can be obtained as envelopes in two different ways: 


(1) as the envelopes of planes that enclose a fixed angle with the base 
plane 7 or 


(2) as the envelopes of cones of revolution with a fixed angle of aperture 
and vertical axes. 


FIGURE 9.40. A cone I'v of constant slope in a one-parameter family together 
with its derivative Ty: In this case, the derivative plane I'y intersects Py in 
two real generators e; and e2, along which the envelope € touches the cone. 
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We will deal with the second way, since this is more quadrics-related. For 
the sake of simplicity, we let 7: z= 0 and the lead is parallel to the z-axis 
of the underlying Cartesian coordinate system. The slope angle shall be 


TT 
0<6<-=. 
B 2 


Then, the angle of aperture a of a generic cone of constant slope equals 
mq — 28 and the equation of such a cone reads 


Ty: (a@- vg)? + (y- vy)? - k?(z- vz)? = 0, (9.83) 


provided that v = (vz, Vy, vz) is the cone’s vertex and k = cot 6. 


Let us assume that 
(U,V) pe *= U1U1 + UQV2 — k7ugv3 (9.84) 


is a family of pseudo-Euclidean scalar products. The value k € R \ {0} is 
just a parameter and has the geometric meaning we have just described. 
With x = (2, y,z), we will denote the vector of indetermined coordinates. 
Let now v: Ic RR? be the parametrization of a curve in R°, i.e., vz, 
vy, and vz, shall be univariate functions depending on some parameter tf. 
All involved functions shall be of a sufficiently high differentiablity class. 
Then, the equation of y can be written in the slightly simpler form 


Ty: (x-v,X-Vv)pe =0 (9.85) 
and the derivative of (9.83) now reads 
Ty: (¥,x-v)pe = 0. (9.86) 


Figure 9.41 shows the appearance of developables in a real world problem, 
namely, in road layouts. 
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FIGURE 9.41. Ruled surfaces of constant slope play an important role in many 
real world problems. The layout of roads show developables of constant slope 
through the curbsides. At each point on the curbside, a cone of constant slope 
is centered and the envelope comes in a natural way, since the angle of repose 
(for gravel, macadam, etc.) is constant. 


Obviously, 'y is a plane through V for any te I (cf. Figure 9.40). There- 
fore, the derivative of 'y intersects [y along two of its generators and 
the envelope € of 'y touches each of the cones along these generators. 


The contact of € and Ty takes place along two real rulings if (v,v) > 0, 
along exactly one ruling if (v,v) = 0, and along a pair of complex conju- 
gate rulings otherwise. 

Since the cones are developables, 7.e., their tangent planes along the rul- 
ings are fixed, the tangent planes of € along the contact rulings are also 
fixed. Thus, € is also a developable. 


We summarize our results as follows: 


Theorem 9.4.5 The envelopes E of one-parameter families of cones of 
constant slope w.r.t. a plane m are developables of constant slope w.r.t. 7. 
The curve v traced by the cones’ vertices is a double curve on €. 


Remark 9.4.1 The cone ['y given by (9.83) (or (9.85)) is a pseudo-Euclidean null sphere. 
Thus, the envelope of the cones ['y is a very special case of a pseudo-Euclidean channel 
surface. The plane (9.86) is the pseudo-Euclidean normal plane of the vector v at v(t). 


The most general forms of pseudo-Euclidean channel surfaces are the envelopes of one- 
parameter families of pseudo-Euclidean spheres. From the Euclidean point of view, these 
spheres are one- or two-sheeted hyperboloids of revolution with congruent asymptotic cones. 
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Pseudo-Euclidean space, cylcographic mapping 

We have centered a cone ['y of revolution with a vertical axis and fixed 
angle of aperture at each point V of a curve. Indeed, we can do this at 
each point in the three-dimensional space R°. 


WwW 


FIGURE 9.42. The cyclographic mapping ¢ maps a point V in 3-space to 
oriented circles V* in the Euclidean plane 7. Points P € 7 agree with their 
image P = P* that carries both orientations. 


If we intersect the cones [y with the plane 7: z = 0, we get circles 
V* centered at V’ = (vz, Vy,0), é.e., the top view of V with radius ry = 
|k-vz| (see Figure 9.42). The radius ry can be equipped with a sign by 
sgn ry :=sgn uz. Loosely speaking, this means that the sign is positive if 
V is above x (vz > 0). The circle V* shall be oriented in the mathematical 
sense according to the sign of its radius. In this way, we find a mapping 
¢: R® > o of points in three-dimensional affine space to oriented circles 
in the Euclidean plane 7. The ambient space of 7 is referred to the 
cyclographic model of Euclidean Laguerre geometry. 


The mapping ¢ is usually called the cyclographic mapping. For the sake 
of simplicity, we let & = 1, which turns the cones Ty into cones with 
a right angle of aperture. From the computational as well as from the 
constructive point of view, this turned out to be beneficial (cf. [44, 89]). 
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The cyclographic mapping ¢ does not only relate oriented circles in the 
Euclidean plane with points in a three-dimensional space. Oriented 
straight lines (spears) in 7 correspond to planes with slope +1. 


The pseudo-Euclidean metric (9.84) returns the square of the pseudo- 
Euclidean length of a vector v. Depending on whether (v,v) is greater, 
equal, or less than zero, the vector v is called spacelike, lightlike or 
isotropic, or timelike. The generators of each cone 'y of constant slope 
are isotropic or light-like in terms of the pseudo-Euclidean geometry in the 
cyclographic model space. Since the metric (9.84) is of signature (++-), 
it is common to denote the cyclographic model space by R*". 


FIGURE 9.43. Left: The pseudo-Euclidean distance dp. between two points P 
and Q equals the tangential distance dr between the two oriented cyclographic 
image circles. Right: Two non-oriented circles c; and cg have up to two real 
tangential distances dr (on the inner and outer tangents). The square is real in 
any case. 


The pseudo-Eculidean distance between points in R*! has a geometric 
relative in the Euclidean plane z. Let cy and co be two Euclidean circles 
and assume that they have at least one real common tangent T. The 
respective radii shall be r; and rg and the centers may be at distance d. 
Then, the square of the tangential distance dp of cy; and co equals 


ae = a = (r1 a ro)’, (9.87) 


depending on whether T is an inner or outer tangent of c, and co as illus- 
trated in Figure 9.43. Now, with (9.84) and k = 1, it is easily verified that 
the pseudo-Euclidean distance of the corresponding points C; = (0,0,7r1) 
and C2 = (d,0,r2) in the pseudo-Euclidean model space R*" fulfills (9.87). 
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Finally, we remark that setting k = c (the speed of light) would bring 
the pseudo-Euclidean metric (9.84) closer to special relativity.Indeed, the 
pseudo-Euclidean space is a model for special relativity. Then, the space 
R?! is called Minkowski? space. 


Projection with a quadratic complex 


Later, in Section 10.1, we shall see that the cyclographic mapping 
¢: R*! = @ can be viewed as a projection with a quadratic complex 
of lines. The manifold of lines that enclose a fixed angle @ with a plane 
in Euclidean 3-space is three-dimensional. All these lines meet a well- 
defined conic cg in the plane w at infinity. The cones 'y that map points 
V to oriented circles V* in 7 are complex cones (cones of revolution), i.e., 
exactly those lines of the quadratic complex (of constant slope) that pass 
through the point V. The complex cones share the conic cg ¢ w. 


3HERMANN MinkowskI (1864-1909) was a German mathematician. He started working in 
number theory, diophantine approximation, and convex geometry. Minkowski was one of the 
first to discover that non-Euclidean geometries fit well with EINSTEIN’s special relativity. 
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9.5 Curves of constant slope on quadrics 


General remarks on curves of constant slope 


A curve cc R? is called a curve of constant slope if its tangent (unit vector) 
c, encloses a fixed angle, say (6, with a fixed direction 1. The direction 1 
is called the lead and will, henceforth be assumed to be 1 = (0,0,1). The 
angle is then called the slope or inclination, which is ambiguous, since the 
term slope also denotes the value k = tan (. 


It is admissible to assume that the parametrization c depends on the arc 
length s on c. Further, the Frenet frame (c1,c2,c3) satisfies the Frenet 
equations (9.69), and c is free from handle points and points of inflection. 


By assumption, we have (c;,1) = cos@ = const. and we can differentiate 
once obtaining «(c2,1) = 0. This tells us that the principal normal of c is 
always orthogonal to the lead. Differentiating once more, we find 


&(C2,1) + K(-Ke + TC3,1) = 0, 


which simplifies to —K cos 8 + T(c3,1) = 0, because of 1 = cos Gc; +sin Bcz3. 
Finally, 

d 

— (c3, 1) = -T(Co, 1) = 0, 

ds 

from which we can infer that the scalar product (c3,1) is constant. Thus, 
we can state 


Theorem 9.5.1 For curves of constant slope, the ratio of the curvature 
and the torsion is constant. 


It is easy to see that the assumption of a constant ratio « : 7 implies a 
curve of constant slope. 


= Example 9.5.1 Another characterization of curves of constant slope. 


Show that a curve c of constant slope with an at least four times differentiable arc length 
parametrization c: I c R > R® has the property det(é,6,é) = 0. 


By assumption, c is an arc length parametrization. So, ¢ = ci, and according to (9.69), 


@ = Keg, 6 = —K7e1 + keg +K7C3, and ¢ = —-(3hK +K°)e1 + (K—KT)C2 + (2kT+K7T)e3. This yields 


det (€, é,é) = —K3 (kr — et) = 627? (=) =0, 
T 


aL 


since KT ~ = const. 
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Curves of constant slope on cylinders and cones 


In the following, we shall extract the special subclasses of the curves of 
constant slope that can be found on quadrics. The most simple cases of 
curves of constant slope on quadrics of revolution are those where the 
quadrics are singular. On the cylinder of revolution 


z(u,v) =(Reosv, Rsinv,u), (u,v) €R?, ReR’, 
the curves of constant slope are helices 
h(t) = (Roost, Rsint,pt+c), teR, c,peR, 


including the case of the parallel circles for p = 0 with slope k = 0 and 
the generators of the cylinder with slope k = oo if p = oo. The helices on 
the cylinder of revolution are invariant with respect to the helical motion 
with pitch p. Further, the helices on the cylinder of revolution allow a 
discrete group of automorphic collineations, 7.e., the translations 


T: (4, y,2)  (x,y,2+2jr) with jeZ. 


The curves of constant slope on a cone of revolution with vertical axes 
include the parallel circles (slope k = 0) and the generators of the cone. 
The latter have maximal slope that equals the slope of the cone. Much 
more interesting are the remaining curves of constant slope on the cone 
of revolution. These curves are called cylindro-conical spirals and are in- 
variant with respect to one-parameter subgroups of the group of equiform 
transformations. The cone 


c(u,v) = (ucosv,usinv,ku) (u,v) €R?, ke R\ {0} 


with w = 2arccot & for its angle of aperture carries the cylindro-conical 
spirals 
s(t) = e?' (cost, sint, k) 


and all congruent copies obtained by rotating one of the curves about the 
axis of the cone (z-axis). The spiral parameter p and the slope angle 3 


are related via i 


Jk tan? B- 1 
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FIGURE 9.44. Curves of constant slope on a cylinder of revolution (left) are 
helices (including circles and rulings). Curves of constant slope on a cone of 
revolution (right) are cylindro-conical spirals (including parallel circles and rul- 
ings). 
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FIGURE 9.45. Curves of constant slope on an elliptic cylinder (left) and on an 
elliptic cone (right). The majority of these curves is not even algebraic. 
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These curves can also be generated from the one above by applying all 
central similarities (with the cone’s vertex for their center) to that par- 
ticular curve. 


Figure 9.44 (left) shows some helices (on a cylinder of revolution) with 
various slopes. Figure 9.44 (right) shows some cylindro-conical spirals as 
curves of constant slope on a cone of revolution. 


The spirals shown in this figure emanate from one particular point. Ex- 
cept the parallel circles on the cone, all curves of constant slope would 
eventually reach the apex of the cone, but only after infinitely many wind- 
ings about the cone’s axis. 


The visual appearance of the curves of constant slope on an elliptic cylin- 
der does not differ much from that of ordinary helices (cf. Figure 9.45). 


However, their analytic description is not comparable to that of ordinary 
helices. We determine the curves of constant slope on the elliptic cylinder 


In order to do so, we parametrize the curve b of constant slope by 
b(t) = (acost,bsint,u(t)), teR 


where u(t): Jc R-> Risa real-valued function which is differentiable at 
least once. This yields the ordinary differential equation 


uw 
Va? sin? t + 62 cos? t + w2 


whose solutions involve elliptic integrals of the third kind. Figure 9.45 
shows a numerical approximation of the curves of constant slope on an 
elliptic cylinder (left) and on an elliptic cone (right). The analogous 
ordinary differential equation for the curves of constant slope on an elliptic 
cone behaves equally bad, 7.e., its solutions also involve elliptic integrals 
of third order. 


= cos B, 


Quadrics of revolution and Enneper’s theorem 


The curves of constant slope on the quadrics of revolution are well-known. 
They can rather easily be parametrized in terms of elementary functions, 
and are in close relation to conics and its generalizations as have seen 
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in [46, p. 105-108]. The case of a cylinder and a cone of revolution has 
already been discussed. So we will study paraboloids, one- and two- 
sheeted hyperboloids, and ellipsoids of revolution. We can give their 
equations in cylinder coordinates (r, z) as 


i) 
iw) 
i) 
is) 


r 


P: r? =2pz, Tig = = Sh 


Zz Zz 
az 


+> =1, (9.88) 
c 

provided that the z-axis of the underlying coordinate system coincides 

with the axis of rotation. 


Let us call the orthogonal projection in the direction of the z-axis a top 
view. The image plane may be any plane orthogonal to the z-axis. We 
want to describe the top views c’ of the curves c of constant slope on 
the quadrics (9.88) by means of a pseudo natural equation that relates 
the distance function r: I c R > R of the points on c’ to the origin (= 
orthogonal projection of the axis) with the curvature radius (function) 
o(s): Ic R>R of Cc and the arc length s on c’. 


Therefore, we assume c’ to be the path of the planar motion ©/™o per- 
formed by the Frenet frame of c’ which is considered to be part of the 
moving system ©. Let M denote the instantaneous pole of ©/No and 
let w > 0 be the angular velocity. By assumption, c is an arc length 
parametrization of the top view c’, and thus, |¢|| = 1 and for each point 
P on c’, we have w- MP = |é|| = 1. Clearly, MP = 0 equals the curvature 
radius of c’ at P, and therefore, wo = 1. 


The path normal vector of P equals v = S(x,y — @), with (x,y) being the 
coordinates of P, and thus, the tangent vector equals 


g(Y — ,-@) = (,9/). (9.89) 


The distance function r and the coordinates (2,y) of P depend on the 
arc length s and are related via 


peagt+y?’. (9.90) 
Implicit differentiation with respect to s yields 

rr=£LL+Yy. (9.91) 
We insert (9.89) into (9.91), obtain 


r= 2(a(y- 0) +y(-x)) =-a, (9.92) 
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differentiate once again, and using (9.89), we find 
P+ erage -Z(y- 0). 
Finally, the latter equation is solved for y and yields 
y= o(1-7?-Fr). (9.93) 


Now, we eliminate x and y with (9.92) and (9.93) from (9.90) and arrive 
at the pseudo natural equation of c (a kind of the natural equation of c’): 


o=rV1-F2(1- 7 -#r)Th. (9.94) 


Equation (9.94) allows us to find the top views of the curves of constant 
slope on the quadrics of revolution from (9.88). Once the top views are 
known, the entire curves can easily be determined by lifting them onto 
the quadrics. We can summarize this in 


Theorem 9.5.2 (ENNEPER’s* theorem:) Let 1 = (0,0,1) be the lead 
which is parallel to the axis of a quadric Q of revolution. Then, the top 
view of a curve of constant slope on Q is 


(1) a circle if Q is a cylinder, 

(2) a logarithmic spiral if Q is a cone, 

(3) the involute of a circle if Q is a paraboloid, 

(4) an epicycloid if Q is an ellipsoid, 

(5a) a hypocycloid if Q is a one-sheeted hyperboloid and the slope is larger 
than that of the asymptotic cone, 

(5b) a straight line if Q is a one-sheeted hyperboloid and the slope is equal 
to that of the asymptotic cone, 

(5c) ahypercycloid if Q is a one-sheeted hyperboloid and the slope is smal- 
ler than that of the asymptotic cone, 

(6) a paracycloid if Q is a two-sheeted hyperboloid. 


Proof: (1) The case of the cylinder is clear, since the top view of a cylinder (orthogonal 
projection in the direction of its axis) is a circle. 


4 ALFRED ENNEPER (1830-1895) was a German mathematician who worked on Differential 
Geometry, especially on minimal surfaces. The famous Enneper (minimal) surface is named 
after him. 
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(2) The generators of the cone are curves of constant slope cot 7 (maximal slope; a is the angle 
of aperture) and appear as a pencil of lines in the top view. The parallel circles correspond to 
k =0. Both the generators and the parallel circles can be seen as limiting cases of logarithmic 
spirals. In terms of cylinder coordinates, the cone’s equation equals 


Qa 
r? — 2? tan? 2 = 0, 


For a generic curve c of constant slope 0 < k < cot a 
i.e., either r = ks or r =—ks. (It is sufficient to consider only one of the latter two equations.) 


With (9.94), we find the natural equation or the Mannheim curve (cf. [46, p. 105-107]) 
o(s)=k-s, (9.95) 


we have z = ks, and thus, r? — k?s? = 0, 


where k = tan 8. From the curvature radius function K(s) = “OP we can derive a parametriza- 
tion of the curve c’ which is uniquely determined up to Euclidean motions. For that purpose, 
we use the techniques and results from [46, p. 107]. Consequently, the curve determined by 
(9.95) is a logarithmic spiral (as long as k + 0,+1), see also [46, Table 3.1, p. 108]. 


(3-6) From (9.88) and with z = ks, we find the natural equations of the top views of the curves 
of constant slope 


2,2 ¢2)2 k2(a2hk2—c2 
P': o(s) = /kp(2s — kp), 12 oop Soe 4 ) ot (a + oO) 2 i 
y, (a2k?+c7)? 2 kh? (a2k7+c7) 2_ 
Es aati. 
Now, the obvious restrictions on k have to be discussed in order to distinguish the cases, 
especially for (5). Then, a comparison with [46, Table 3.1, p. 108] confirms the result. a 


FIGURE 9.46. Left: curves of constant slope on an ellipsoid of revolution. 
Right: curves of constant slope on a paraboloid of revolution. 


Figure 9.46 shows curves of constant slope on an ellipsoid and on a 
paraboloid of revolution. On the ellipsoid, the curves of constant slope for 
a fixed k fill a region that is bounded by those two parallel circles whose 
tangent cone have the same slope. On the paraboloid of revolution, the 
curves of fixed constant slope have their cusps on the parallel circle where 
the tangent cone has the prescribed slope and the orbit of all curves with 
the prescribed slope is bounded by just one parallel circle. 
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FIGURE 9.47. Curves of constant slope on a one-sheeted hyperboloid: steeper 
than the asymptotic cone (left), flatter than the asymptotic cone (right). 


The curves of constant slope on a one-sheeted hyperboloid belong to three 
different classes: 


(1) If the slope is larger than that of the asymptotic cone, the curves 
of constant slope remain within a strip bounded by two parallel circles. 
Along these parallel circles, the tangent planes, and thus, the tangent 
cones agree in the slope with the curve of constant slope (cf. Figure 9.47, 
left). These curves of constant slope are algebraic, rational, and closed if 
the ratio of the radii of the polhodes of the trochoid motion generating 
the top view c’ is rational. 


(2) The curves with a slope smaller than that of the asymptotic cone wind 
around the hyperboloid infinitely often (Figure 9.47, right). These curves 
are transcendental in any case and their top views are hypercycloids. 
(These curves shall not be confused with hypocycloids, cf. |46, p. 107]). 


(3) Curves with a slope equal to that of the asymptotic cone are straight 
lines, and thus, the generators on a one-sheeted hyperboloid of revolution 
are also curves of constant slope. 


= Example 9.5.2 Curves of constant slope on horizontal parabolic cylinders. 


In the following, the lead shall point in the direction 1 = (0,0, 1) and the curves of constant slope 
are assumed to have the slope angle § € ]0, - [. We want to determine explicit parametrizations 
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of the curves of constant slope on the two types of parabolic cylinders (with p¢ Rt) 
Cy: 27-2py=0 and Cy: y?+2pz=0 
with rulings parallel to the x-axis. For that purpose, we assume that the real-valued function 
ui(t): I c R > R is the x-coordinate function of the desired curve of constant slope b; on 
either cylinder. A parametrization of b; is then given by 
bi = (ui(t),2pt?,2pt) and bg = (ua(t), 2pt, 2pt”). 
Now, the ordinary differential equation for ui(t) in order to make b; curves of constant slope 
equals (b;,1) = ||b,||A where K := cos 8, which, in the present cases, reads explicitly 
2 Apt 
a ead | Seek 
VJ tui (t)? + 4p? + 16p2t? Vf tta(t)? + 4p? + 16p2t? 


These differential equations are solved by 


K?-1 2K t /T- RK? 4K 
ui(t) = +3R@ parctan — Ss +O V1-K? -4K7t? +C, 


= pK 2/ K2-1t pt _ fr2\p2 _ kD 
u2(t) +5 feiay arctan eeeereers F rv AC K?)t? -K2+C, 


where either the upper or the lower sign is to be chosen and C is an arbitrary constant. In 
both cases, we use substitutions in order to simplify the representation of the curves: 


Jin? K 
o1: t> —sint and o2: t > ——=cosht. 
2K 2/1- K2 


Finally, we obtain 


by = p(i-K?) 2 


1= oe (+(7 +sinrcos7), sin 


2K 
Ls sinr), 
age cosh’ 1), 
where we have cut out the integration constants, since they only cause a shift of the curves 
in the direction of the cylinder’s generators. This does not change the shape and differential 
geometric properties of these curves. Figure 9.48 shows some curves of constant slope on the 
horizontal cylinders C; and C2. 


= PK _. i 
bo = ieee (+(7 + sinh 7 cosh), 2cosh 7, 


FIGURE 9.48. Curves of constant slope on horizontal parabolic cylinders: The 
lead 1 is orthogonal to the uniquely determined plane of symmetry (left). The 
lead 1 is orthogonal to the vertex ruling (right). 
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The curves b; on Cy somehow fit with those described in Theorem 9.5.2, although a parabolic 
cylinder can hardly be viewed as a quadric of revolution. Parametrizations of the top views 
of the curves b; can be obtained by setting the third coordinate function in b, equal to zero. 
Ignoring those solutions corresponding to the lower sign yields 


20) PU =k) 


I! ; 2 : 
bs Ve (7 + sin 7 cost, sin* 7) = gee an ene eon ae) 
Then, the reparametrization T > it produces 
p(1- K?) : 
b, = —————- (t+ sint, 1 — cost). 9.96 
, = ) (9.96) 


The curve (9.96) is called (straight) cycloid and it is the path of a point of a circle that rolls 
on a straight line. Figure 9.49 shows the top view of the parabolic cylinder C2 from Figure 
9.48 (right). The cycloids that show up in this orthogonal projection touch the contour line 
(vertex generator) and their cusps gather on rulings of C2 where the tangent planes have the 
prescribed slope. 


wy, 


"ile 
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FIGURE 9.49. Curves of constant slope on a horizontal parabolic cylinder 
appear as straight cycloids in an orthogonal projection in the lead’s direction. 
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9.6 Geodesics on quadrics 


In this section, we shall select some special results on geodesics. We will 
focus on algebraic and rational geodesics whose existence is rather sur- 
prising. In the case of geodesics on a surface of revolution (and also on 
quadrics of revolution), CLAIRAUT’s relation r(t) cos y(t) = const. relates 
the radius function r(t) (distance of the points on the geodesic to the axis 
of rotation) and the course angle y(t) of a geodesic. Unfortunately, even 
in the apparently simple case of ellipsoids of revolution, the parametriza- 
tion of geodesics needs, in general, elliptic integrals. 


On triaxial ellipsoids, a generic geodesic makes infinitely many circuits 
around the ellipsoid and touches a pair of opposite lines of curvature. 
Figure 9.50 shows the typical behavior of a generic geodesic on a triaxial 
ellipsoid. The tangents of the geodesics on an arbitrary quadric Q touch 
a certain quadric Q’ + Q from the geodesic family, as we have seen in 
Section 7.1 (note Theorem 7.1.4). 


WADSS 


We AZ 


FIGURE 9.50. A geodesic on a triaxial ellipsoid (blue) may wind infinitely 
many times around the ellipsoid. Thereby, it touches a pair of opposite lines of 
curvature (cyan). 


Much is said about the periodicity and behavior of geodesics (cf. [76]). 
On ellipsoids of revolution, most of the geodesics traverse a strip bounded 
by two parallel circles. The geodesics on an ellipsoid that emanate from 
a point may even have a star-shaped envelope (sce |69]). 
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The geodesics on the triaxial ellipsoid fall into three classes: (1) Circum- 
polar geodesics encircle the north and south pole without reaching them. 
(2) The transpolar geodesics accumulate at the north and south pole. 
(3) The umbilical geodesics join the umbilics of the triaxial ellipsoid and, 
when returning to the initial umbilic, they come closer to the plane con- 
taining the four umbilics. 


In the following, we shall give just the results on algebraic geodesics on 
quadrics. Details can be found in [40, 76, 99, 100]. It is clear that the 
principal sections of a quadric Q are geodesic curves on Q, for their os- 
culating plane is everywhere normal to the quadric. 


Algebraic geodesics on a triaxial ellipsoid 


& 


FIGURE 9.51. Closed algebraic geodesics on triaxial ellipsoids: a geodesic with 
a double point (left), without a double point (right). In both cases, we have 
chosen the shape parameter a = 4. 


Assume that an ellipsoid is given by its equation 
E+ ba’ + boy + baa” =1, 


where b; € R*. Let now the coordinate functions of a parametrization of 
a curve gc € be 


a(t) =Ce-fx(t), y(t) = Cy * fy(t), 2(t) = cz + fz(t) (9.97) 


with 
b-sin?t sint cost cost 
f(t) = ———;,_ fy(t) = ——;:. sof. (t) = —— (9.98) 
a-—sin*t a-sin*t a-—sin*t 
and 
a-2 2 2 2 
aes 7 bj =4(a°-a+1), bo =(2a-1)*, 53 =(a-2)’, 
a- 


_— (a-1)Vb2 ae Vav'b1b3 _— Vv bib2 29) 
ealar t/a § (a41)/m’ *° (a+1)/b3 
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Now, the following result is elementary to verify: 


Theorem 9.6.1 The algebraic space curves on the triaxial ellipsoid E de- 
fined by (9.97), (9.98), and (9.99) are geodesics and quartic space curves 
of the first kind. They can also be found as the intersection of E and the 
quadratic cylinder 

C: a,(x + a9)? + agy’ = 1, (9.100) 


where 


Vv be 7, ~ bata +1) an = Ae Da + 1)*be 
ca Crs enn Toe 


Figure 9.51 (left) shows one example of the geodesic curves described in 
Theorem 9.6.1. 


Proof: In order to show that g = (x(t), y(t), z(t)) (with the coordinate functions from (9.98) 
and constants from (9.99)) is a parametrization of a geodesic on €, it is sufficient to show that 
the principal normals of g are scalar multiples of the normals of € precisely at the points of 
gcé€. 


We recall that a curve g on the quadric € is a quartic of the first kind if there exists at least 
one further quadric C + € through g (cf. Section 6.9). In the present case, we can implicitize 
the top view g’ of q (orthogonal projection onto the plane z = 0) and find (9.100). a 


@ Exercise 9.6.1 Geodesics without double points on a triaxial ellipsoid. 


Analogously to Theorem 9.6.1, show that the ellipsoid Q: ba? + boy? + b3z? = 1 carries 
closed algebraic geodesics without double point if the shape parameters and coefficients of €’s 
equation in (9.98) and (9.99) are changed to 


bi = (a-2)?, be =(a+1)?, 63 =4(a?-a+1), 


_V@iyes  _ VaaDye 


while b remains unchanged, i.e., b = (a—2)(2a-1)7}. 


Show further that these geodesics are also quartic curves of the first kind by verifying that 
they are also located on the cylinders 


C:—+———— = 1 


with 

P _ (a + 1)b3 P _ b3 a av/by 

* 4bi(2a-1)?’ *~ 16(2a-1)2(a-1)?’* (a1) (2a- 1) 3 
An example of this type of geodesic on an ellipsoid is shown in Figure 9.51 (right). 


The examples of closed algebraic geodesics on a triaxial ellipsoid given 
above are not the only examples. However, they are the simplest exam- 
ples. The geodesics on a triaxial ellipsoid can be much more complicated 
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than those described in Theorem 9.6.1 or in Exercise 9.6.1 (cf. Figure 
9.52). 


FIGURE 9.52. A closed algebraic geodesic on a triaxial ellipsoid. 


Geodesics on a one-sheeted hyperboloid 

The simplest examples of geodesics on a ruled quadric are the rulings of 
the quadric. Since all points on a ruling are inflection points, any normal 
of a ruling is a principal normal which includes the normals of the surface 
as well. There exist algebraic geodesics on one-sheeted hyperboloids which 
belong to a class of curves that we have already described in Section 6.9. 
We assume that the two-sheeted hyperboloid H is given by the equation 


H: b,x? + boy? + b3z = 1, (9.101) 


where the coefficients b; depend on a parameter a € R\ {-2,-4, 1} such 
that 


by =(2a+1)?, bo =(2+a)”, b3=-(1-a)?. (9.102) 
Then, geodesics on H can be parametrized by 
cost 
(1 + 2a) 
1 asint 
g(t) = ont =egae (2+a) 5% [0, 27[ . (9.103) 


(a+1)costsint 
(a-1) 


The following property of these geodesics is easily verified: 
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Theorem 9.6.2 The algebraic space curves g defined by (9.103) on the 
one-sheeted hyperboloids (9.101) defined by (9.102) are geodesics and 
quartic space curves of the second kind. 

Proof: We have to show that the curves parametrized by (9.103) are located on at least one 
cubic surface that shares two straight lines with H. For that purpose, we reparametrize g 
from (9.103) with t > 2arctan u. Then, we can compute a Groebner basis in the ideal spanned 


by the polynomials which are simply the numerators of 2 - gi(u), y- g2(u), and z- g3(u). 
This yields, among others, the equation of the cubic surface C 


C: (a+1)(a +2)? y? - a(a + 2)(a- 1)? yz? + a(2a + 1)(a- 1)@z - (a +1)(at2)y =0 


that shares two straight lines with H in the planes (a + 2)y = +1. a 


FIGURE 9.53. Left: The rational geodesic g on the one-sheeted hyperboloid 
H. is a quartic of the second kind. The curve g is a part of the intersection of 
the hyperboloid H and a cubic surface C. The two rulings e; and eg are also 
common to both H and C. Right: Another geodesic of the same type shows 
that these curves can have real points at infinity. 


Figure 9.53 (left) shows a rational geodesic on a one-sheeted hyperboloid 
H. We have chosen a = —20 in (9.103) for the curve g on the left-hand 
side. The example on the right-hand side shows that geodesics (different 
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from lines) on a one-sheeted hyperboloid may have ideal points, which 
is clear, since the common denominator cost — asin? t of all coordinate 
functions in (9.103) may have real zeros t = arccot (+,/a), provided that 
a>0. 


@ Exercise 9.6.2 Quartics of the second kind as geodesics on a one-sheeted hyperboloid. 
Show that the cubic surface in the proof of Theorem 9.6.2 can be replaced by 

K: (a? -1)(a+2)7y?z- a(a-1)?2? + (2a+1)(a+2)(a + 1)ry -a(a-1)z = 0. 
The straight lines in HK lie in the planes 


(Qa+ 1)? _ (at 2)y? 7 


Geodesics on paraboloids 


It is not surprising at all that the rulings on a hyperbolic paraboloid are 
geodesics. Further, one can easily check that the principal sections, 7.e., 
the two parabolas in the planes of symmetry of the paraboloid are also 
geodesics. 

In order to find geodesics on a hyperbolic paraboloid ?), which are differ- 
ent from P’s rulings, we follow [49] and write down a parametrization of 
the paraboloid 


ge ap 
Ph, : a = 7 =2z 
in terms of elliptic coordinates 
2-4 2-2 (u—b)(v—b 
a =-(atuj(atv), yo =-sy(u-b)(v-d), 
(9.104) 
= $(b-a-u-v), 
where u < —a and v > b describes the parameter domain. 
Then, the first fundamental form (metric tensor) of P;, reads 
udu? vdv? 
Se 9.105 
Ce Watbar b) a oe 


The equation of the geodesics on P;, is given by 


Iv GooG=naa. - "4 eee Ce ae oe 
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with c€ R being a constant. The integrals in (9.106) are elliptic. In [49] 
it was shown that (9.106) is the equation of an algebraic curve if 


aie 
a 


is rational. Provided the rationality of 0, we can substitute 


b b 
> ————_—_— > ———_— 9.107 
or a(l-U2)’ 9 al -V2) ean) 


and integrate (9.106), which, indeed, yields the implicit equation 


(L=UvPUSV Plat U (or PCC +01 +V)e-U Vv) 

(9.108) 
where p and q are the numerator and denominator of the rational number 
p= With the inverse of (9.107) and (9.104) and some rounds of squar- 
ing, we can turn (9.108) into an implicit algebraic equation E(x,y) = 0 
in the coordinates x and y. For fixed p and q, E(z,y) = 0 is the equa- 
tion of an algebraic cylinder C that intersects the paraboloid P;, along an 
algebraic geodesic. 


FIGURE 9.54. Left: The geodesic g on the hyperbolic paraboloid P;, is a cubic 
parabolic hyperbola, for it has two different ideal points (cf. Example 6.1.1). 
Right: The geodesic g on the elliptic paraboloid P, is the intersection of P. 
with a parabolic cylinder C. 
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@ Exercise 9.6.3 A cubic geodesic on a hyperbolic paraboloid. 
Show that the choice a = 1, b= 3, @ = 2, p= 2, and q=1 in (9.108) yields the cubic parabolic 
hyperbola with the parametrization 


a(t) = 5a ("’. V3t(t - 2), 7 -1) 


as a geodesic curve on the hyperbolic paraboloid Pp, : x? - a = 2z. Show further that the 
cylinder C: 2\/32y - 62? + 3 = 0 carries g (cf. Figure 9.54). 


We find algebraic geodesics on elliptic paraboloids in nearly the same 
way as on hyperbolic paraboloids. The parametrization of the elliptic 
paraboloid P- in terms of elliptic coordinates 


reads 


a =--“-(u+a)(u+a), y? = - 2 (ut b)(v+d), 


(9.109) 
2z=-(u+ut+atbd), 


where u < —a and -a < vu < —b. The metric tensor on the elliptic paraboloid 
then reads 


gee Uc ( udu? _ vdv? 
4 \(u+a)(u+b) (v+a)(u+b) 


and (9.106) changes to 


I aaa es CEE Crn Cr. | 5) eae 


The latter equation turns out to be algebraic if 


Q= oe tae 
a 
is rational. Then, the integration is followed by the change of variables, 
which yields an algebraic equation of the cylinder that meets P, along 
an algebraic geodesic. An example of an algebraic geodesic on an elliptic 
paraboloid is shown in Figure 9.54. 


10 Line Geometry, 
Sphere Geometry, Kinematics 


A Dupin cyclide is a quartic and cyclic surface. It is the envelope of a one- 
parameter family of spheres. In Lie’s model of sphere geometry, it is represented 
by a conic. Lie’s line-sphere-mapping maps a conic in Lie’s quadric to a conic 
on Pliicker’s quadric which corresponds to a regulus in the manifold of lines. 
Each regulus defines a ruled quadric, for example, a one-sheeted hyperboloid. 
Consequently, up to Lie’s line-sphere-mapping, there is no difference between a 
Dupin cyclide and a ruled quadric. 
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In this section, we show that quadrics in higher dimensional spaces may 
serve as models for certain geometries. We shall do this by means of three 
prominent examples: 


(1) Line geometry deals with lines in three-dimensional spaces (Euclidean, 
non-Euclidean, projective, ...) and can be seen as a geometry on a 
four-dimensional quadric M3 (called Plticker’s quadric) in projective five- 
space. 


Especially the intersections of M$ with linear subspaces correspond to 
linear manifolds of lines in 3-space, such as pencil and stars of lines, ruled 
planes, reguli, linear congruences, and linear complexes. 


We shall also study quadratic complexes each of which defines a certain 
pencil of quadrics with Pliicker’s quadric. 


(2) The geometry of spheres in Euclidean spaces can be studied on a four- 
dimensional quadric i (called Lie’s quadric) which also spans a projective 
space of five dimensions. 


However, the model quadric in the case of sphere geometry differs slightly 
from that of line geometry. We shall see that the models of line and sphere 
geometry can be merged by a complex collinear transformation, 7.e., Lie’s 
line-sphere-mapping. 

We shall close this section with a brief description of the sphere geometric 
analogues to the basic line geometric objects. This will lead to pencils 
of spheres, Dupin cyclides, a classification of linear complexes of spheres, 
and the contact transformations acting on the set of Lie spheres. 


(3) Finally, the geometry of Euclidean motions can fruitfully be studied 
on a six-dimensional quadric called Study’s quadric $$. The geometry on 
this particular quadric will also be described in brief. The rather curious 
phenomenon of triality that to a certain degree generalizes the notion 
of duality in projective spaces can be observed on So. Usually, triality is 
considered as a description of some special features of the Dynkin diagram 
Dy, and the associated Lie group Spin(8) (cf. [1]). 


All the models of these geometries turned out to be very useful not only 
for theoretical studies, but also for many applications in surface modeling 
and kinematics (cf. [20, 24, 50, 65, 98, 106, 134]). 
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10.1 Line Geometry 


The most important difference between line geometry and projective ge- 
ometry in the classical sense lies in the change of the point of view. While 
in projective geometry, the point is the base element of geometry and each 
object in this geometry is considered as a set of points, this is no longer 
the case in line geometry. Here, the base element is the straight line in 
three-dimensional space. A point can then be considered as the carrier of 
a star of lines (two-dimensional manifold of lines through that particular 
point). A plane is no longer the hyperplane in the ambient space. It is 
a ruled plane, i.e., the two-dimensional manifold of lines in a plane (cf. 
Figure 10.1). 


FIGURE 10.1. The three basic building blocks of line geometry (from left to 
right): a pencil of lines (one-dimensional), a star of lines, and a ruled plane 
(both two-dimensional). 


We shall first coordinatize the manifold of lines in three-dimensional 
spaces. This gives rise to a point model embedded in a five-dimensional 
projective space P°, usually referred to as the Klein model! of the geome- 
try of lines. There, a four-dimensional quadric Mj c P° serves as a point 
model of the set of lines in projective 3-space. M3 is called Plticker’s 
quadric,? and as such, it contains a huge variety of subquadrics of vari- 
ous dimensions, each of which corresponds to a certain configuration or 
manifold of lines in (projective) 3-space. 


1FeLix KLEIN (1849-1925), German mathematician, presented the Erlangen program, which 
considers a geometry as the theory of invariants of groups of transformations. 

2 JuLius PLUCKER (1801-1868), German mathematician and physicist, worked in the field of 
line geometry and algebraic curves. 
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Coordinatization of lines - Pliicker coordinates 


Let us start in Euclidean 3-space E® and assume that points P are given 
by Cartesian coordinates p. A straight line | = [P,Q] ¢ R® spanned by 
two (different) points P and Q can be described by a parametrization 
x(t) = p+t(q-p) with t¢ R. This representation of | depends on the 
choice of P and Q. We want to end this arbitrariness and define 1= q-p 
as a direction vector of | and introduce the momentum vector? 1:= p x q. 


Now, we arrange the two vectors | and 1 in one vector 
(1,1) = (41, la, 13; 14,t5, le) € R®, (10.1) 


which is called the Pliicker coordinate vector of the line 1. The Pliicker 
coordinates of a line do not depend on the choice of P and Q on the line 
1. Replacing each by p’ = p+a(q-p) and q’ = p—r(q-p) with arbitrary 
0,7 €R with o #7, we find 


l=q'-p’=(r-o)l and I =p'xq!=(r-o)l, 


which results in a scaling of the original Pliicker coordinates. 


The two vectors 1 and 1 satisfy a bilinear condition, which is clear from 
the very definition: 


M3: (1,1) = lila + lols + lglg = 0. (10.2) 


On the other hand, each sextuple (11,...,/6) € R°\{O} that satisfies (10.2) 
corresponds to an oriented straight line in Euclidean 3-space. Equation 
(10.2) is sometimes referred to as the Pliicker condition. 


@ Exercise 10.1.1 Pedal point of a line. 


Assume that (1,1) ¢ R® are the Pliicker coordinates of a line | in Euclidean 3-space. Show that 
the point P with Cartesian coordinates 


p=1xI/(1,1) (10.3) 


is a point on / and, further, that the line / is orthogonal to the line [P,O] (O being the origin 
of the coordinate system). The point P is called the pedal point of I. 


3The momentum vector has a physical meaning. It is, indeed, the angular momentum at the 
origin of the coordinate system induced by a line-bound force acting along 1. 
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The Pliicker coordinates of a line can be multiplied with an arbitrary non- 
vanishing factor A € R*, which leaves the geometric object unchanged. 
Therefore, the Pliicker coordinates can be made homogeneous and allow 
for an interpretation as homogeneous coordinates in projective five-space 
P°(R). Then, (10.2) is the equation of a ruled quadric with signature 
(+++-——) or (3,3) (cf. Section 4). Thus, M} described by equation (10.2) 
carries two independent three-parameter families of two-dimensional sub- 
spaces (planes). 


Lines that pass through the origin of the underlying coordinate system 
have the momentum vector 1 = 0. From the definition of Pliicker coordi- 
nates of lines in Euclidean 3-space, it is clear that the direction vector 1 
cannot vanish. Nevertheless, 


W: ly =lg =13 =0 


is a plane contained in M5, but its points do not correspond to lines in 
Euclidean 3-space. We can summarize in 


Theorem 10.1.1 Each straight line | in Euclidean 3-space R? can be 
represented by a sertuple (1,1) = (l1,...,/6) € R°\ {0} that satisfies (10.2). 


Each point on M3\w corresponds to a straight line in Euclidean 3-space. 


The advantage of the Klein model for the study of the geometry of lines 
in (Euclidean) 3-space lies in the fact that lines in 3-space are now simply 
represented by points. Thus, manifolds of lines are submanifolds of M;. 


e@ Exercise 10.1.2 Pencils of lines are lines in M$. 


Show that a pencil of lines (all lines in a plane through a fixed point) are represented by a 
line in M3. Assume that P with coordinates p is the vertex of the pencil and assume that 
P ¢[Q,R] where Q and R have the Cartesian coordinate vectors q and r. Then, an affine 
parametrization of [P,Q] is given by x(t) = (1-t)q+tr (with t¢ R). The Pliicker coordinates 
(1,1) of the lines through P are now 1= q(1-t)+r-—p and 1=pxq(1-t)+pxrt. Obviously, 
the parametrization of the set of points in M3 is linear. 


@ Exercise 10.1.3 Stars of lines and ruled planes. 


Use Exercise 10.1.2 in order to show that the lines of a star of lines, 7.e., all lines in 3-space 
passing through a fixed point, correspond to points in a plane that is entirely contained in 
M3 \w. 

Show that the lines of a ruled plane, i.e., the two-parameter family of lines in an arbitrary 
plane in 3-space, also correspond to the points in a plane in M3 \w. 


In the Exercises 10.1.2 and 10.1.3, we have seen that there are linear 
submanifolds of M3 that correspond to linear manifolds of lines in 3- 
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space. It can also be shown that each line in M3 corresponds to a pencil 
of lines in 3-space. 


It is worth noting that there are two kinds of planes in M3: Planes of 
the first kind correspond to stars of lines, while planes of the second kind 
correspond to ruled planes. All pairs of planes of the same kind (whether 
first or second) intersect in a point (corresponding to the common line of 
two stars or two ruled planes). Two planes of different kinds are either 
skew or share a line (cf. Theorem 4.3.2): If the vertex of the star is located 
in the ruled plane, then the star and the ruled plane share a pencil of lines. 
If the vertex of the star is not located in the ruled plane, then the star 
and the ruled plane have no line in common, and thus, the corresponding 
planes in M} are skew (cf. Figure 10.2). 
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FIGURE 10.2. Pairs of planes of equal and different kind in M3. Left: Two 
planes o and 7 in M¢ of different kinds that intersect in a line correspond to a 
star S of lines and a ruled plane P sharing a pencil of lines. Middle: Two planes 
o1 and o2 (of M+) of the first kind always share a point L and correspond to 
two stars S; and S» of lines which always share a line /. Right: Two planes 7, 
and m2 (of M3) of the second kind always share a point L and correspond to 
two ruled planes P; and P, that have a straight line / in common. 


In the next section, we shall recreate the Klein model of the geometry of 
lines starting in projective 3-space. This allows us to treat manifolds of 
lines more uniformly, since it is no longer necessary to differ between lines 
at infinity and proper lines. The exceptional set w will then be removed. 


Projective Line Geometry 


Let us now shift to a projective space P?(F) over some commutative field 
with charF + 2. Assume that x = (%0,271,%2,23) and y = (yo, y1, Y2, 3) 
(with x,y ¢ F*\ {0}) being linearly independent). Then, xF and yF can 
be considered the homogeneous coordinates of points in P?(F). The line 
1 =[X,Y] spanned by X and Y can be parametrized by p(A, w) = Ax + py 
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with A: # 0:0, which is again a representation that depends on arbi- 
trarily chosen points on the line. In order to free the line’s representation 
from the coordinate of the arbitrarily chosen points X and Y, we look at 
the matrix 
to t1 2 L3 
Yo Y1 Y2 ¥B (10.4) 
Lo ti LQ @3 . 
Yo Y1 Y2 ¥B 


which is clearly of rank two. Consequently, its determinant and the de- 
terminants of all its 3 x 3-submatrices vanish. This is not the case for 
its 2 x 2-submatrices: At least one of the 2 x 2-submatrices of (10.4) is 
regular, and therefore, its determinant does not vanish. 


Among all 2 x 2-submatrices, there are only six relevant ones, 


Sis -(F ‘ with (i, 7) €{(0,1), (0,2), (0,3), (2,3), (3,1), (1,2)}, (10.5) 


and it is admissible to assume that at least one of them is regular. Now 
we define the coordinates of the line / via 


U = (Uy, lo, 133 14, 05,16) = (lor, loz, los; l23, 131,412) with 1; = det 5;;. (10.6) 


An elementary computation shows that the thus defined coordinates of a 
line also satisfy (10.2). 


This gives rise to 


Theorem 10.1.2 Each line | in projective 3-space can be mapped to a 
point on a regular ruled quadric M¢ in projective five-space. Each point 
on M3 corresponds to precisely one line in P?(F). 


Proof: The only thing that remains to be shown is that each point (l1,...,l6) € M3 corresponds 
to a line in P3(F). For that purpose, we write down the matrix 


0 & leg Ig 
lh 0 I¢ ls 
-lg lg 0 l4 
-l3 I5 —-la 0 


(10.7) 


and observe that each row contains the homogeneous coordinates of a point in one of the 
coordinate planes. The above matrix is of rank two as can be shown by means of elementary 
matrix operations together with (10.2), which is valid for all / € M3. 


Consequently, any pair of points out of these four can be chosen in order to recompute the 
Pliicker coordinates of 1. By virtue of (10.2), this yields a scalar multiple of (l1,...,l6). © 
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The mapping y that maps a line / c P? to the corresponding point L ¢ M3 
is called Klein mapping. The quadric M3 is the first non-trivial exam- 
ple of a Grassmann manifold,* which in this context would be denoted 
by G31. Moreover, M3 is the only hypersurface among the non-trivial 
Grassmannians. 


@ Exercise 10.1.4 Independence of Pliicker coordinates. 


Show that the homogeneous Pliicker coordinates of a line x(A, 1) = Ap+puq with (A, 1) ¢ F?\{0} 
are independent of the choice of P and Q on | by replacing p and q by two points x(A1, 141) 
and (2, #2) with Ape — Agt1 + 0. 


@ Exercise 10.1.5 Switching between affine and projective 3-space. 


Assume that P and Q are points in F* with coordinate vectors p and q. Perform the projective 
closure by assigning the homogeneous coordinates (1,p) and (1,q) to the points P and Q. 
Show that the Plticker coordinates defined in (10.1) and (10.6) agree. One point, say Q, can 
be replaced by the line’s ideal point, and the Pliicker coordinates remain unchanged. 


@ Exercise 10.1.6 Points and lines at infinity. 


Assume that P and Q are points in the plane at infinity given by xo = 0. Show that the lines 
at infinity are characterized by Pliicker coordinates with the first three entries equal to zero 
(while at least one of the remaining coordinates does not vanish). This shows that the plane 
w at infinity considered as a ruled plane is given by the equation 1; = lg = 13 = 0. 


e@ Exercise 10.1.7 Lines as intersections of planes, axis coordinates. 


Each line / can be considered as the intersection of two different planes « and y. Assume 
that the planes are given by their homogeneous coordinates (eo,...,e3)F and (fo,..., f3)F. 
Then, the azis coordinates (a,@) of the line 1==ny can be computed in the same way as the 
(Pliicker) line coordinates as defined in (10.5) and (10.6). 


Show that the axis coordinates and the line coordinates agree up to a permutation: 


a=1 and a=l. (10.8) 


The polar system of M+} 


Assume that / and m are two different lines that intersect in one point, 
say P, with inhomogeneous coordinate vector p ¢ F?, and the respective 
(non-zero) direction vectors are 1 and m. Then, the momentum vectors 
are 1 = px 1 and m = px m. Now, the Pliicker coordinates (1,1) and 
(m,™M) satisfy 

(1,m) + (m,1) = 0, (10.9) 


4HERMANN GRASSMANN (1809-1877), German mathematician, physicist, teacher, and linguist. 
He founded the theory of linear spaces and tensors in his famous book Die Ausdehnungslehre 
(Engl.: The theory of Linear Extensions.) first published in 1844, extended and improved in 
1862. 
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since (1,m) + (m,1) = det(1, p,m) + det(m, p,1) = 0. On the other hand, 
if (10.9) is fulfilled for two vectors (1,1) and (m,m) that additionally 
satisfy (10.2)), then these two sextuples are the Pliicker coordinates of 
two intersecting lines. 


Let L = (ly,...,/6)F and M = (m,...,m6)F be the points of M} which 
correspond to the lines (1,1) and (m,m). Then, (10.9) reads 


Q(L,M) := (l,m) + (I,m) = 
(L, M) := (1,m) + (I,m) (10.10) 
= lym + loms + Igme6 + lgm, + Ismg + Igme6 = 0. 


The latter equation gives the polar form of the quadric M3. Thus, two 
intersecting lines | and m correspond to a pair of points L and M conju- 
gate w.r.t. Mj}. For any point L ¢ Mj and X = (21,...,26)F, O(L, X) =0 
is the equation of the tangential hyperplane of M} at L. If C ¢ M¢, then 
Q(C,X) =0 is the equation of the polar hyperplane w.r.t. M¢. 


Linear complexes of lines 


Now, we can prescribe an arbitrary point C = (c,,...,c¢)F in the Klein 
model and ask for all points X = (21,...,26)F conjugate w.r.t. M3. Ob- 
viously, there are two cases to be distinguished: 


(1) If Q(C,C) =0, then C corresponds to a straight line in 3-space. The 
set of all X with Q(C, X) = 0 is a three-dimensional manifold C of straight 
lines intersecting the line (c,€). C is called a singular linear line complez. 
The straight line (c,€) is called the axis of the complex. The Klein image 
of the set of lines in singular linear line complex is a three-dimensional 
quadratic cone with vertex C = (c1,...,¢g)F, which is the intersection of 
M3 with its tangential hyperplane at C. Figure 10.3 (left) shows some 
lines of a singular linear line complex with a proper axis a. 


(2) If Q(C,C) # 0, then (c,€) is not the Pliicker coordinate vector of 
a straight line in three-dimensional space. The manifold described by 
Q(C,X) = 0 is the polar hyperplane of C w.r.t. M¢, and its points X 
that additionally satisfy Q(X, X) = 0 are the straight lines of a so-called 
regular linear line complex. The Klein image of the set of lines in a regular 
line complex is a regular three-dimensional quadric in M3. Figure 10.3 
(right) shows some lines of a regular linear line complex. Later, we shall 
see that these line manifolds are in a close relation to kinematics (see 
Theorem 10.1.3 and Exercise 10.1.1). 
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FIGURE 10.3. Left: The lines of a singular linear line complex meet a fixed 
line a and can be arranged in stars with their vertices on a or in pencils with 
their planes through a. The lines parallel to a form the star around a’s ideal 
point A... Right: The lines in a regular linear line complex are the null lines in 
a null polarity, which can also be viewed as the instantaneous path normals of 
a uniform Euclidean motion. 


@ Exercise 10.1.8 Generators of the Klein image of linear line complexes. 


Assume that we are given a three-dimensional quadratic cone in M3 with vertex C = 
(1,0,...,0)F. Show that the points of the cone represent the lines in a singular linear complex. 
The represented singular linear line complex contains pencils and stars of lines as well as ruled 
planes. 


Show that the regular linear line complex C = (1,0,0,1,0,0)F contains pencils of lines, but no 
stars and no ruled planes. Use the fact that the Klein image of a regular linear line complex is 
a three-dimensional regular ruled quadric. Therefore, its index (i.e., the maximal dimension 
of subspaces in the quadric) is one at most. 
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A regular linear line complex C' = (c1,...,c¢)F defines a regular corre- 
lation «, é.e., a collineation from P?(F) onto its dual space P°(IF) (cf. 
Section 6.3) given by the regular skew symmetric matrix 


0 C4 C5 C6 
7 —-C4 0 C3 -C2 
| ae ee ed (10.11) 


—C6 c2 —Cy, 0 


The matrix C is regular, for C' is regular by assumption and det C = 
A(c,€)?. 

According to Theorem 4.2.2, the correlation « is a null polarity, since 
each point P is incident with its image plane. The null polarity « assigns 
to each point a plane, called the null plane. The adjoint correlation 


%: P® — P® assigns to each plane in P? a unique point called the null 
point. 


We have seen another null polarity associated with the cubic space curves 
in Chapter 6 (cf. Theorem 6.3.1 on page 227). 


@ Exercise 10.1.9 Singular null polarity. 


Study the linear mapping xF + uF = Cx with a singular skew symmetric matrix C. What is 
the meaning of ker C? 


@ Exercise 10.1.10 Incidence conditions of points and lines. 


Let a point P be given by homogeneous coordinates (po, p)F and let further (1,1)F be the 
homogeneous Pliicker coordinates of a straight line in P?. Now, show that 

(p,l)=0 and -pol+px1=0 (10.12) 
are necessary and sufficient for P ¢ 1. The matrix form of these conditions is dual to that given 
in (10.7). We made use of these conditions in the proof of Theorem 6.5.1. 
The left-hand sides of the four linear equations (10.12) evaluate to the homogeneous coor- 


dinates of the plane spanned by P and | if P ¢ 1, while the dual equations (10.7) yield the 
homogeneous coordinates of the intersection point of a line and a plane. 


@ Exercise 10.1.11 Axis of a regular linear line complex. 
Let C = (c1,...,c6) be the coordinate vector of a regular linear line complex, i.e., 2(C,C) = 
2(c,€) # 0. Use (10.11) and show that the null point of the ideal plane has the homogeneous 
coordinate vector U = (0,c). 
Then, compute the polar line a of the absolute polar wu of U and show that the Pliicker 
coordinates of a are 

(a,@) = (c, - pe) (10.13) 
with the pitch of the complex defined by 


(10.14) 
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Linear complexes of lines play an important role in Euclidean kinematics: 


Theorem 10.1.3 At each regular instant of a one-parameter Euclidean 
motion, the path normals form a regular or singular linear line complex 
called the instantaneous complex. 


Proof: A smooth one-parameter Euclidean motion can be described by 
x(t) = A(t)x + a(t), (10.15) 


where t € J c R with an orthonormal matrix A(t) ¢ SO(3), all of whose entries are smooth 
functions depending on the parameter ¢ and the path of the origin a(t): I > R’. 


We differentiate once w.r.t. t (we mark derivatives with a dot and suppress the instant t), 
which yields the velocity vector v(x) of x: 


v(x) =x! =Ax+a. (10.16) 


In the latter equation, v is expressed in terms of x in the moving system. It is more convenient 
if we express v in the fixed system. For that purpose, we solve (10.15) for x and find x = 
A™(x’—a). This is true, for A ¢ SO(3), and thus, A~! = AT. Moreover, since AAT = E3 = 
const., we obtain by differentiation w.r.t. t: 


AAT+AAT=AAT+(AAT)’, 
and thus, 
AAT = -(AAT)” =0. 
So, C := AAT is skew symmetric and the linear mapping x + Cx can be written as a cross 
product Cx = cx x. Inserting this into (10.16) and defining €:= a- AA™a, we arrive at 


v=cxx+e. (10.17) 
Finally, the path normals may have Pliicker coordinates (n,1) that satisfy 
(v,n) = (cx x,n) + (E,n) = 
= det(c,x,n) + (€,n) = (c,n) + (E€,n) = Q(C,N) =0, 


which confirms that their Pliicker coordinates satisfy a homogeneous linear equation. a 


= Example 10.1.1 Helical motion, rotation, translation — the one-parameter subgroups of the 
group of Euclidean motions. 


1. Use (10.15) and assume that 


cost —sint 0 0 
A(t) =] sint cost 0 | and a(t)=| 0 
0 01 qt 


with t ¢ R and qe R*. Compute the coordinates of the instantaneous complex of the thus 
defined helical motion and show that it does not depend on t: c = (0,0,1) and € = (0,0, p). 
Determine the axis with (10.13) and the pitch with (10.14). 


We use extended Cartesian coordinates and write 


(=) ~(2)-Cacva) (a 4 Je): 
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Now, the corresponding tangent vector of the Lie group equals 


00 00 
00-10 
T=lo1 oo}? 
po 00 


and the exponential mapping yields A = exp(tT). 


2. We can apply (10.15) to a simpler kind of uniform motion by assuming 


cost -—sint 0 
A=] sint cost 0 and a=o. 
0 01 


Compute the coordinates of the instantaneous complex of the thus defined rotation and 
show that it does not depend on t: c= (0,0,1) and €= 0. Determine the axis with (10.13) 
and the pitch with (10.14). 


In the present case, it is not necessary to switch to a representation in terms of extended 
Cartesian coordinates. The matrix C of the linear mapping R? > R? with x 6 cxx equals 


0 -1 0 
C={1 00]. 
0 00 


C is a tangent vector of the Lie group of Euclidean motions and A = exp(tC). 


3. Finally, let us assume that A = E3 and a = (0,0, pt) with constant p ¢ R*. Compute the 
coordinates of the instantaneous complex of the thus defined translation and show that it 
does not depend on t: ¢ = (0,0,0) and € = (0,0,p). Determine the axis with (10.13) and 
the pitch with (10.14). 


Again, it is favorable to use the extended coordinate representation. Now the tangent 
vector of the Lie group reads 


000 
000 
ae 000 
p00 
d 


ge ocooCOo 


with p + 0, and the exponential map applied to 


parameter subgroup, 7.e., the translation. 


yields a parametrization of the one- 


Beyond line geometry 


The definition of Pliicker coordinates as done in (10.6) is a special case 
of a more general concept. In fact, here we have built the alternating 
tensor product F4 ~ F* of the vector space F*+ with itself. According to 
the universal factorization property, F* , F* z F®. For any two elements 
p,q ¢F*, the element pq ¢ F° is a two-tensor, and as such, an element 
4. 
of the exterior algebra AF*= @ AF‘ of F*. 
i=0 
The presence of an analytical model is not a necessary ingredient for the 
construction of Grassmannians. Grassmannians can be generated in a 
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purely synthetical way, and recursively, starting from trivial Grassman- 
nians which are identical with projective space (see |21]). 


Most of the time in this and in previous sections, we restrict ourselves to 
analytical models based on the real or complex number field. However, 
finite fields of arbitrary characteristic can be chosen. Grassmannians over 
finite fields show many special features which can never be observed with 
those over the real or complex number field. For example, if charF = 2, the 
polarities are null polarities, and vice versa. Each quadric and especially 
G31(F) has a nucleus, i.e., a projective subspace which is incident with 
all tangent hyperplanes of the quadric (see for example [57]). 


Collinear automorphisms and quadratic submanifolds 


Collinear transformations in projective 3-space P?(F) are induced by lin- 
ear automorphisms of GL(F,4). Assume that «: P?(F) > P3(IF) is given 
by one of its coordinate matrices A ¢ F** and acts on the set of points 
in the following way: 


kK: XFH x’F = (Ax)F. (10.18) 


For any collineation, the transformation matrix A is unique only up to 
a non-vanishing factor. Collineations map lines in 3-space to lines in 3- 
space. The Pliicker coordinates (l1,...,/¢) of a line 1 = [X,Y] change 
according to 


Lig = D1 Gikte Dd) Ajtyl — D) ajKeK DY) GIY- 
k I k I 


Thus, «: P?(IF) > P3(F) induces a collineation «7 in the Klein model. 
In fact, &’ is an automorphic collineation, since the Pliicker coordinates 
Ui of l' = «(l) are linear in the Pliicker coordinates 1; of 1 and can also 
be computed from the homogeneous coordinates of X’ = K(X) and «(Y) 
according to (10.6). 


The coordinate matrix of the induced collineation «” is simply denoted 
by 
A © A€GL(F,6) (10.19) 


and usually called the alternating Kronecker product of A with itself. 


Besides collineations, there are correlations acting on projective 3-space 
that leave lines invariant. To be more precise: A correlation maps a line 
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considered as a range of points to a line considered as the carrier of a pencil 
of planes. Since correlations in P?(F) are also induced by linear mappings 
F4 — F‘, the line preserving transformations induced in the Klein model 
are also described by matrices in F®*®. For example, null polarities induce 
automorphic harmonic homologies of Mj}. The matrices of the induced 
mappings are also computed according to (10.19). The action of the 
mapping induced in the Klein model is also a left-multiplication, but this 
time with a subsequent switch of coordinates according to Exercise 10.1.7. 


Theorem 10.1.4 Projective collineations P?(F) > P3(F) induce auto- 
morphic collineations of M} that preserve the types of generators of M3. 


Projective correlations P?(F) > P?(F) induce automorphic collineations 
of M3} that interchange generators of the first and second kind. 

Each automorphic collineation of M3 induces either a projective col- 
lineation or a projective correlation in P3(F). 


Normal forms of linear complexes of lines 


With the notion of the induced mappings, we are able to show that linear 
line complexes can be given in normal forms. We will not do this in detail 
here. It is more or less a subject of linear algebra. 


In Example 10.1.1, we have seen that the three basic one-parameter sub- 
groups of the group of Euclidean motions correspond to three standard 
types of linear complexes: 

(1) The complex C' = (0,0,1;0,0,p) attached to the helical motion (ro- 
tation about the z-axis with additional proportional translation in the 
same direction) is a regular linear line complex. Its equation in terms 
of homogeneous coordinates in the Klein model of line geometry reads 
xe + px3 = 0. This hyperplane of P°(R) intersects M+ along a regular 
ruled quadric whose equation can be given in the form 


C’: 26+ pr3=0, 1124+ Lars — px? = 0. 


The second equation is the equation of a regular ruled quadric and can 
be transformed into its normal form by the linear substitution 


T? © =Yit Ya, T4= Yr -— Ya, T2 = Y2+Y5, U5 =Y2-Y5, 73 = y3=0 


and changes to 
4,2 OO 29 
Q? Yi + Y2 — PY3 — Ya — Ys = 0. 
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The index of Q (the maximal dimension of subspaces on Q) equals one, 
and indeed, there is a three-parameter family of straight lines on Q cor- 
responding to the pencils of null lines in the complex C. 


(2) The singular complex C' = (0,0,1;0,0,0) corresponds to the rotation 
about the z-axis. Its homogeneous equation reads T’: xg = 0, which is 
the equation of the tangential hyperplane of M3 at C = (0,0,1;0,0,0). 
According to the results in Chapter 4, the intersection of a quadric with 
its tangential hyperplane T’ at point C' is a quadratic cone [¢@ whose 
vertex contains the point C of contact. The equation of [¢ ¢ M3 equals 


To : 2g =0, 21%44+ 2Q%5 = 0. 
The normal form is again found by linear substitution 


TT? UL HYit U4, TA = Y1-— U5, T2= YO Y5, U5 = Y2- U5 


and reads 

Te: yi +y3— yt y= 0. 
Obviously, [¢ is a quadratic cone erected on a two-dimensional ruled 
quadric with a point-shaped vertex. Therefore, this cone has two indepen- 
dent one-parameter families of two-dimensional generators corresponding 
to the stars of lines and ruled planes contained in the complex C’. Clearly, 
the two families of generators on ¢ stem from the two different families 
of generators on M¢. 
(3) Finally, the complex C = (0,0,0;0,0,1) corresponding to the transla- 
tion is also singular. From the projective point of view, it does not differ 
from the complex related to the rotation in (2). There is only a difference 
from the viewpoint of Euclidean geometry. The complex consists of all 
straight lines intersecting a particular ideal line. 


Pencils of linear complexes of lines 


The study of submanifolds of the manifold of lines usually starts with the 
discussion of pencils of linear line complexes. For that purpose, we assume 
that C, and C2 are two linear line complexes, and thus, they can also be 
considered as points in the Klein model. Then, the linear one-parameter 
family of linear complexes 


P(t1,t2) =t1C, +t2C2 with (t1, t2) ¢ R?\ {0,0} (10.20) 
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FIGURE 10.4. Top, left: A hyperbolic linear line congruence consists of all 
straight lines that meet a pair of skew lines (axes) S$; and Sy and can be de- 
composed into two independent one-parameter families of pencils of lines. Top, 
right: An elliptic linear line congruence consists of all lines that meet a pair of 
skew and complex conjugate lines (axes) S$; and $2. The lines in this congruence 
(spread) can be arranged into two one-parameter families of reguli. Bottom: A 
parabolic linear line congruence consists of a one-parameter family of pencils of 
lines whose carrier planes wind about the only axis while the pencils’ vertices 
are located on the axis S. The pencil about $’s ideal point fills the asymptotic 
plane. In the affine part, we can see some of these lines as parallels to S. 


is a straight line in P°(R), and the distinction of its relative position w.r.t. 
M3 gives a classification of pencils of linear line complexes. 


In a first step, we study the zeros of the quadratic equation 


Q(P, P)(t1, ta) = 0, (10.21) 
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which yield the singular linear line complexes in the pencil. The straight 
lines shared by all complexes of the pencil P of complexes intersect the 
singular linear line complexes, since the bilinear form () characterizes 
intersecting lines. Naturally, (10.21) has either two real solutions (1), a 
pair of complex conjugate solutions (2), one real double solution (3), or 
is identically zero (4). 


The hyperbolic linear line congruence 


Without loss of generality, we may assume that 
S, = (1,0,0;0,0,0) and S2 =(0,0,0;1,0,0) 


are the singular linear line complexes in the pencil (10.20). Since 
Q(S1,.S2) = 1#0, S and Sy are skew straight lines in P?(R). In fact, any 
pair of skew lines can be mapped to that particular pair via a collineation 
and then serve as carriers of the pencil P. 

The totality of straight lines in the pencil is the two parameter family of 
straight lines intersecting S$; and $2. Such line configurations are called 
hyperbolic linear line congruences. The lines S; and S59 are called the ares 
of the congruence and do not belong to the congruence. 

The Klein image of the lines in the hyperbolic linear line congruence are 
found as the intersection of the 3-space 


D: Q(S1,X) = O(CS2, X) =0 — 4 = 21 =0 


with M3. Note that D is polar to the line P with regard to M3.° 


Therefore, the Klein image of the hyperbolic linear line congruence is the 
two-dimensional ruled quadric in M} with the equation 


A: 21 = 24 =0, £205 + 13X%6 = 0. 


The two one-parameter families of rulings (reguli) on H correspond to 
the two different and independent one-parameter families of pencils of 
lines in the hyperbolic linear line congruence. These pencils arise from 
projecting each point on either axis with all points on the other axis (see 
Figure 10.4). The axes of the hyperbolic linear line congruence do not 
belong to the congruence. 


5The pencil P of linear complexes of lines is represented by a straight line in P®, which we 
shall also denote by P in order not to overload the text with symbols. 
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= Example 10.1.2 Axes of a pencil of linear complexes of lines. 


Assume that a pencil P of linear complexes of lines is given by the two regular linear complexes 
Cy and C2 of lines with their homogeneous coordinates 


ci = (1,0,0;1,0,0)R and cz =(0,1,0;0,-1,0)R. 
The pencil P of complexes spanned by C1 and C2 can be parametrized by 
PO, 1) = Aci + pee = (A, ,0;A,-4,0)R At #020. 


To each linear complex, there exists a uniquely determined axis. With (10.13), we find the 
homogeneous Pliicker coordinates of the axes of all complexes in the pencil P as 


(a, 8) = (AQ? + 2), (A? + 27), 0; 2Au?, -2A7 4, O)R. 


The homogeneous parameter : 4s can be replaced by an inhomogeneous parameter if we set 
A=cost and w= sint. This yields 


(a, a) = (cost, sint, 0; 2 cos tsin? t, -2cos? tsin t, O)R. 


The Pliicker representation of the thus described ruled surface can be turned into a standard 
parametrization r(t,w): Dc R? > R®. For that purpose, we compute the set of pedal points 
with (10.3) in order to find a directrix. This yields 


0 cost 
r(t,w) = 0 +w] sint |. (10.22) 
—sin 2t 0 


The cubic ruled surface parametrized by (10.22) is called Pliicker’s conoid. In Section 11.3, we 
shall see this surface as the inverse of the surface of all osculating circles of all normal sections 
at a regular surface point. An example of Pliicker’s conoid is depicted in Figure 11.12. In 
Section 2.2, the relations of Pliicker’s conoid to one-sheeted hyperboloids of revolution have 
been disclosed. 


The elliptic linear line congruence 


If (10.21) has a pair of complex conjugate solutions, the singular linear 
line complexes also form a complex conjugate pair. The same is true for 
their axes, and the elliptic linear line congruence consists of all real lines 
meeting a skew and complex conjugate pair of straight lines. 


A special case shows up if we choose 
S, = (1,i,0;1,i,0) and S2=S1, 
and the equation of the polar space of [.$),.52] with regard to M3 equals 
D: 41 +%4=%2+2%5 =0, 
which intersects M3 in the two-dimensional oval quadric 


O: «2 +23 - x32 = 0. 
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Since O is oval and regular, it does not carry a single straight line. Conse- 
quently, there are no pencils of lines in the elliptic linear line congruence. 


The elliptic linear line congruence can be decomposed into two indepen- 
dent one-parameter families of reguli (see Example 10.1.3). The special 
case presented here is invariant w.r.t. rotations about the z-axis (cf. Figure 
10.4). As in the hyperbolic case, the axes are not part of the congruence. 


= Example 10.1.3 Elliptic linear line congruence with rotational symmetry. 


We can find a parametrization of the elliptic linear line congruence defined by the two linear 
homogeneous equations 
%1+%4=%Q4+2X5 =0 


by setting xi(u,v) = -usinv, x2 = ucosv which yields u? — 2306 = 0. We can assume that 
£3(u,v) = 1 and find 2¢ = u?, and therefore, E(u,v) = (-usinv, ucos v, 1, usin v, —ucos v, u?) 
with (u,v) € Rx [0,27[ is an inhomogeneous parametrization of the elliptic linear line congru- 
ence in terms of Pliicker coordinates. The set of points on the lines of the congruences can be 
found using (10.3). This results in 


U COS U —usin v 
e(u,v) =] usinv |+w] ucosv |, (u,v,w) € Rx [0,27[ xR. 
0 1 


From the latter parametrization, we can eliminate either the pair of parameters (u, w) or the 
pair (v,w) and obtain the implicit equations 


Pr(v): (xz-y)cosu + (yz+2)sinv = 0, 


H(u): 22% +y?2-u?(z24+1)=0 


of a one-parameter family of hyperbolic paraboloids P, (v) and one-sheeted hyperboloids H(w). 
This shows that the lines of this particular elliptic linear line congruence can be arranged in 
two independent one-parameter families of reguli. In fact, this is a projective property. Figure 
10.5 shows reguli from both families in the elliptic linear line congruence. 


FIGURE 10.5. An elliptic linear line congruence can be viewed as the union of 
two independent one-parameter families of reguli. 
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The parabolic linear line congruence 


A double solution of (10.21) is characteristic for a tangent P. The linear 
line congruence defined by a tangent of M¢ is called parabolic. In this 
case, there is only one axis whose Klein image is the point of contact 
of P with M3. The axis of the parabolic congruence is a part of the 
congruence. 


In Section 9.2 (p. 400), we have learned that the tangents of a ruled surface 
along a regular non-torsal ruling form a parabolic linear line congruence. 
The projective generation is also explained there. Figure 10.4 shows an 
example of a parabolic linear line congruence. Note that the ideal point 
of the axis is mapped to the asymptotic plane under the fundamental 
projectivity acting along the axis. The pencil of lines in the asymptotic 
plane consists of lines parallel to the congruence’s axis. 


The singular linear line congruence 


The singular linear line congruence consists of a star of lines and a ruled 
plane sharing a pencil of lines (cf. Figure 10.2). The line P (10.20) is 
completely contained in M3, and its polar 3-space with regard to M3 
intersects M} in a pair of planes in M3. The pair of planes consists of a 
plane of the first and second kind, and the union of both can be seen as 
a singular quadric in M3. 


Conics in M3 and ruled quadrics 


One-dimensional quadrics, 7.e., conics in the sense of planar geometry, can 
be found as the intersections of planes (two-dimensional subspaces) with 
M3. Unfortunately, the number of different conics to be distinguished 
does not match the number of different relative positions of planes w.r.t. 
M3. We try to give a complete list of cases. However, we shall discuss 
only the relevant cases in more detail. 


A plane z in any projective space is the span of three independent points 
C1, Co, and Cy. In the context of line geometry, the three points C; are 
the Klein images of linear complexes and the plane 7 parametrized by 


P()o, Ai, A2) =A1C1 + A2C2+A3C3 with (A1, A2, A3) ¢ R®\ {0} (10.23) 
can be viewed as the Klein image of a linear two-parameter family of 
complexes of lines. 


The lines belonging to this linear complex manifold are the common points 
of the plane (10.23) and M}. Therefore, we have to discuss the ternary 
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quadratic form 


W11 W12 W13 
Q(P,P) = x7 W12 W220 W923 A= 0, (10.24) 
W13 W223 W33 
where A = (Ay, A2, 3)? and wiz = O(C;,C;) (with i,j € {1,2,3}). Now 
we can distinguish the following cases: 


1. Ruled quadrics 


FIGURE 10.6. Pairs (7,7) of polar conics in M} correspond to pairs (R, R) of 
complementary reguli. These are real in ruled quadrics (left) and complex in 
oval quadrics (right). 


The quadratic form (10.24) is regular and has real zeros. Then, (10.24) 
describes a conic r in M+. The conic r is not contained in a plane of M3, 
otherwise (10.24) would be the zero form. 


The points of r correspond to the one-parameter family R of straight 
lines, i.e., a regulus, in a regular (real) ruled quadric Q ¢ P?(R). The 
polar plane 7 of 7 = [r] is skew to 7 and intersects M3 along a second 
conic f. 

The points of F correspond to the one-parameter family R of lines of the 
regulus complementary to R (cf. Figure 10.6, left). 


Due to the polar reciprocity of [r] and [7], each line of R intersects each 
line of R, and vice versa. 
2. Oval quadrics 


The quadratic form (10.24) is regular, but has no real zero. Still, (10.24) 
describes a conic r in M} which is not contained in a plane of Mj due to 
the same reasons as in (1). 

Again, the plane has a polar plane, and the intersections of the pair of 
planes with M3 results in a pair of complex conics r and 7. These are the 
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Klein images of a pair of complementary but complex conjugate reguli R 
and R that cover an oval quadric (cf. Figure 10.6, right). 


3. Entangled pencils of lines 


If (10.24) is degenerate (without being completely zero), it can split into 
two linear factors both describing straight lines / and m in M3. Since 
(10.24) does not completely vanish, the plane 7 is not contained in M3 
and the two straight lines 1 and m are the Klein images of a pair of 
entangled pencils of lines. The pencils have different vertices (cf. Figure 
10.7), different carrier planes, and a common line s, for the coplanar lines 
1 and m must have a point S in common. 


FIGURE 10.7. Left: A pair (l,m) ¢ M¢ of lines with [l,n]¢M# corresponds 
to a pair (LZ, M) of entangled pencils of lines. The line s joining the pencils’ 
vertices is common to both pencils. Right: A double line d ¢ M$ corresponds 
to a pencil D of lines with multiplicity two. 


4. Double pencil 


A singular form (10.24) can be a full square of a linear factor. If this is 
the case, (10.24) describes a double line d corresponding to a double pencil 
D as a highly degenerate quadric (see Figure 10.7, right). 


5. The most degenerate cases 


There are some more appearances of regular and singular conics in M3 
which cannot be found by discussing (10.24) although their carrier planes 
can be given in the form (10.23). 


(1) If the conic r c M¢ is contained in a plane 7 of the first kind, then 
its points are the Klein images of the rulings of a regular quadratic cone 
if r is regular. Since the plane 7, = [r] is self-polar, there is no further 
family of straight lines on the quadratic cone (cf. Figure 10.8, left). 


(2) In the case that 72 = [r] is a plane of the second kind, the points on 
r correspond to the tangents of a conic in a ruled plane. Actually, this 
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is a dual conic, i.e., the set of tangents of a regular conic in a plane (cf. 
Figure 10.8, right). 

(3) In either case (1) or (2), the conic r can split into a pair of straight 
lines. These are the Klein images of pencils of lines sharing either the 
vertices or the carrier planes. 


(4) If the singular conic r from the cases (1) and (2) is a double line, then 
it is the Klein image of double pencil. 


M3 


FIGURE 10.8. Left: The points of a conic r in a plane 7 c M¢ of the first kind 
correspond to the rulings R of a quadratic cone. Right: The points of a conic r 
in a plane 72 ¢ M¢ of the second kind correspond to the tangents R of a conic. 


l 


FIGURE 10.9. Left: Two lines 1 and m that span a plane 7 c M¢ of the first 
kind correspond to a pair of pencils Z and M in a common star of lines and 
share a line s which corresponds to S = 1m ¢ M3. Right: Two lines | and m 
that span a plane m2 c M$ of the second kind correspond to a pair of pencils L 
and M in a common ruled plane. The pencils have different vertices and share 
the straight line s. 


= Example 10.1.4 Cones without any real point — except the vertex. 


The quadratic cone : x? + y? +z? = 0 carries only one real point. Its vertex is the point 
V =(0,0,0) ¢ If. The generators of TI are the isotropic lines emanating from V. The Klein 
image of these lines gather on the conic (cost,sint,i;0,0,0) (with t € [0,27[), which lies 
completely in a plane of the first kind. I is called isotropic cone. 
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Its generators (rulings) are isotropic lines, i.e., they meet the plane at infinity in points of the 
absolute conic of Euclidean geometry. For any pair of different points P + Q on an isotropic 
line, the Euclidean distance function evaluates to zero: PQ = 0 (cf. [46, p. 253]). 


Isotropic cones play a much more important role in pseudo-Euclidean geometries, where they 
are referred to as light cones, which separate timelike and spacelike points (see Example 
10.1.5). 


= Example 10.1.5 Real cones and pseudo-Euclidean geometry. 


Making a small change in the equation of the cone that we have looked at in Example 10.1.4, 
we arrive at [: x? + y? - 2? = 0, which describes a cone of revolution (from the Euclidean 
point of view). It is an isotropic cone in the sense of pseudo-Euclidean geometry (see Section 
9.4). The rulings of ! meet the plane at infinity in real points on a conic that is common to 
all cones of revolution with the same angle of aperture, provided that their axes are parallel. 


The cone I separates the lines through its vertex. In the sense of pseudo-Euclidean geometry, 
the lines in the interior of I are timelike, while the lines outside are spacelike, and the lines 
on [ are timelike. In physics, the pseudo-Euclidean space is usually referred to as Minkowski 
space. 


In Section 9.4, we use the isotropic cones of a pseudo-Euclidean space R?*+ in order to project 
points to oriented circles in a Euclidean plane. 


= Example 10.1.6 Conics without real points. 


The conic n: «? + y?+1-=0 is empty over the real number field. In the complex extension 
of P?(IR), we can parametrize it by n = i(cost,sint) (with t ¢ [0,27[). The tangents of n 
form the dual conic n* and can be given by ixcost + iysint + 1 = 0 or in Pliicker coordinates 
(isint, -icost,0;0,0,1). The latter describes a conic without any real point in a plane of the 
second kind in Mé. 


Quadratic complexes 


A quadratic complex of lines is the set of lines whose (homogeneous) 
Pliicker coordinates fulfill a homogeneous quadratic equation (besides 
(10.2)). Therefore, the study of quadratic complexes can be reduced to 
the study of pencils of quadrics in P°, with M+ being one of the quadrics. 


A generic quadratic complex depends on 19 constants: The symmetric 
matrix of the complex’s equation has $(6 + 1)6 = 21 relevant entries, 
and only their ratio matters. Because of the homogeneity, one degree 
of freedom has to be subtracted. Further, the Pliicker condition (10.2) is 
also to be imposed on the Pliicker coordinates of the complex lines, which 
again reduces the number of free constants about one. 


The classification of quadratic complexes is based on the theory of charac- 
teristics and elementary divisors (cf. [87|). We shall give a sketch of this 
classification. It is similar to the classification of pencils of quadrics as 
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done in Section 5.1, since the quadrics in P° defining the complex and 
M3 span a pencil of quadrics. 

Assume that A ¢ F®*® with A = A’ is the coefficient matrix of a quadratic 
form in six homogeneous variables. Then, the equation of a quadratic 
complex K of lines reads 


kK: x'Ax=0. (10.25) 


The quadratic form describing M3 has the coefficient matrix 
_{ 0 I3 
and the pencil of quadrics spanned by M3 and K is parametrized by 


P: x'(A+AM)x = 0. (10.26) 


The pencils of quadrics (10.26) in projective five-space can now be classi- 
fied by means of the number and type of singular quadrics in the pencil. 


Therefore, we compute the characteristic polynomial A(X) given by 
A(\) = det(A + AM). (10.27) 


For any solution A; of (10.27) with multiplicity k, the rank of A + A;M 
can be five or less. If, for any solution ;, the rank of A+ .;M is exactly 
five, we collect the multiplicities of the zeros of (10.27) and enclose them 
in square brackets: [...]. It is obvious that there are eleven such cases, 
for six can be written as the sum of integers less than or equal to six in 
eleven different ways. 


This rather rough classification can be refined as follows: Assume that 
A’ and A” are the minors of fourth and fifth order of A. If now ); is a 
root of (10.27) with multiplicity k > 1 and rk(A+.A;M) = 4, then A; is a 
common root of all A’ with multiplicity k’. Then, k > k’ and k—k’ > k’. 
So, k-k’ roots are lost during the transition from A’ to A”. Now we add 
the pair (k - k’,k’) to the above list [...] of multiplicities. This process 
can be iterated if the rank of A drops further. The number of types to be 
distinguished equals 49, in general, and it equals 57 if we add the most 
singular cases to our list (see [152]). 
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Special examples of quadratic complexes 


We shall complete this section with some general remarks on quadratic 
complexes of lines and some examples of quadratic complexes of lines that 
appear frequently in geometry. Some of the complexes in this section are 
discussed in [42] with a special focus on the singular surfaces. 


FIGURE 10.10. The lines of a quadratic complex that are incident with a 
particular point form a quadratic cone, namely the complex cone. Here, the un- 
derlying quadratic complex is the path tangent complex of an equiform motion. 
For some points, the tangent cones are displayed. Each cone contains the path 
tangent of its apex, which is indicated by an arrow. 


A complex cone is the set of lines of a complex (whether quadratic or not) 
that pass through a given point (cf. Figure 10.10). In other words, the 
complex cone is the intersection of the quadratic complex with a star of 
lines. Dual to the complex cone, we have the notion of a complex curve, 
which is the set of lines of the complex that lie in a chosen plane. We can 
also say that the complex curve is the intersection of the complex with a 
ruled plane. The complex curve is a curve in the dual projective plane, 
i.e., it is the set of tangents to a planar curve. 


In the case of linear complexes of lines, both the complex cones and 
the complex curves are always pencils of lines. In the case of quadratic 
complexes, the complex cones are quadratic ones and the complex curves 
are the set of tangents to a conic including degenerate cases. 
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Tangents of a quadric 


The tangents of any surface form a complex of lines, 7.e., the two- 
parameter manifold of pencils of surface tangents which is, in total, a 
three-parameter manifold of lines. It is obvious that the tangents of an 
algebraic surface are themselves an algebraic variety. 


Let Q ¢ F*** be a symmetric matrix. Then, Q: x'Qx = 0 is a quadric 
in P?(F). A straight line / = [P,Q] parametrized by 1(A, 1) = Ap + pq is 
tangent to Q if, and only if, 


(p' Qq)? - (p' Qp)(q' Qq) = 0. 


Now, we replace p and q by an arbitrary pair of independent rows from 
(10.7) and arrive at a homogeneous equation (in terms of Pliicker coordi- 
nates) of the quadratic complex of tangents of a quadric. At first glance, 
the equation of the complex seems to be quartic, but (10.2) can be can- 
celled. The coefficient matrix A of the quadratic equation of the complex 
can be computed from Q as Q ® Q as explained above in (10.19). 


For any point P off the quadric Q, the complex cone Ip is the union of 
all tangents from P to the quadric, z.e., 'p is the tangent cone from P 
to @. The complex curves in an arbitrary non-tangential plane 7 are the 
tangents of Q in z, and therefore, the tangents to the curve Qn 7. 


= Example 10.1.7 Tangent complexes of singular and regular quadrics. 


The projective classification of quadrics in P?(R) yields the following normal forms: 
a +a? +2 +203 =0 empty, xe +a? +02 - «3 =0 oval, a +2? - «3 - «3 =0 ruled, 
2 + x? + a2 =0 empty cone, a2 + 2? = ae =0 regular cone, 
x2 + x? =0 complex conjugate pair of planes, x - x =0 pair of real planes. 
The case of a double plane is not worth being mentioned here. 


The coefficient matrices of the equations of the respective tangent complexes are (in the same 
ordering) 


diag(1,1,1,1,1,1), diag(1,1,-1,-1,-1,1), diag(-1,1,1,1,1,1), 
diag(1,1,0,0,0,1), diag(1,-1,0,0,0,-1), 
diag(1,0,0,0,0,0), diag(1,0,0,0,0,0). 


The respective characteristics are [(111)(111)]. 


= Example 10.1.8 Tangent complexes for quadrics in principal position. 


The characteristics of the quadratic complexes of tangents to quadrics will not be altered if 
the underlying coordinate system is changed. For the basic types of (regular) quadrics 


22 2 2 2 


2 2 2 2 
a] = x uy an Zo 
satertSa al, ate-ael, Ste- aah 
ee a 
b2 a 
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the coefficient matrices of the tangent complexes are 
diag(a~! } b? ? co; (bc)! ’ -(ca)~?, -(ab)~?), diag(at ’ br, -c?; (bc)+ ’ (ca)~?, -(ab)~?), 
diag(at ’ b?, -c*; -(be)7! ’ -(ca)?, -(ab)~*), 


0 0 0 0 a? 0 0 00 0a? 0 
0 oO 0-b? 0 0 0 0 0b? O 0 
0 oO 1 0 0 0 0 O01 0 0 0 
0 -b20 0 O 0 : 0 b?20 0 O 0 
a? 0 0 0 0 0 a? 00 0 0 0 
0 0 0 0 0 -(ab)-? 0 0 0 0 O (ab)-? 


The complex of tangents of a Euclidean sphere with radius R (oval quadric with a = b=c= R) 
is called complex of constant width. Its equation reads R? (1,1) — (1,1) = 0. 


Complexes of constant slope 


Lines that enclose a certain fixed angle y with a fixed plane a form a 
complex of constant slope. It is easily verified that the Pliicker coordinates 
(4,...,/6) of such a complex fulfill 


?+2-2tan? y =0, (10.28) 


provided that the plane 7 equals z = 0 in Euclidean 3-space and the slope 
equals tan y. 


Especially the case y = 7 is of theoretical interest. The thus defined 


complex consists of all lines that meet the plane a under an angle of 
Z: In the projective closure of Euclidean 3-space, we can say that this 
complex consists of all straight lines that meet a real conic in the ideal 


plane. 


The cyclographic mapping uses this complex in order to project points P 
in R? to oriented Euclidean circles P* in the plane 7. The complex cones 
in the complex of constant slope are cones of revolution with vertical axes, 
i.e., their axes are orthogonal to the plane 7 and the complex cone Ip 
(centered at P) intersects 7 in the (oriented) circle P* with its center 
being the orthogonal projection P’ of P onto 7. The signed radius of 
P* equals the z-coordinate of P* (oriented Euclidean distance from P to 
the image plane). The circle P* is called the cyclographic image of P (cf. 
Section 9.4). 


The inverse of the cyclographic mapping relates Euclidean circle geometry 
(in the plane 7) with the pseudo-Euclidean geometry in the space R®, 
which is often referred to as Minkowski space and then denoted by R". 
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= Example 10.1.9 The complex of isotropic lines in Euclidean 3-space. 


The complex of isotropic lines in Euclidean 3-space is best described in the projective closure 
and complex extension of Euclidean 3-space. Therefore, we use homogeneous coordinates 
(wo : @1 : 2:23)  (0:0:0:0) in order to describe points. The coordinates x; can be even 
complex numbers if necessary. 


The complex of isotropic lines consists of all lines that meet the absolute conic x + x3 +22 =0 
in the ideal plane xp = 0. Therefore, the Pliicker coordinates (l1,...,/6) of these lines fulfill 
E + 2 + B = 0. A projection with the help of this complex to the plane 7: 2x3 = 0 maps 
points P=(1:ap:yp:zp) to empty circles (w-ap)? + (y-yp)? + 2, = 0, 2.e., circles with 
a real center (ap,zp,0) and a purely imaginary radius izp (cf. [46, Exc. 7.1.1, p. 264]). The 
projection with the complex of isotropic lines is usually called isotropic projection. 


At first glance, such a projection seems to be useless. However, in Descriptive Geometry, the 
isotropic projection finds its application when constructing directly in perspective images. 


A perspective image is the result of a central projection from a point O (eye) onto a plane 
a #O (image plane). The isotropic projection of the eye O to 7 clearly yields an empty circle. 
The polarity w.r.t. this circle can be realized as the anti-polarity w.r.t. to its real representative 
o (see [46, Exc. 7.1.1, p. 264, 265] or Theorem 4.2.11). In this context, the circle o is called 
the distance circle of the perspective image. 


FIGURE 10.11. The Euclidean orthogonality in the star about O is projected 
to the anti-polarity w.r.t. the distance circle o in the image plane 7 from the eye 
point O. The plane v and the line n are orthogonal, and thus, the respective 
vanishing line nf, and vanishing point N{ are antipolar w.r.t. the circle o. 


Lifting the anti-polarity w.r.t. o to the star of lines about O, yields the Euclidean orthogonality 
in the star about O, which allows us to find the vanishing points of directions orthogonal to 
given planes, or the other way around (cf. Figure 10.11). 


Figure 10.12 illustrates how the anti-polarity w.r.t. the distance circle o is used in constructions 
within perspective images. 


Path tangents of a Euclidean or an equiform motion 


According to Theorem 10.1.3, the path normals of a Euclidean motion at 
any regular instant form a linear line complex. This is not the case for 
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FIGURE 10.12. The vanishing points of Xf, Y,7, Zj, of the axes of a Cartesian 
frame are the vertices of an antipolar triangle of the distance circle o. The 
principal (vanishing) point H (orthogonal projection of the eye point O onto 
the image plane 7) is the orthocenter of the triangle of the three vanishing 
points. 


the path tangents although the velocity vector field at any regular instant 
is linear, which is clear by virtue of (10.17). 


At this point we will extend the study of path tangents from the case of 
purely Euclidean motions to the case of equiform motions that covers the 
Euclidean case. An equiform motion 1: R® — R® is the composition of 
a Euclidean motion with a dilatation. With A: Ic R-—>S0O3,a: I7> 
R°, and a: J — R*, we can describe a one-parameter equiform motion 
transforming points X to points X’ by 


x’ =aAx+a. (10.29) 


Differentiating once w.r.t. ¢ and rewriting x’ = v(x) in terms of x! = 
LAT (x —a), i.e., in the fixed system, we arrive at a linear representation 
of the velocity vector field as 


x! = v(x) = 7x’ +exx' +E, (10.30) 


506 Chapter 10: Line Geometry, Sphere Geometry, Kinematics 


where we have set 


y=aa!, exx!’=AATx’, and t=a-dala-cxa. 
(10.30) also covers the special case of the vector field of Euclidean motions 
as given in (10.17). 
This time we are not interested in the study of path normals. In the case 
of equiform motions, it has been revealed that the study of line elements 
(lines plus incident points) is much more fruitful (see [58, 93]). 
We return to the linear velocity vector field (10.30) and let x = (2,y, z). 
In [93], it has been shown that the suitable choice of a coordinate system 
transforms the triple (c,€,7) into one of four normal forms. 


Without loss of generality, it can always be assumed that 
c=(0,0,1), €=(0,0,p), with p,yeR. 


Then, the velocity of the point X (with coordinate vector x) can be 
written as 

v(x) =(y@-y, yy + 2,72 +p), 
and the path tangents (considered as straight lines) have Pliicker coordi- 
nates 


T = (yr-y, yy + 2,72 + pi py — £2, px - yz, a7 +"). (10.31) 


An implicit equation of (10.31) can be found by homogenizing the Carte- 
sian point coordinates with 


a> XyXo", yr XoXo, 2> XgXp' 


and taking into account that the Pliicker coordinates (t;,...,t¢) of T have 
to fulfill (10.2). This yields 


(tits — tata) + p(t] + t) — tate = 0, (10.32) 


which is obviously a quadratic complex. For y = 0 and p # 0, (10.32) is 
the equation of the instantaneous tangent complex of a Euclidean motion. 
The equation of the quadratic complex of path tangents of a pure spiral 
motion is obtained if we insert y #0 and p= 0 into (10.32). The complex 
(10.32) is of characteristic [222]. 
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Collineation complexes 


Assume that 
«: P(F)>P3(F) with xv y= Ax 


is a projective collineation. Then, the lines joining each point X = xF with 
its k-image Y = yF form a quadratic complex of lines. This is clear, since 
x Ay is quadratic in the homogeneous coordinates x = (x0, 21, %2,23) of 
X, and so are the Pliicker coordinates (11,...,J6) of the lines | = [X,Y]. 
The elimination of 29, 21, 22, and x3 from the parametrization of the 
complex yields a quadratic form that is the complex’s equation. 


Tetrahedral complexes 


A tetrahedron 7 is a polyhedron with four vertices and four faces. Natu- 
rally, it has six edges. A straight line / that intersects no edge of 7 will 
meet the four faces F; in four mutually distinct points LD; (i € {0,1,2,3}). 
Then, the cross ratio er(Lo, L1, L2, L3) = 6 of these four points will be 
any value in F\ {0,1}. The set of all lines intersecting the faces of T at 
a fixed cross ratio 6 € F\ {0,1} is called a tetrahedral complex. 


We will give an equation of a tetrahedral complex based on a suitable coor- 
dinatization. For that purpose, we assume that the vertices of T coincide 
with the base points of the projective frame. Provided that the lines in 
question have the Pliicker coordinates (11, ...,/6), the homogeneous coor- 
dinates of its intersections Lo, ..., L3 with the faces of T given by x9 = 0, 
..., £3 = 0 can be read off from the rows (or columns) of (10.7). Using Lo 
and L3 as the base points bo = (1,0)F and b; = (0,1)F of the projective 
frame on I, the points DL; and L»2 obtain their homogeneous coordinates 
on I: 


1, = (-l5,1,)F and lo = (U4, l2)F. 


With the cross ratio formula (5.6) from [46, p. 202], we compute 
cr(Lo, 11, L2, £3), equate this with the chosen value 6 € F \ {0,1}, and 
find the equation of the complex 


Igls + dl3lg = 0. 


Axes of a quadric 


Each point P in a three-dimensional metric space sends a unique normal 
np to its polar plane mp w.r.t. a regular quadric Q (cf. Figure 10.13). 
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Thus, the totality A of all such lines is a three-dimensional submanifold 
of the manifold of lines, 7.e., a complex of lines. It is called the complex 
of axes of Q. This complex contains the congruence of surface normals 
of Q, since the points of the quadric are incident with their polar planes, 
the tangent planes of Q. It is clear that the principal axes are among the 
axes of a quadric. 


In order to give an analytic description of this complex, we may assume 
that a quadric Q with center is given by 


=1 (10.33) 


with non-vanishing and non-proportional constants a, b, c. Note that 
this includes ellipsoids and hyperboloids as well. The case of a quadric 
without center (elliptic or hyperbolic paraboloid) is postponed to Exercise 
10.1.12. 


FIGURE 10.13. The axes a of a quadric Q through a point P are orthogonal to 
the polar plane mp of P with regard to the quadric. The complex cone ['p at P 
of the complex of axes is a quadratic cone centered at P. 


For a generic point P = (€,7,¢), its polar plane 7p with regard to Q has 
the equation 
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and the normal np from P to mp can be parametrized by 
g 


np(A) =| 7 | +A 
¢ 


a INTISS bn 


which in terms of Pliicker coordinates reads 
(11, la, 13; la, Is, 16) = 
=(§,#,5:(4-4) 6, (4-4) ¢€, (4-4) en). 


Eliminating the parameters €, 7, ¢, we find the implicit equation of the 
complex 


(10.34) 


A: alyl4 + blols + cll =0. (10.35) 


Obviously, A is a quadratic complex. Moreover, with (10.34) and the 
cross ratio formula |46, Eq. (5.6) on p. 202]), we find that 


er(Lo, L1, Lo, L3) = — = const., (10.36) 


which makes the complex A a tetrahedral complex. 


According to Exercise 7.1.3, the poles of a fixed plane w.r.t. the quadrics 
of a confocal family are located on a line orthogonal to 7. Therefore, the 
complex does not change if Q is replaced by a confocal quadric. Con- 
sequently, it comprises all surface normals of the confocal family. By 
Theorem 7.1.2, the complex cones contain triples of mutually orthogonal 
lines and, are therefore, equilateral (cf. |46, p. 459]). 


@ Exercise 10.1.12 Complex of axes of paraboloids. 


Show that the equation of the complex of axes of a paraboloid 


with a,b € R* is proportional to 
At (a - b)lyle +I3le =0. 


The case of an elliptic paraboloid is covered if both constants a and b have the same sign; 
otherwise the hyperbolic paraboloid is given. 


@ Exercise 10.1.13 Complex cone of the complex of axes. 


Let P be a generic point with Cartesian coordinates p = (€,7,¢), and let Q be the quadric 
(10.33). Further, with x = (x,y,z), we denote Cartesian coordinates. 
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Show that the complex cone Ip c A through P (in the axis complex (10.35)) has the equation 
a 8. (@=0)6 (e=a)n 
Tp: (x-p)']| (@-b)¢ 0 (b-e)E | (x-p)=0 
(c-a)n (b-c)E 0 


and is an equilateral cone. ['p degenerates if, and only if, P lies in a plane of symmetry of Q 
or if, and only if, Q is a quadric of revolution. 


Orthogonal polars w.r.t. a quadric 


FIGURE 10.14. Ina pencil of lines and its polar pencil, we find exactly two 
pairs (g,g) and (h,h) of orthogonal polars with regard to the quadric Q. 


If the polar line /* of a line / w.r.t. a quadric Q is orthogonal to /, then 
the plane through /* orthogonal to I has its pole on I. Hence, | belongs 
to the complex of axes. Conversely, if 1 belongs to this complex, then its 
polar line /* lies in a plane orthogonal to / and is, therefore, orthogonal 
to 1. Thus, we obtain no new line complex. 
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= Example 10.1.10 Orthogonal polars w.r.t. an ellipsoid. 


Assume that an ellipsoid Q is given by (10.33), which is different from a sphere. Let now 
(l1,...,46) be the Pliicker coordinates of a straight line / in the (preferably projectively closed) 
ambient space of Q. The Pliicker coordinates of the polar line /* by applying the polarity 
with the coordinate matrix 
T= diag(-1,a7!,b-1, c+) 
to two points Lo and L3 on 1. The homogeneous coordinates of Lo and L3 are taken from 
(10.7), and then we find the homogeneous coordinates of the respective polar planes as 7(Lo) = 
(0,l,a7!, 126-1, Igc-t) and m(L3) = (13, 15a7!, -l4b-1, 0). The polar line I* of | equals 
I* = (Lo) n m(L3) = (ala, bls, cle; —bely, -cal2, —abl3). 


The condition that polars are orthogonal is simply the orthogonality of the two direction 
vectors, which yields the complex’s equation (10.35). Some lines of the complex are shown 
in Figure 10.14. Thus, the complex of pairs of orthogonal polars with regard to a quadric 
is a tetrahedral complex. The lines of the complex intersect the faces of the fundamental 
tetrahedron in quadruples of points with the cross ratio given in (10.36). 


Harmonic complex, Battaglini’s complex 


Let Q; and Q» be two quadrics which have a common polar tetrahedron. 
The common polar tetrahedron shall be the base of a projective frame. 
Within this frame, both quadrics have the simplest equations, t.e., the 
corresponding quadratic forms are diagonalized simultaneously. In the 
case of two ellipsoids, we have 


2 2 2 2 2 2 
O21: 3+5+5-1 and 07! ey oll (10.37) 
ay by Cy a5 b5 2 


We assume that neither a pair out of (a1,b1,c,) nor a pair out of 
(a2, b2,c2) consists of equal numbers, i.e., quadrics of revolution are ex- 


cluded. 


Let now (l,,...,l/g) be the Pliicker coordinates of an arbitrary straight 
line /. This line will intersect the quadric Q; in two points 5; and Sj2 
with 7 € {1,2}. We aim at a description of all lines such that the four 
points $11, S12, S21, and S22 are harmonic, 7.e., that they form the 
cross ratio —-1. 


An affine parametrization of | can be given by intersecting the third and 
fourth plane through / given in (10.11) (just replace c; with J; and multiply 
from the left with (xo,...,a23)1). We obtain 


0 1 
I(t) =] —lelyt | +t] lolz I, (10.38) 
dei re 
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where t € R is an affine parameter on /. Inserting (10.38) into (10.37), 
we find two quadratic equations whose solutions shall be denoted by ¢;,; 
(with 7,7 € {1,2}) and correspond to the common points 5;,; of 1 and Qj. 
According to Vieta’s Lemma, the solutions ¢;,; satisfy 


2a? (b713l5 = Cyl) 


tia t+tig=- 
urbele 2 + BFC 1?’ 


+0773 
(10.39) 
a? (bel? + cil = b2c7/?) 


tii tio = 
es 27272 1 G2r2]24 heceie 
a2b712 + acti? + b2c21? 


with 7= 1,2. The parameter values ¢;,; can be transformed into homoge- 
neous coordinates of the points 5;,; on the line / by simply setting (1, t;,;). 
Then, we use formula (5.6) from |46, p. 202] and find that the four values 
tj have to satisfy 


2(ti1t1,2 + to1t2,2) _ (ti1 + t1,2)(te1 + t2.2) =0 (10.40) 


in order to make (91,1, $1,2,.52,1, 52,2) a harmonic quadruple (in that par- 
ticular ordering). 


Now, we insert (10.39) into (10.40), use (10.2), and arrive at the equation 
H : bob3ctc3 (a? +3)? +a2a3c}c3(b} + b3)13 +07 azbtb3 (C3 +c3)13 = 


(10.41) 
= 0703 (b?c3 + b3c?)13 +b2b3 (af c3 + a3c?)12 +33 (ate 3 +a3b 7) 


of the complex of lines that meet a pair of quadrics in four harmonic 


points. 


Obviously, the complex H (10.41) is a quadratic complex. In the litera- 
ture, it is frequently referred to as Battaglini’s complex.® 


Let us have a look at the complex cones of H. For that purpose, we 
simplify the eauation of the complex by using abbreviations for the co- 
efficients of iE , 1.e., we write H’s equation in the form 


H: al? +...+a6l2 =0 


For a point P with Cartesian coordinates p = (€,7,¢) € R®, we assume 
that the star of lines through P is parametrized by s = p+ (u,v,w) with 


®GiusEpPE BaTTacLini (1826-1894), Italian mathematician. 


10.1 Line Geometry 513 


(u,v, w) varying freely in R°. The Pliicker coordinates of the lines in the 
star are (u,v, w;nw— Cu, Cu-Ew, €v-nu). Inserting the latter into (10.41) 
yields a condition on u, v, and w such that the parametrization of the star 
becomes the parametrization of the complex cone through P. After the 
subsequent elimination of the remaining parameters u and v, we obtain 
the equation of the complex cone Ip. With x = (2, y, z), it reads 


e agn? +0567 +04 —a6n€ —a5€¢ 
Ip: (x-p) —agn§ age? +0407 +a2 —a4G (x-p)=0 
—a15€¢ —a4n aan +a5€? +03 


and degenerates if, and only if, 
K: aasagé*+aza406N* +a30405C4+ 
+a6(a1a4+a2O5 E77? + a5 (a4 t+a3z0%6 )E7C7+ (10.42) 
+a4(a203+0306)1°C7 + a1.a203 =0. 


The quartic surface K is the locus of all points P ¢ R? where the complex 
cone Ip degenerates and is, therefore, called the singular surface of the 
complex. The surface K is called Kummer’s surface’ an example of which 
is displayed in Figure 10.15. It is a quartic surface and has up to 16 
real nodes, which are the vertices of four tetrahedra. The sixteen nodes 
form a Kummer configuration: This is an arrangement of sixteen points 
and sixteen planes such that each plane carries six points and each of the 
points belongs to six planes. 


Usually, the equation of Kummer’s surface is given in the form 
(x? +y? + 27-0")? — BA ADAZA4 = O, (10.43) 


where A; are the equations of the four planes building the fundamental 
tetrahedron. The constant a € R can be chosen freely and 8 = (2a? - 
1)(2-a7)"'. The surface depicted in Figure 10.15 is determined by a = 
3/\V/8. The surfaces given in (10.42) and (10.43) differ only by a collinear 
transformation. 


It is worth mentioning that there exists a certain case of degeneracy: If 
one of the quadrics (10.37) becomes the ideal conic of Euclidean geometry, 


“Ernst EpuarD KumMer (1810-1893), German mathematician who worked in various fields 
of mathematics such as number theory, function theory, and algebraic geometry. From the 
line-geometric point of view, his most interesting work deals with line congruences (see [83]). 
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FIGURE 10.15. Kummer’s surface with a = 3/\/8 with 16 real nodes (displayed 
as small red spheres). 


then (10.42) is the equation of Fresnel’s wave surface® (see Figure 10.16). 
Assume that we are given an ellipsoid Q with center (0,0,0), semi axes 
lengths a,b,c € R*, and the equation as given in (10.33). The planes 
through the center of Q have the equations 


E: eyx+ egy + e3z = 0, (10.44) 


where we may assume that the planes’ normal vectors e = (e1,€2,¢€3) are 
unit vectors, i.e., 6? + e3 + e% = 1. Each plane ¢ intersects the quadric in a 
conic ge with major semiaxis a; and minor semiaxis b,. Applying +a; and 
+b, on the normal e, we obtain four points W1,2 = ta-e and W3 4 = +b-e, 


which belong to one algebraic variety. 


8 AUGUSTIN JEAN FRESNEL (1788-1827) was a French physicist and engineer who founded the 
wave theory of light. 
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The principal axes lengths are the extrema of the function f := 2? + 


y” + 2? under the two side conditions (10.44) and (10.33). Geometrically 
speaking, we are looking for a sphere S of radius r concentric with the 
quadric Q such that the two surfaces touch. Hence, we build the Lagrange 
function 


Deg Dae od oy @ 
Feaa't+y +2 -X a a — Qu(e1z +egy+e3z) (10.45) 
a c 


with the two Lagrangian multipliers A and yz. A necessary, but by no 
means sufficient, criterion for F to be minimal at some point (x,y, z) is 
that the partial derivatives of F w.r.t. x, y, and z vanish, 7.e., 


OF _ =0, #-= . 
pe elie) ee Wy a Cg) ie (10.46) 
2B =2(1-2)-pes=0. 


= Example 10.1.11 Constructive approach to Fresnel’s wave surface. 


Multiplying the first equation with x, the second with y, the third with z, and summing them, 
we find 
Nazar ty? 42% =r, (10.47) 
since (10.33) and (10.44) hold. Thus, each of the points W; on the wave surface can be written 
as w=re. We solve (10.46) w.r.t. z, y, z, and arrive at 
pe1a pe2b pe3c 


a re Y= Topo? e= 272? (10.48) 


where 2 is replaced by r? = 22 + y? + 2? 


we can infer 


according to (10.47). From the components of x = re, 


and after multiplication of the first, second, and third equation in (10.48), we compute their 
sum, which yields a first form of the equation of Fresnel’s wave surface as 


2 2 2 
ax by Cz 
Ww: —————- + ——— ; + — = 0, 10.49 
a—-22—-y2—22 b-a22-y2-72 e-a2 -y2—-22 ( ) 
or, by subtracting from x? + y? + z? = r?, we find a second version 
2 2 2 
x z 
¢ =i: (10.50) 


: Ot tes 
w2+y2+22-a wrt+y2+22-b 22 +y24+22-c 


It is also possible to give a parametrization of W: 


ee (a -w)(be-v) _ (b-u)(ca-v) = (c-u)(ab-v) 
*\\ (c-a)(a—b) ” \) (a—8)(6-c) "NY @—e)(e~-a) 
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FIGURE 10.16. The quartic Fresnel wave surface W has four conical nodes Nj, 
..., N4 corresponding to the umbilics of an ellipsoid Q. W intersects its planes 
of symmetry along circles and ellipses (red and blue). There are four circles 
C1, ..., c4 on Fresnel’s surface that are the intersection of the four real double 
tangent planes with W. 


Painvin’s complex 


The tangent planes of a regular quadric Q form the dual quadric Q*. A 
quadric Q sends two tangent planes through each line that is not tangent 
to Q, and thus, a quadric is said to be of rank two. This notion of rank 
is not to be confused with the rank of a matrix, especially with the rank 
of the coefficient matrix of a quadric. By assumption, Q is regular, and 
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therefore, the coefficient matrix of its equation is of full rank, 7.e., it is 
four. 


In a metric space, we may ask for all lines a that send a pair of orthogonal 
tangent planes to the quadric Q.° This yields one additional condition 
on the Pliicker coordinates of the lines a (besides (10.2)). Consequently, 
the lines a form a complex of lines. 


Let the homogeneous Pliicker coordinates of the lines a be (aj,...,a6). 
According to (10.7) and (10.8), the homogeneous coordinates of planes 
through a are linear combinations of the rows (or columns) of 


0 ag a5 a6 
—-a4 0 az —ag 
—a5 —-a3 a5 ay 
—a6 ag —aj, 0 


We let ag = (0,a4,a5,ag) and ag = (ag,—a2,a1,0) be the homogeneous 
coordinate vectors of two planes ag and a3 from the pencil about a. 
Then, a homogeneous parametrization of a (in terms of homogeneous 
coordinates) with the homogeneous parameter A: ps # 0:0 equals 


a(A, 11) = Aag + pas. (10.51) 


The latter equation can also be viewed as a coordinatization of the pencil 
of planes about a. The tangent planes of Q through a are the intersection 
points of the line (10.51) with the dual quadric Q*. If we assume that 
Q is given by (10.33), then the coefficient matrix of Q*, when written in 
homogeneous plane coordinates, equals M = diag(-1, a,b,c, ). Let further 


wij ‘= aj Ma; (10.52) 


for i,j € {0,3}. Note that w,; = w;;, for A = (wij) is symmetric. Then, 
the coordinates (A, j:) in the pencil about a have to satisfy 


weg A? + 2wo3ALL + Ww33 fl" =0 
and are, thus, 


At? M1 = (-wo3 +R): woo and Ag: Me = (—wo3 - R) : woo (10.53) 


®Note that the edges of boxes as displayed in Figure 2.9 belong to a complex of lines related 
to an ellipsoid. 


518 Chapter 10: Line Geometry, Sphere Geometry, Kinematics 


with R = V wg — wo9w33. The condition that the two tangent planes 7; 
and 72 with coordinate vectors ty = a(Aj1,/41) and tg = a(A2 : 2) are 
orthogonal is simply 


(A189 + 11183, Ag + [W2a3) = 0 


with a; being the vector a; with the first row removed, since this gives the 
normal vector of the plane a;. Inserting (10.53) into the latter equation, 
we find 


woo (at + a3) — 2u93(a1a5 — aga4) + w33(az + az + a2) = 0, 


where the coefficients w;; still depend on the Pliicker coordinates a; of a. 
Substituting (10.52) yields the equation of the quadratic complex of lines 
that send pairs of orthogonal tangent planes to the quadric (10.33) 


P: (b+c)a? + (c+ a)az + (a+b)az = aj + a2 +43. (10.54) 
The complex P is called Painvin’s complez.‘° For details and more results 
on quadratic complexes, see [70, 152]. 


@ Exercise 10.1.14 Frenel’s surface as the singular surface of Painvin's complex. 


Show that the singular surface, i.e., the locus of points with degenerate complex cones of the 
complex (10.54), is the wave surface by Fresnel. 


10Louis FELIX PaInvIN (1826-1875?) was a French mathematician, teacher at the lycée de 
Douai, and assistant professor for mechanics and experimental physics at the Sorbonne. 
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10.2 Sphere Geometry 


Sphere geometry deals with a geometry where Euclidean spheres are the 
basic objects. Each object in Euclidean 3-space (or even in n-dimensional 
space) is considered as a manifold of Euclidean spheres. This includes 
points as spheres of radius zero, planes as spheres with infinite radius, 
and, of course, ordinary spheres. A Euclidean circle in 3-space can be 
viewed as the intersection of two Euclidean spheres, and thus, the circle 
can be seen as the carrier of an elliptic or hyperbolic pencil of spheres, 
depending on whether the circle is real or not. Depending on the approach 
to sphere geometry, spheres may be oriented or not. 


We shall describe Lie’s model of the geometry of oriented spheres in Eu- 
clidean 3-space. Generalizations to quadric models of sphere geometries 
in Euclidean spaces of arbitrary dimensions are straightforward (cf. [24]). 
Elementary geometric aspects as well as the construction of a Grassman- 
nian over Lie’s quadric can be found in [30] and shall not be discussed 
here. 


Sphere coordinates, Lie’s quadric 
There are various ways to a proper coordinatization of the manifold of 
spheres. We shall start with the equation 

S: (sg—s4)(a7 + y* + 27) — 281% — 2soy — 2832+ (s4+sg)=0 (10.55) 
of a Euclidean sphere $. By completing to full squares for each variable, 
we find the center M and the radius r of S as 


1 55 
(81, $2, 83) and r= ; 
56 — $4 56 — $4 


(10.56) 


m= 


provided that sg # s4. Here, we have implicitly defined s5 such that 
L5: Q,(S,S) := 8} + 3 + 83 + 54-82 — 52 = 0. (10.57) 


The six values (s1,...,8¢) are the Lie’! coordinates of a Euclidean sphere 
if they satisfy (10.57). On the other hand, we can show that any sextuple 
satisfying (10.57) can be interpreted as the coordinates of a Euclidean 


lM Sopunus Lik (1842-1899), Norwegian mathematician, famous for his works on partial differ- 
ential equations, continuous groups, and minimal surfaces. 
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sphere in 3-space. The fifth coordinate s5 can be equipped with a sign 
which can be used to express the sphere’s orientation. 


In (10.56), we assumed sg # s4. Dropping this assumption enables us to 
describe oriented planes in Euclidean 3-space. With s4 = sg, neither the 
center nor the radius of the sphere are determined. If now s1, s2, 53, and 
$5 still satisfy (10.57) without being simultaneously equal to zero, then 


(1, $2, §3,54,55, $4) 


is the Lie coordinate vector of an oriented plane. The orientation of the 
plane equals the orientation of its normal (81, 2, $3). 


Points can also be described by Lie coordinates: If 
5 = 0 


and the remaining s; satisfy (10.57), then the point M from (10.56) is 
considered as a sphere of radius zero, and thus, it is often called a null 
sphere. Sometimes, it is much better to view these kinds of spheres as the 
isotropic cone emanating from M. 


The coordinate vector 
w= (0,0, 0,10, 1) 


describes a point U on Lie’s quadric. Unfortunately, s4 - sg = 0 and 
85 =0. Therefore, u does neither describe a sphere nor a point. Although 
it satisfies s4—sg, it does not represent a plane, since the first three entries 
are equal to zero, and thus, the normal vector is undefined. Usually, U is 
called the ideal element or the improper point, sometimes denoted by oo. 
Adding the point U to the set of spheres, planes, and points in Euclidean 
3-space creates the set of Lie spheres. 


The six coordinates of a sphere are subject to the homogeneous quadratic 
form (10.57). Moreover, (s1,...,56) themselves can be made homoge- 
neous, since the multiplication of s = (s1,...,s¢) with a non-vanishing 
factor A ¢ R\ {0} does not change the center and radius as given in 
(10.56). This allows us to interpret (s1,...,86) ¢ R®\ {0} as homoge- 
neous coordinates in P?(R). Then, (10.57) is the equation of a quadric 
L5c P?(R) which is called Lie’s quadric. 

Lie’s quadric is of index one, i.e., the maximal dimension of subspaces 
entirely contained in L$ equals one (cf. Theorem 4.3.1). In fact, there are 
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real lines in t. Later, we shall study the linear and quadratic submani- 


folds of LS. 


We collect all the obtained results in the following theorem: 


Theorem 10.2.1 Each oriented sphere (including oriented planes and 
points) in Euclidean 3-space can be mapped to a unique point on the four- 
dimensional quadric is (called Lie’s quadric), which is of index one, and 
thus, it carries straight lines as maximal subspaces. Each point on L5 
corresponds to an oriented sphere (including oriented planes and points) 
in Euclidean 3-space. 


Proof: It remains to be shown that each point on Ls corresponds to an oriented sphere 
(oriented plane or point). From the sextuple (s1,...,86), we can try to recover the center 
and radius of a sphere with (10.56). If now s6 — sa # 0 and s5 = 0, the radius of the sphere 
equals 0 and (s1,...,56) describes a point. If sg —s4 #0 and ss #0, (10.56) yields the center 
and the radius of the sphere. In the case sg = s4, the quadratic term of the sphere’s equation 
(10.55) vanishes and the remainder is the equation of a plane, which is oriented in the sense 
of (51, 82,83). a 


= Example 10.2.1 Sphere coordinates from center and radius — a parametrization of £4. 


We want to express the sphere coordinates (s1,..., 8) in terms of the center M with coordinate 
vector m = (m1,m2,m3) and the radius r. 
From (10.56) we can deduce the following system of linear equations: 
m1(s6-—84)=81, ™me2(s6—s4)=s2, m3(s6—-S84)=83, 1T(s6—S4) = 35. 
We insert 51, 52, $3, and s5 into (10.57), and with me + me + m3 = (m,m), we find 
(m,m)(s6 — sa)? — r?(sg — sa)? + 8? - so = 
(sg — s4)((m, m)(sg — 84) — r?(sg — 84) — 84 — 56) = 0. 


By assumption, (s1,...,56) are the coordinates of a sphere, i.e., sg — s4 # 0. Thus, we can 
cancel this factor from the latter equation and arrive at a single homogeneous linear equation 
in sq and sg, which yields 


(s1,.--,56) = A (2m, (m, m) — r? — 1, 2r,(m,m) - r? + 1), AER. (10.58) 


The polar system of Lie’s quadric 


Lie’s quadric is a regular quadric. Therefore, it has a regular polar system. 
We shall disclose the sphere geometric meaning of this polar system. Let 
S and T be two Euclidean spheres with Lie coordinates (s1,...,5¢) and 
(t1,...t6). According to (10.56), the respective centers and radii are 


mg = sta (51, 52, 83), my = or (t1, ta, t), 


(10.59) 


— 15 
~ s6—sa? es te—-ta* 
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For a common point X of S and T, the Law of Cosines yields 
rg + rp -2rgrr cosy = |mg - mr|’, (10.60) 


where vy is the angle enclosed by the oriented normals of S and T at the 
point X. Inserting (10.59) into (10.60), and by taking into account that 
(10.57) holds true for both sextuples (s1,...,s¢) and (t1,...,t6), we find 


$1 t + Soto + 83t3 + s4t4 — S5t5 cosy — sete = 0 (10.61) 


after cutting out the factor (sg — s4)(t¢ - ta), which is not equal to zero, 
since S and T are spheres. 


If the two spheres S and T are in oriented contact, then y = 0 and 
cos y = 1. Consequently, (10.61) changes to 


07(5,T) = $1t1 + Soto + sgt3 + Sat4 — Sty — set = 0, (10.62) 


and the points S$ and T in the Lie model of sphere geometry turn out to 
be conjugate with respect to is It is also possible to show that any pair 
of points conjugate with respect to L$ corresponds to a pair of spheres in 
Euclidean 3-space which are in oriented contact. We can summarize: 


Theorem 10.2.2 Each pair of Euclidean spheres in oriented contact cor- 
responds to a pair of points conjugate with regard to L3, and vice versa. 


For each pair of oriented Euclidean spheres and for each pair of planes, 
(10.61) yields their oriented intersection angle. 

Proof: The only thing that remains to be shown is the second part of Theorem 10.2.2 for the 
case of a pair of planes. 


As explained on p. 520, oriented planes in Euclidean 3-space can be described by sextuples 
(s1, $2, 83, $4, 85,54). Since these coordinates are homogeneous, they can be scaled by any non- 


vanishing factor, for example, by 1/,/s? + s3 + 83. Then, (10.61) agrees with the elementary 
formula for the angle subtended by two unit vectors. a 


Lie’s line-sphere-mapping 

The two quadrics M+ (10.2) and L5 (10.57) are hyperquadrics in a pro- 
jective space of five dimensions. Over the real number field, they differ in 
their signatures and indices. 


The linear substitution 


ly > 8, +184, lo > 89+ $5, lg > 83+ S6, 
(10.63) 
la > 84, = 184, 15 89 — 85, lg BR 8G 
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transforms the quadratic form (10.2) into (10.57) and describes a 
collineation in the complex extension of P°(IR). Each point (ly,...,l6) € 
M3 corresponds to precisely one point (s1,...,5¢) € L5. In other words, 
each line in the real projective 3-space is mapped to an oriented sphere 
in Euclidean 3-space. 


The mapping (10.63) is called Lie’s line-sphere-mapping and shows the 
close relation between line geometry and sphere geometry. Since the con- 
jugate position with respect to quadrics is invariant under collineations, 
pairs of intersecting lines are mapped to pairs of spheres in oriented con- 
tact. 


Automorphisms of Lie’s quadric 


The group of automorphisms of Lie’s quadric is simply the group of pro- 
jective collineations P°® + P° that leave i invariant. Speaking in terms 
of Linear Algebra, these transformations are induced by all regular lin- 
ear mappings R® > R® that leave the quadratic form (10.57) invariant. 
It is clear that such automorphisms interchange the points on ia while 
they preserve the conjugacy of points, and thus, they preserve the ori- 
ented contact of the corresponding objects in Euclidean 3-space. Thus, 
the automorphic collineations of L3 induce contact transformations in the 
set of Euclidean spheres. We shall have a look at some of them. 


Central similarity 


Without loss of generality, we may assume that the center of a central 
similarity ¢ equals the origin of the Cartesian coordinate system. The 
scaling factor of all lengths shall be a ¢ R*. Then, the coordinates x of a 
point X are transformed according to 


/ 
Xt> KX = AX. 


The center M (with coordinates m) and the radius r of a sphere S change 
to m’ = am and r’ = ar. Now, we use (10.56) and (10.58), derive the 
homogeneous sphere coordinates s’ of the image sphere $’, and obtain 


s’ = (25), 2059, 2083, (a? +1)s4+(a?-1)56, 2055, (a?-1)s4+(a*+1)s6) ; 


where we have used (10.57). It is clear and easily verified that S’ = s’R 
is also point on La Note that the sphere coordinates of $” are linear 
in the sphere coordintes of S. Thus, the central similarity induces an 
automorphic collineation of L5. 
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@ Exercise 10.2.1 Fixed spaces of the induced collineation. 


Show that the characteristic polynomial of the linear automorphism of Ls induced by a central 
similarity with scaling factor a € R* equals 


x = (A= 2a)? (A = 2)(A = 207). 
Let {b;} with i ¢ {1,2,3,4,5,6} denote the canonical basis of R°. Then, compute the invariant 
eigenspaces (fixed subspaces of the induced collineation) and show that these are 


E(2a) = [bi,b2,ba,b6], E(2a”) =[ba+be], (2) = [ba — be]. 
Note that £(2) describes the ideal element oo, which is common to all Lie spheres and is not 
altered by contact transformations. 


Moreover, we observe that E(2a7) is the coordinate vector of the isotropic cone [9 emanating 
from the center (0,0,0) of the similarity. 


It is clear that the Lie images of oo and Ig are among the fixed elements of the induced 
collineation. Both are left invariant under the central similarity. 


Inversion in a Euclidean sphere 


Again, we start with a sphere S centered at M (with coordinates m) and 
radius r € R*. An equation of S$ in terms of Cartesian coordinates can be 
given in the form 


2 


S: (x-m,x-m)-r? = (x,x)-2(x,m)+(m,m)-r?=0. (10.64) 


It means no restriction to assume that we invert in the Euclidean unit 
sphere, since the results are invariant under scalings and the coordinate 
system can be chosen properly. Hence, the inversion z in the Euclidean 
unit sphere transforms the coordinate vector x of a point X according to 


F 1 
bi XxX = x (10.65) 
(x, x) 


Since z is involutive (in fact, it is birational, cf. [46, Ch. 7|), we can find 
the equation of S’ = .(S) by simply substituting (10.65) into (10.64) and 
find 


(x, x) ((m, m) — r?) - 2(x,m) +1=0. (10.66) 
By completing to full squares, we find the center and the radius of S$” as 
; 1 1 i 
m™ (mym)—r2  Gm,m) —r2" 


With (10.56) and (10.57), we have (m,m) — r? = (sg + s4)/(s¢ — 84), and 
the center and radius of S’ take the form 
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As in the case of the central similarity, we use (10.56) and (10.58) and 
compute the homogeneous sphere coordinates of the image sphere S’. 
This yields 

S' = (81, $2, 83, -S4, $5, 86). (10.67) 


Again, we can see that the homogeneous coordinates of S$” are linear in the 
homogeneous coordinates of S. Therefore, the inversion in the Euclidean 
unit sphere induces an automorphic collineation of L5. 


In the case of the inversion, the induced automorphism of L4 is apparently 
simpler than in the case of the central similarity. Now, the transformation 
matrix of the collineation equals diag(1,1,1,-1,1,1), and therefore, the 
collineation is involutive. There are two different eigenvalues: A; = 1 and 
A2 = -1, the first of which corresponds to the fixed space A: x4 = 0, the 
second corresponds to the eigenvector c = (0,0,0,1,0,0) which describes 
the center C of the automorphic perspective collineation. It can easily 
be checked that the characteristic cross ratio (cf. [46, p. 214]) of this 
collineation equals -1, which is clear for involutive mappings. Clearly, 
C =c is the pole of A w.r.t. L3. 


We have: 


Lemma 10.2.1 The inversion in the Euclidean unit sphere induces a 
projective reflection (in a hyperplane of P°), i.e., a harmonic homology 
that leaves L5 invariant. 


Translations and rotations 


The previous two subsections were dedicated to the automorphic 
collineations of L$ that were induced by central similarities and inver- 
sions that were centered at the origin of the coordinate frame. In a very 
similar manner, we can show that a translation 

Ti Xb x’ =x4+t 
with a constant vector t ¢ R? and a rotation 


oO: xv x’ =Rx 


with R ¢ SO(3) induce linear automorphisms of L3. 
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@ Exercise 10.2.2 Automorphisms of Ls induced by translations and rotations. 


Assume that t ¢ R® is a constant vector and R € SO(3) is a constant orthogonal matrix. 
Compute the automorphic collineations induced by the translation 7: x x’ =x+t and the 
rotation @: x ++ x’ = Rx and show that the respective transformation matrices T,, Ty € ROx6 
are 


213 -t (0) t 
2tT 2-(t,t) O (t,t) _{R 0 
cad 0 2 0 » Te=\ 9 Is }° 


2tT (t,t) O 24 (t,t) 


Show that the invariant subspaces are straight lines and their polar spaces w.r.t. LS in both 
cases. 


e@ Exercise 10.2.3 Reflections in planes. 


It is sufficient to study the action of the reflection o in a plane ¢ through the origin of the 
coordinate system. We assume that ¢ has the equation (e, x) = 0 with the unit vector e as its 
normal. Show that the induced collineation has the transformation matrix 


Show that T, is similar to diag(1,1,1,1,-1,-1). Again, the invariant subspaces consist of a 
straight line and its polar space w.r.t. Es: 


We collect the results of the latter subsections: 


Theorem 10.2.3 The group of equiform transformations and the group 
of conformal transformations in Euclidean 8-space induces a group of 
automorphic collineations of Lie’s quadric i 

Proof: The case of the equiform transformations is clear: An equiform transformation is the 
product of a central similarity and four reflections in planes at most. 


According to Liouville’s Theorem, the group of conformal transformations in Euclidean 3- 
space is generated by inversions in spheres (including reflections in planes, i.e., inversions in 
spheres with infinite radius and central similarities). a 


Parabolic pencils of spheres 


According to (5.12) in Section 5.5, the equations of spheres in a parabolic 
pencil can be given by 


P: a t+y*+27-2mar=0, meR. 


The centers of the spheres trace the straight line m = (m,0,0) (with 
m €R) and the radii are R = m. We derive the Lie coordinate vector of 
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the spheres in the pencil P with (10.58) and find 
p(m) = (2m,0,0,-1,2m,1), meR 
or, after introducing the homogeneous parameters by setting m =m mo 
p(mo,™ 1) = (2m, :0:0:-mg:2m,:mo), mo:m,#0:0. (10.68) 


Obviously, this is the parametrization of a straight line in L5 and the point 
n = p(0,1) = (0,0,0,1,0,-1) corresponds to the only null sphere in P, 
while r = p(1,0) = (1,0,0,0,1,0) corresponds to the only oriented plane 
0, t.e., to the common tangent plane (and radical plane) of all spheres in 


Py 


So, we see that a parabolic pencil of spheres corresponds to a straight line 
I}. Conversely, we can state: 


Theorem 10.2.4 Each parabolic pencil of spheres corresponds to a 
straight line in L5 and each straight line L5 corresponds to a parabolic 
pencil of spheres. 


Proof: The first statement is explained above. 


The converse is true, since Ls is a homogeneous space, i.e., for each pair p + q of straight lines 
in Li, there exists at least one automorphic projective collineation of Ls that interchanges 
these lines. Thus, for each line qc Ls, we can find at least one collineation k& : Lg > Ls that 
maps q to the line (10.68). a 


@ Exercise 10.2.4 The generic parabolic pencil of spheres. 


Write down the Lie coordinates of a generic parabolic pencil of spheres. Assume that (a,a) 
are normalized Pliicker coordinates of a straight line a in Euclidean 3-space, i.e., besides 
(10.2) they satisfy (a,a) = 1. Let n = ax a+aa with a € R be the null sphere NV on the 
axis a of the parabolic pencil. The pair (V,a) determines the parabolic pencil, and therefore, 
the coordinates (a,a,a) ¢ R” of the line element (NV,a) (cf. [93]) are a suitable coordinate 
representation of the parabolic pencil of spheres. 


Show that the Lie coordinates of the parabolic pencil P on (N,a) are 


p(t) = (2(axa+aa+ ta), lal? +0? — 1+ 2at, 2t, |a]? +a7+1+2at) with teR. 


Elliptic, hyperbolic pencils and concentric spheres 


In Section 5.5, we have given the normal forms of elliptic and hyperbolic 
pencils of spheres and pencils of concentric spheres. With go = 1 in (5.12), 
these normal forms read 


E,H: x2 +y%+27-IWmxF1=0, meR, 


C: a +y?+2%=m?, meR, 
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or in terms of Lie coordinates, we have 


E: e(m) = (m,0,0,-1,V1+m?,0), 
H: h(m) = (m,0,0,0,/1-m?,1), 


C: c(m) = (0,0,0,1 + m?, -2m,m?- 1), 


where mé€R. As can be seen from the parametrizations, the elliptic and 
hyperbolic pencil of spheres as well as the pencil of concentric spheres 
correspond to one-dimensional quadratic submanifolds of L3. 


Indeed, e, h, and ¢ parametrize regular conics in L$, since [E], [#4], and 
[C] are planes in P° that intersect is along regular conics: The equations 
of the carrier planes are 


[fl]: t= 23 = 2g = 0, 
EAE t= 2%3=24=0, 
(Cle a7 =p =a9 = 0, 


None of them is tangent to L3, since each is skew to its polar plane 


es 1 =%4 = 25 =0, 
lex Ala 1 =2%5 = 2% =0, 
(el: @4=%5 =X =0. 


Linear complexes of spheres 


In Section 10.1, we have defined a linear complex of lines as the three- 
dimensional manifold of lines whose homogeneous Pliicker coordinates 
satisfy a homogeneous linear equation. 


In analogy to that, we shall define linear complexes of spheres: Let c € 
R° \ {0}, then a linear complex of spheres C is the set of all spheres X 
with Lie coordinates x = (#1,...,26) that satisfy 


C: ,(C,X) =0. 


The classification of linear complexes of spheres is different from that 
of linear complexes of lines. While the linear complexes of lines can be 
arranged in two different classes, 7.e., the singular and the regular linear 
complexes of lines, there are three different types of linear complexes of 
spheres. 
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The symmetric bilinear form (10.62) allows us to distinguish between 
three different types of linear complexes of spheres: The complex C’ is 
called elliptic, hyperbolic, or parabolic if Q7(C,C) is greater, smaller, or 
equal to zero. This is equivalent to classifying vectors ¢ € F® as space- 
like, timelike, or lightlike w.r.t. the metric (10.57). We shall describe the 
three types of linear complexes of spheres based on simple examples. The 
general version of either type can be obtained by applying a Lie transfor- 
mation to the representatives. 


(1) A typical example of an elliptic linear complex of spheres is the set 
of all oriented spheres that intersect a given plane a at right angles. 
This includes the points in 7 as null spheres, all oriented planes which 
are orthogonal to a, and the oriented spheres that are centered at 7. 
The group O(3, 2) fixes the complex as a whole and interchanges the Lie 
spheres in the complex. 


(2) A simple example of a hyperbolic linear complex of spheres is the three- 
dimensional manifold of null spheres, 7.e., the points in 3-space. However, 
the 3-dimensional manifold of spheres with equal and equally signed ra- 
dius is a hyperbolic linear complex of spheres. It is the group of Mébius 
transformations that fixes this manifold as a whole and interchanges ori- 
ented spheres. 


(3) The three-dimensional manifold of spheres which are in oriented con- 
tact with a given sphere S constitute a parabolic linear complex of spheres. 
The given sphere S' may either be a null sphere, a proper sphere, or the 
improper point oo. In the latter case, the complex consists of all oriented 
planes in Euclidean 3-space. It is the group of Laguerre transformations 
that leaves a parabolic linear complex of spheres fixed (as a whole). 


The general form of a parabolic complex of spheres is the manifold of 
spheres that intersect a given sphere at a constant (and fixed) angle, 
which can be seen from (10.61). 


@ Exercise 10.2.5 Normal forms of linear complexes of spheres. 


Show that the equations of an elliptic, a hyperbolic, and a parabolic linear complex of spheres 
can be given in the following normal forms 


x3 =0 elliptic complex, 
r(v4—- 26) +25 =0 hyperbolic complex, réR 
@4-7rzx@s5 =0 parabolic complex, reéR. 


Hint: In the case of an elliptic complex assume that the plane 7 which is intersected by all 
spheres of the complex at right angles equals z = 0. For the hyperbolic complex, we can take 
either the complex of null spheres or the complex of spheres with radius r ¢ R*. In the case of 
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the parabolic complex, it means no restriction to assume that the basic sphere S equals the 
Euclidean unit sphere. 


Dupin cyclides 


In Section 10.1 (p. 495 ff.), we have seen that reguli are represented by 
conics in Pliicker’s quadric M3. These conics were not allowed to lie en- 
tirely within a plane of the first or second kind of Mj. Since Lie’s quadric 
L5 is of index one, regular conics of L3 can only be planar intersections 
of i. Thus, the sphere geometric analogues to reguli are uniquely deter- 
mined by three points in L5 that span a plane which does not intersect 
L4 along two lines. 


However, it would be too simple to carry over the results from line ge- 
ometry to sphere geometry by just applying Lie’s line-sphere-mapping. 
This approach would ignore that Lie’s line sphere mapping is not a 
real collineation, 7.e., it takes a by-pass over the complex number field. 
Furthermore, on page 528, we have seen that elliptic and hyperbolic pen- 
cils and families of concentric spheres correspond to conics in L5. 


Therefore, we stick back to a more elementary approach to the sphere 
geometric analogues of reguli and study one-parameter families of oriented 
spheres that touch three given oriented spheres. As explained above, we 
assume that the three given spheres R, S, and J correspond to three 
points on L$ that span a plane ¢ which intersects LS along a regular 
conic e. The polar plane y of € w.r.t. i intersects Ls along a regular 
conic f, since € does so too. The points on f correspond to oriented 
spheres in R® that are in oriented contact with the given spheres R, S, 
J simultaneously. The spheres corresponding to the points of f play 
the same role as the rulings of a complementary regulus. On the other 
hand, we can choose three independent oriented spheres R*, S*, and 7* 
which correspond to three points on f. All oriented spheres which are 
in simultaneous oriented contact with R*, S*, and 7* correspond to the 
points of e (cf. Figure 10.17 and also [46, Fig. 4.21, p. 137]). 


The envelope D of the spheres corresponding to the points of e equals 
the envelope of the spheres corresponding to the points of f. The surface 
D is called Dupin cyclide (cf. [42], and in connection with pairs of focal 
conics in [46, p. 137]). 


The different types of Dupin cyclides with zero, one, or two, singularities 
can be obtained as envelopes of one-parameter families of spheres if we 
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FIGURE 10.17. A ring-shaped Dupin cyclide D as the envelope of a one-para- 
meter family of oriented spheres which are simultaneously tangent to three ori- 
ented spheres R, S, and 7. The complementary family of spheres that also 
envelopes D contains the spheres R*, S*, and 7*. The latter is an oriented 
plane that touches D along a circle p of parabolic surface points (shown in a 
front and side view). 


choose zero, one, or two null spheres in the triple (R,S,7). (Dupin 
cyclides with singular points can occur even if none of the given spheres 
is a null sphere.) Figure 10.18 shows the parabolic and non-parabolic 
versions: ring-, horn-, and needle-shaped cyclides. These are obtained 
from ring-shaped tori, cones, and cylinders of revolution by inversions in 
a sphere. 


@ Exercise 10.2.6 Dupin cyclides as inverses of tori, cylinders, and cones of revolution. 


Let d,r,R,m,n,k be real constants. Show that the inversion of a torus T: ((a—d)? + y? + 
2? — R? — 7)? — 4R?(r? — 27) = 0, a cylinder of revolution C: (x -d)? +y? = 1, or a cone 
of revolution D: (a -m)? +(y-m)? = k?z? in the Euclidean unit sphere yields all different 
types of parabolic and non-parabolic Dupin cyclides. The parabolic Dupin cyclides occur if 
the center of the inversion lies on the surface to be inverted. Assume that r, R, and k are 
fixed and derive conditions on d or (m,n) in order to create parabolic cyclides. 
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FIGURE 10.18. Dupin cyclides are the sphere geometric analogues of ruled 
quadrics. They are the envelopes of one-parameter families of spheres in two 
ways and can be obtained from tori, cylinders, and cones of revolution by in- 
verting them in a Euclidean sphere. From top-left to bottom-right: ring cyclide, 
parabolic ring cyclide, horn cyclide, parabolic horn cyclide, spindle cyclide, nee- 
dle cyclide, parabolic needle cyclide, thorn cyclide. 
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10.3 Kinematics 


This section deals with Kinematics and specific models of the group of 
Euclidean motions in 3-space. We start with Euclidean motions having 
one fixed point, i.e., rotations about an axis. These can either be de- 
scribed with the help of orthogonal matrices or unit quaternions. The 
restriction to position vectors of unit length leads to a description of 
spherical motions and spherical kinematics, which are closely related to 
elliptic geometry. Then, we present a further model of the geometry of 
lines in 3-space, which is more suited for the handling of oriented straight 
lines, frequently referred to as spears. Euclidean motions turn out to be 
in a close relation to pairs of spears, rather than points. Dual quater- 
nions prove to be an elegant tool for the analytic treatment of spatial 
kinematics. Moreover, the dual quaternions deliver a coordinatization of 
the group of Euclidean motions in 3-space. This coordinatization leads to 
a representation of the group of Euclidean motions. The quadric model of 
the group of Euclidean motions that arises here is called Study’s quadric. 
This six-dimensional quadric is also interesting from the viewpoint of 
quadrics. In this ruled quadric, we can observe a geometric phenomenon 
that generalizes the principle of duality known from projective geometry 
to a principle of triality. 


Motions with one fixed point — rotations 


A regular 3x 3 matrix A is called orthogonal if it satisfies ATA =I3. It 
describes an orientation-preserving transformation 6: R? > R° if det A = 
+1, and it is orientation-reversing if det A = -1. The set of all orientation- 
preserving transformations constitute a group, usually denoted by SO(3). 


First, we show: 


Lemma 10.3.1 For each A € SO(3), A-Is3 is singular, i.e., +1 is an 
eigenvalue of A. Further, trA =1+2cosy with ye [0,7]. 


Proof: If 1 is an eigenvalue of A, then A —TI3 is singular and det(A-I3) = 0. Since A € SO(3), 
we have ATA =13, and thus, AT(A-—I3) =I3 — AT = (Is — A)?. 

Further, the determinant is multipliciative, and so, det(A™(A —I3)) = det AT det(A —I3) = 
det(A —1I3) hold. On the other hand, det(I3 - A) = (-1)* det(A —1I3). Hence, det(-I3) = 
—det(A —I3). Consequently, det(A — 13) = 0 and A —Iz is singular. 

In terms of an eigenvector basis, the linear mapping described by A can be given in normal 
form. Clearly, the matrix A is then diagonal dominant, and the right lower 2 x 2-submatrix is 
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also orthogonal. The 2 x 2-submatrix can be given in the form 
cosy —siny 
sing cosy ]}° 
Therefore, we can write A as 
1 0O 0 
A=]| 0 cosy -sing |. (10.69) 
0 


sing cosy 


Now, we can easily verify that trA =1+2cosy. a 


From Lemma 10.3.1 we can infer that each orientation-preserving ortho- 
gonal transformation in Euclidean 3-space does not only fix the origin 
of the coordinate system. Each point of the one-dimensional subspace 
a = [a] spanned by the eigenvector a that corresponds to the eigenvalue 
1 is fixed. Moreover, we can show that each point X with coordinates x 
and its image X’ with x’ = Ax satisfies 


3 ([X, a], [X",a]) =. 


Consequently, each A € SO(3) describes a Euclidean rotation with azis a 
and rotation angle y. 


In the following Lemma, we give a more geometric description of a rotation 
independent of a special coordinate system. 


Lemma 10.3.2 Let a¢ R® be a unit vector in the direction of the azis 
a of a rotation with angle vy. For each point x, its image x’ under the 
rotation about a through the angle y can be given in vector form as 


x’ =xcosy+(1-cosy)(a,x)a+sin pax x. (10.70) 


Proof: The two vectors a and x define a right-handed basis with mutually orthogonal vectors. 
We choose a as the third vector, a x x as the second vector, and (a x x) x a completes the 
right-handed frame, as shown in Figure 10.19. 


Now, we can write x’ in this particular basis as 
, : 
x’ =a(ax x) xacosy+ Bax xsiny + ya. 


It is clear that ~ equals the component of x in the direction of a. Since ||al| = 1, 7 = (a,x). 
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FIGURE 10.19. The vector representation of a rotation uses the Cartesian 
coordinate system that is defined by a and x (left); the radius of the path circle 
of a point X (right). 


We observe that (a x x) x a = x -—(a,x)a. Therefore, ||(a x x) x all = |x - (a,x)al| = 
/ (x, x) -(a,x)?. Further, the radius R of the orbit of x equals R = \/(x,x) -(a,x)?, 
as can be seen from Figure 10.19. Consequently, a = Rcosy/||x - (a,x)al| = cosy and 


8 = Rsin®/|x - (a,x)al| = siny. So, we have 
x’ = (x -(a,x)a) cospt+axxsiny + (a,x)a, 


which proves Lemma 10.3.2 after regrouping some terms. La 


A brief introduction to quaternions 


In this short section, we shall define quaternions, a skew field of hyper- 
complex numbers that were originally introduced by W.R. HAMILTON!” 
in 1843 and are, therefore, often called Hamilton quaternions. Never- 
theless, the quaternions were independently discovered in 1840 by B.O. 
Ropricugs!’ when he studied rotations in three-dimensional space. 


A quaternion Q is a hypercomplex number that can always be written in 
the form 


Q = qo°14+ qi + q2j + 93k, 


PWittiam Rowan Hamitron (1805-1865) was an Irish mathematician and physicist. He 
found the multiplication rules for quaternions during a walk along the Royal Canal and 
immediately engraved them into Brougham Bridge in Dublin. Hamilton worked on geometric 
optics and mechanics. 

13 BENJAMIN OLINDE RopriGuEs (1795-1851) was a French mathematician, banker, and social 
reformer. He discovered quaternions while he was studying representations of the group of 
rotations. Thereby, he rediscovered the Euler angles. 
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where {1,i,j,k} are four independent basis elements (vectors) and q; are 
real numbers called the components or coordinates of the quaternion. Usu- 
ally, the basis element 1 is not written explicitly. 


The addition of two quaternions is defined component-wise, 7.e., the sum 
P+ Q of two quaternions P and Q is defined as 


P+ Q = (p0 +40) + (1 + G1 )i + (P2 + G2)j + (D3 + 93 )k. 
The multiplication of a quaternion Q with a real scalar 4 is simply 
AQ = Ago + Aqii t+ Agaj + Agak, 
which makes 


H = {qo + Git q2j + q3k | qi € R} 


a four-dimensional vector space of the real numbers. Obviously, R is a one- 
dimensional and C is a two-dimensional subspace of H (both considered as 
real vector spaces). Quaternions with qo = 0 are called vector quaternion, 
while quaternions with q, = qo = q3 = 0 are called scalar quaternions. 


However, H is also a four-dimensional R-algebra. The multiplication of 
quaternions is well-defined if we prescribe the multiplication rules obeyed 
by the basis elements 1, i, j, k: 


=j*=k*=-1, ij=k (cyclic). 


Now, it is easily verified that H is a skew field. 
Each quaternion Q = qo + qi + q2j + g3k has a conjugate quaternion 


Q = q- Ni- gj - 93k. 
This allows us to define the norm of a quaternion as 
N(Q) = QQ=QQ=Gtai+G+GeR. 
The length of a quaternion equals 


IQ] = VN(Q) eR. 


The norm as well as the length of a quaternion Q equals 0 if, and only if, 
Q =0, i.e., the quaternion equals the zero quaternion. 
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In kinematics, especially unit quaternions play an important role. We 
find a unit quaternion Q* associated with a given quaternion Q #0 as 


Tr 
2" Ta 


In many cases, it proved useful to write quaternions in the form 


Q=4q+4q, 


where q = (q1, 42,93) is the vector part of the quaternion and the plus 
sign indicates just a formal sum. The sum P + Q of two quaternions P 
and Q then reads P + Q = (po + qo) + (p+ q). The multiplication of a 
quaternion Q with a scalar  € R yields \Q = Ago + Aq. 


@ Exercise 10.3.1 Multiplication of quaternions. 


Assume that P = po + p1it+ poj + p3k and Q = qo + qiit+ q2j + q3k are two quaternions. Show 
that the product PQ of P= po +p and Q =qo0+q can be written in the form 


PQ = pogo ~— (P, 4) + P04 + GoP + P XG; (10.71) 
where (-,-) denotes the canonical scalarproduct in R? and x indicates the thus induced exterior 
product of vectors in R?. 


@ Exercise 10.3.2 Norm and length of a quaternion, unit quaternions. 
1. Show that the norm N(Q) of a quaternion Q = go + q can be computed by means of the 
scalar qo and the vector part q as 
N(Q) = 4 + (a, 4). 
2. Show that the norm for quaternions is multiplicative, i.e., 
N(PQ) = N(P)N(Q) 
by first showing that 
PQ=QP. 
3. Let ae R? be a unit vector and let a ¢ R. Show that 
A =cosa+sinaa (10.72) 


is a unit quaternion. 


e@ Exercise 10.3.3 Scalar product and cross product in terms of quaternions. 


The expression (10.71) of the quaternion product in terms of vectors and scalars allows us 
to extract the cross product of the vectorial parts: Show that the crossproduct of the vector 
parts p and q of two quaternions P and Q can be found as 


5(PQ - QP) = pxq. (10.73) 


If the two quaternions are pure vector quaternions, i.e., P = p and Q =q, then we can derive 
the canonical scalar product of the vector parts. Show that 


5(PQ + QP) = ~(p, 4) (10.74) 


holds for pure vector quaternions. 
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Quaternions and spherical motions 


In this section we can unite the results from Lemma 10.3.2 and Exercise 
10.3.2. For that purpose, we describe points X in R® by pure vector 
quaternions X = x. 


We can show the following result: 


Theorem 10.3.1 Let a ¢ R® be a unit vector and let a € [0,2] from 


which we can build the unit quaternion A = cos $+sin $a. The image x! 


of a point X under the rotation about the axis [a] through the angle a is 
given by the pure vector quaternion 


x’ = AxA. (10.75) 


Proof: We expand the product given in (10.75) in the vector representation and find 


x’ = (cos $ +sin Ja)x(cos $ — sin Fa) = 


= (-sin $(a,x) + cos $x + sin Fa x x)(cos $ —sin Fa) = (10.76) 
cos? 5x +sin 5 cos a x x+sin? S(a,x)a—cos $ sin $x x a- sin? 5 (ax x) xa. 


Now, we use the fact that axx = —xxa and (axx)xa=x-—(a,x)a. Further, 2sin $ cos $ = sina 
and 2sin? $ =1-cosa. Thus, (10.76) simplifies to 


x’ = cosax + (1-cosa)(a,x)a+sinaa x x. 


Obviously, the latter equation agrees with the vector representation of the same rotation as 
given in (10.70). a 


Theorem 10.3.1 renders a representation of SO(3) in the group-theoretical 
sense. We can find a further representation which is interesting from the 
theoretical point of view and relates the group of spherical motions with 
quadrics. Therefore, we can state and prove: 


Theorem 10.3.2 The three-parameter family of orthogonal matrices de- 
scribing rotations in Euclidean 8-space can be parametrized by 


g+G-6-G% 2(a192-9093) 2(4193 + Go92) 
Q=| 2qa2+9093) G-G+G-% 2( 4243 - qo%), (10.77) 
2(q193- 9092) 2(q293+90%1) M-G-Ht+H 


with q; € R and gi +qi+q+4% =1. 
Proof: Let Q = qo + q1i+ q2j + q3k be a unit quaternion, i.e., Ta +q@ +q3 +q3 =1. Then, we use 


(10.75) and compute x’ = QxQ with =21i+22j+a3k. This yields a linear mapping R? > R? 
with the coordinate matrix A ¢ R®**, and the coefficients of i, j, k are the rows of the A. &@ 
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(10.77) can also be seen as a rational parametrization, and thus, as a 
rational representation of the group SO(3). Note that the quaternions A 
and —A determine the same group element. 


= Example 10.3.1 Orthogonal Cartesian frames with rational coordinate representation. 

The matrix representation (10.77) delivers more than just rationally parametrized rotation 
matrices. Since all these matrices are orthogonal, we can interpret the columns (as well as the 
rows) as the coordinate vectors of the three vectors of a Cartesian frame with equal rational 
coordinates and rational lengths , / ae + a + a + q. Moreover, each row (or column) gives rise 
to a Pythagorean quadruple. For example, the following choices for qo : qi : q2 : q3 


go = 2,91 = 1,92 =1,93 =1, qo = 2,q1 = 2,q2 = 2,q3 = 1, go = 3,q1 = 1,q2 = 1,93 = 1, 
go = 3,91 = 2,92 = 1,93 = 1, go = 3,91 = 2,92 = 2,93 = 1, go = 3,91 = 2, q2 = 2,93 = 2, 
go = 3,91 = 3,92 = 2,93 = 1, go = 3,91 = 3, g2 = 3,93 = 2, go =4,9 =1,¢2=1,93=1, 
go = 4,91 = 2,92 = 1,93 = 1, go = 4,91 = 2,92 = 2,93 = 1, go = 4,91 = 3,92 = 1,93 = 1, 
go = 4,91 = 3, q2 = 3,q3 = 1, go = 4,941 = 3, q2 = 3, q3 = 2, go = 4,91 = 3, q2 = 3,93 = 3, 


lead to the Cartesian frames below: 


3-2 6 3 4 12 2-1 2 

[ « sa} [ 2-4) 2 2-1} 
-2 6 3 -4 12 -3 -1 2 2 
11 -2 10 418 5 -4 20 

[ s 0), | 74a) [= 5-4) 
214 5 481 -4 20 5 
13 6 18 5 6 30 15 -6 10 

[i 1a), { 50} & 15 ‘| 
-6 22 -3 -6 30 -5 -6 10 15 
9-2 6 15 0 20 23 -2 14 

| 6 6-7} 16 15 2). (1 7 =a, 
2 9 6 -12 20 9 22% 7 
15 10 30 6 1 18 7 -6 42 

| 26 15 8), ( 6-3} (= 7 =| 
-18 30 -1 -6 18 1 -6 42 7 


According to Theorem 10.3.2, each rotation can be represented by a point 
(qo. 91-92;93) on the three-dimensional unit sphere S* c E‘ (see Figure 
10.20). 


A three-dimensional sphere is sometimes called glome. Frequently shown 
pictures of glomes are two-dimensional images of stereographic projections 
of the three-dimensional sphere S$? into a hyperplane of R*. These im- 
ages are conformal images of S°, but circles and two-dimensional spheres 
through the center of the projection are straightened. 
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> / 


FIGURE 10.20. Circles and two-dimensional spheres in the three-dimensional 
sphere: This is a perspective image of S? into R°. The contours of the three-di- 
mensional subspheres contained in the coordinate hyperplanes appear as hollow 
ellipsoids, while the three-dimensional contour of S® is not shown. 


= Example 10.3.2 Euler angles. 


To each pair of Cartesian coordinate frames in Euclidean 3-space with coinciding origins, there 
exists a unique Euclidean (spherical) motion moving one frame into the other. The coordinate 
matrix T ¢ SO(3) of the linear mapping transforming one frame into the other can be ob- 
tained as the product of three orthogonal matrices Ra, Rg, R+ describing three independent 
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rotations about three (in general) linearly independent axes through three different rotation 
angles a, (, and y, as shown in Figure 10.21. 


FIGURE 10.21. The composition of three rotations equals a generic spherical 
motion. 


Usually, the first axis of rotation equals the z-axis of the underlying coordinate system and 
the first angle of rotation equals a. Then, the new frame (z’,y’,z’) is rotated about the a’- 
axis through the angle 8. Finally, the second frame (2, y”, z’’) is rotated about the z’’-axis 
through the angle y. 


We write down the unit quaternions A, B, C describing the three rotations: 
a a 
A=cos—+sin—k, B= exe sin C= cos 2 +sin 2k. 
2 2 2 2 2 2 
Then, we compute the quaternion Q = ABC as 
- - + 
. Ti+sin$ sin” v; +008 5 sin Vy. 


With the pure vector quaternion X = xi+ yj + zk representing a point X and (10.75), we find 
the image X’ of X under the product of the three given rotations as 


+sin z cos 


Q=cos : cos 


X’ = ((—cos Bsinysina + cosy cos a)x + (—cos Bcosysina — sinycosa@)y + sinasin Bz)i+ 
((cos 8 sin y cos a + cos ysina)x + (cos 8 cos y cos a — sinysina)y + —sin 6 cos az)j+ 
(sin y sin Ba + sin B cos yy + cos Bz)k. 
The entries of the first, second, and third row of the transformation matrix of the rotation are 
the coefficients of x, y, z. Therefore, the matrix reads 


—cos8sinysina+cosycosa —cos$8cosysina-sinycosa  sinasin§ 
T= cos Bsinycosa+cosysina cosfcosycosa-sinysina —sinfcosa |. (10.78) 


sinysin 3 sin 3 cosy cos 8 
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The three elementary rotations @a, @g, and gg can also be described by the three rotation 
matrices 


cosa —sina 0 1 0 0 cosy —siny 0 
Ra =] sina cosa 0], Rg=]| 0 cosf -sin8 |], Ry=]| siny cosy 0 }. 
0 Ol 0 sinG  cosB 0 01 
Their product equals T = RaRgR,. 


We note that (10.78) gives a trigonometric representation of the group 


$0(3). 
Oriented lines in Euclidean 3-space — spears 


In Section 10.1 we have seen one possible way to coordinatize the manifold 
of lines in a three-dimensional space. We can impose a normalization 
condition on the Pliicker coordinates (1,1) of a line L in order to specialize 
the geometry we are dealing with. In the case of Euclidean line geometry, 
we may always assume that the direction vector 1 of a straight line is 
a unit vector, which means that the Pliicker coordinates of a line L in 
Euclidean space satisfy two quadratic equations: 


(1,l)=1 and (1,1) =0. (10.79) 


Note that the second equation of (10.79) is the so-called Pliicker condition 
(10.2) that is fulfilled by Pliicker coordinates of a line regardless of the 
geometry in the ambient space. Oriented straight lines in Euclidean 3- 
space are sometimes referred to as spears. 

Replacing (1,1) = 1 by (1,1) + (1,1) = 1 is a suitable normalization for line 
geometry in elliptic 3-space (see [11, 91]). With the definition of the left 
and right spherical kinematic image of a line L = (1,1) as |! = 1-1 and 
I” = 1+], one obtains a mapping from the manifold of lines in elliptic 
3-space to S? x §?. It can be shown that the group of isometries in elliptic 
3-space is isomorphic to SO(3) x SO(3) (cf. [11, 91]). 

Now, we follow a concept by E. Stupy'* (cf. [131]): We combine the 
direction vector 1 and the momentum vector 1 to a dual vector by 


L=I+el. (10.80) 


MCnyristian Huco Epuarp Stupy (1862-1930) was a German mathematician and geometer. 
His research was dedicated to ternary forms, hypercomplex numbers, and line and sphere 
geometry. He also contributed to quantum chemistry. 
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Therein, the symbol ¢ marks the second part of L as the dual vector part. 
Whatever we may call it, ¢ obeys the rule 


e7=0, €#0. (10.81) 


Thus, L = 1+ el is an element of the three-dimensional module D?, and 
each component is an element of the ring of dual numbers. By assumption, 
the Pliicker coordinates (1,1) of the line L fulfill (10.79), and therefore, 


(L, L) = (14 el, 1+ el) = (1,1) +2e (1,1) +e? (LT) = 1. 
a a ano 
=1 =0 = 
This shows that L is a dual unit vector. Moreover, we can establish a 
one-to-one and onto mapping between the manifold of oriented lines in 
Euclidean 3-space and the points on the dual unit sphere. 


Without explicitly stating so, we have extended the canonical scalar prod- 
uct to dual values. In fact, we can do so with all analytic functions 
f: IcR->R. Then, the dual extension f of f can be written as 


fH=f)+ef', veel, 
which is the Taylor series of f cut off right after the linear term, since 


eae=...=0. 


The dual extension of the canonical scalar product and the thus induced 
cross product allow a simple computation of distances, angles, and the 
common oriented normal of a pair of spears: 


Theorem 10.3.3 Let L and M be two dual unit vectors describing two 
straight lines L and M in Euclidean 3-space enclosing the oriented angle 
yp and having the oriented distance dé R. 


We define the dual number ® := y+ ed as the dual angle between L and 
M. Then, the cosine of the dual angle ® equals 


(L, M) = cos ®, (10.82) 
and the oriented common normal spear N has the dual coordinates 


Lx M=sin®N. (10.83) 
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Proof: 
1. The spear coordinates L = 1+¢l and M = m+em satisfy (10.79) and we compute 
(L,M) = (I,m) + e((1,m) + (m,1)). (10.84) 


The two unit direction vectors 1 and m yield (1,m) = cosy. In order to find the geometric 
meaning of the second summand, we recall that the momentum vectors I and m of the 
lines L and M can be computed as I = p x1 and m = q x m with arbitrary points P « L 
and Q« M. Now, the dual part of (10.84) reads 


(1, mm) + (m,1) = det(1,q,m) + det(m, p, 1) = det(1, m, p — q) = (Ix m, p-—q). 
The cross product and the angle y subtended by a pair of unit vectors are related via 
lx ml] = sing. 
Since (1x m,p-—4q) yields the orthogonal projection of p— q onto 1x m, we have 
(lx m, p — q) = -dsin y. 


Note that (1,m,q-p) form a right-handed tripod, which causes the sign of the determinant. 
Finally, the dual extension of the cosine equals 


cos ® = cos(y + ed) = cosy - edsiny. 


2. We compute the unnormalized cross product of the two dual unit vectors representing the 
lines LZ and M and find 


Lx M = (1+el) x (m+em) =1xm+e(1xm+I1xm). 


The direction vector n of the common normal N of L and M is a scalar multiple of 1x m, 
i.e, n=sinyglxm with p=%(1,m). It is admissible to assume that Pe L and Qe M are 
the pedal points of the common normal of L and M. Now, we expand the dual part of 
L x M and find 


1x m+1x m = (p,m)1-(l,m)p + (1,m)q—-(q,1)m. 
Se 
=dsingn 


We can add (q-p,1)m = (q,1)m-—(p,1)m = 0 to the right-hand side of the latter equation 
without altering the result. This yields 
lx m+1x m = dsingn+ (p,m)1-(q,1)m + (q,1)m-(p,1)m. 
eee, 
=0 


The momentum vector ff of the common normal N (of L and M) can be computed either 
from P or Q. Therefore, n= pxn=qxn. Consequently, (p,m)1- (p,l)m = px (1x m) = 
sin yn, which results in 1x mM+1xm =dsinyn+singN, and thus, 


Lx M=dsingn+e(dcosyn+sinyNn). (10.85) 
Now, we can easily verify that 


sin®N = (siny + edcosy)(n + eM) = sinyn + e(dcos yn + sin yn). . 
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= Example 10.3.3 Normalization of a dual vector. 


A generic dual vector is not a dual unit vector. Moreover, for an arbitrarily given dual vector, 
we cannot expect that the real part and the dual part form a pair of orthogonal vectors so 
that (v,V) #0 holds. 


Sometimes it is useful to normalize a dual vector. Therefore, we compute the norm of a dual 
vector V =v+eV as the scalar product of V with itself and find 


N(V) =(V,V) = (v, v) + 2e(v,¥). (10.86) 
As long as v # 0, we can define the length of the dual vector V as 


IV = VN(V), (10.87) 


and the dual unit vector then equals 


1 
=v 
Iv] 


* 


We compute ||/V|| with the extension of the function f: R* > Rt, f: 2+ ./@ to dual values. 
The extension of the square root to dual numbers reads 


y 
L2tey= Bre i 
Vareyeys W/E 


Applying this to (10.86), we find 


(v,¥) 


loll’ 


[VI] = lol +e 


where ||v|| is the Euclidean length of v and (-,-) denotes the canonical scalar product as well as 
its dual counterpart. The normalization of a vector needs the multiplication of the vector with 
the reciprocal of the length. For that purpose, we need the dual extension of the real-valued 
function f: R* +R, f: re +. This is simply 

1 1 y 


=~ E53) 
e+ey «£ x 


and therefore, 
1 1 (v,¥) 
— = — -e——. 
IV lel vis 


Finally, the dual unit vector V* to V equals 
1 Vv 1 V 
V*= (= ~ 2) (ye) ee ae (7 ad 
lvl Iv Iv [vi Ilv|| 


e Exercise 10.3.4 Oriented common normal. 


Use the computations from Example 10.3.3 in order to verify (10.83) in Theorem 10.3.3. 


@ Exercise 10.3.5 A circle of spears. 


Assume that L = 1+ el and M = m+ eM are two dual unit vectors. Let further ® = y + eG. 
Show that, for any dual angle T =¢ + et, the vector 


V(T) =cosTL+sinTM 


is a dual unit vector. 
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The manifold of all dual unit vectors is called the dual unit sphere. It 
can be viewed as the dual extension of the Euclidean unit sphere and 
serves as another point model of the manifold of oriented straight lines in 
Euclidean 3-space. 


Euclidean displacements and spears 


In this section we shall see how Euclidean displacements act on dual unit 
vectors describing spears. For that purpose, we assume that A ¢ SO(3) 
is an orthogonal matrix with det A = +1 and a¢ R® as a vector. 


The Cartesian coordinate vector x of a point X is transformed under a 
Euclidean displacement (motion) 8: R? > R® according to 


x’ = Ax+a. 


Now, we assume that L = 1+el is a dual unit vector representing a straight 
line ZL in Euclidean 3-space. We are looking for the dual unit vector 
L’ =I +el’ of the line L’ = G(L). It is clear that the direction vector 1 
changes to I’ = Al, since the translation has no effect on the direction. 
What about the momentum vector? We apply § to the pedal point P 
of L and use (10.3) from Exercise 10.1.1 in order to find the Cartesian 
coordinates of P. This yields p = 1x1, and further, p’ = Ap+a = Alxl+a. 


This enables us to compute the momentum vector T of L’ as 

I =p’ xl =(Alx1+a) x Al= A(Ix1) x Al+ax AL 
Since A ¢ SO(3), we have A(1x 1) x Al = A((1x 1) x1). Further, with 
(10.79), we find (1x1) x1l=1. 
The cross product ax Al induces a linear mapping R? > R? that can be 
written as A“l with A*% ¢ SO(3). Therefore, the momentum vector of L’ 


reads 


I = Al+ A*1. 
From the pair (A, A”) of matrices, we can build the dual matrix A = 
A+ceA”*. Now, we can write the transformation of the dual unit vector 
as the dual matrix product 
L’ = AL, 
since AL = (A +cA*)(1+el) = Al+ e(Al+ A*l) = L’ holds. 


We can summarize our results as follows: 
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Theorem 10.3.4 A Euclidean displacement that maps Cartesian coor- 
dinates x of points X to points X' in Euclidean 3-space according to 
x x’ = Ax+a induces an isometric mapping of the dual unit sphere. 


Dual quaternions and Study’s quadric 


Euclidean motions and dual quaternions 


Assume we are given a Euclidean motion 6: R*® > R®, which is the 
product of a rotation about an axis through the origin of the underlying 
coordinate system and a translation in the direction of the vector t € R®. 


According to (10.75), the coordinates x of a point X are transformed to 
the coordinates x’ of a point X’ via 


x/=-RXR+t, (10.88) 


where R is the unit quaternion (7.e., RR = 1) describing the rotation and 
the coordinate vectors x and x’ are identified with pure vector quaternions 
X and X’. 

Now, we are going to look for the action of 6 on the coordinates (1,1) 
of a spear L. For that purpose, we choose two arbitrary points X, and 
X»2 (with respective coordinate vectors x; and x2) on L. Without loss 
of generality, the Euclidean distance of X; and X2 equals 1. Then, the 
spear coordinates of L are 


l=x9-x, and l=x,;xl+x xx». 
From this, we can immediately infer 
I =x) — x) = R(xo-x,)R, (10.89) 
and moreover, with (10.73), we find 


=I 


1 
[ =x) xx9= 9 (Mike — X_Xj), 


where X, and Xg are the pure vector quaternions describing X, and X9. 
Considering t as a pure vector quaternion T yields 


al = (RX|R+t)(RX2R+t)-(RX2R+t)(RX,R+t) = 
= R(X, X2- X2X,)R+R(X, -X2)RT+TR(X2-X,)R. 


—————————e/ ——— —— 
=I =-1 =l 
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Now, we define 


R:- TR, 
2 
which causes R = -iRT, and therefore, 
T =2RR = -2RR (10.90) 
is a pure vector quaternion and can be identified with ts. So, we have 
I =-RLER+RLR+RLR. (10.91) 


In order to simplify the notation, the rules for the transformation of the 
direction vector (10.89) and the momentum vector (10.91) can be com- 
bined to a dual quaternion 


R:=R+eR, 


where ¢€? = 0 still holds. The conjugate dual quaternion R of R is defined 


as R:= R+eR. This simplifies the equation of transformation of spear 
coordinates to 


L'=RLR, (10.92) 
which really evaluates to 
l+el = (R +eR)(1+l)(R+eR) -RIR+<(RIR+ RIR+RIR). 
We can easily verify that R is a dual unit quaternion: 
RR=(R+ -R)(R +R) -RR H(eRR+ RR) =1, 
SY — 
=1 =0 


by definition and in accordance with (10.90). 


Let the Euclidean motion (10.88) be a rotation about the axis a with 
spear coordinates (a,a). For an arbitrary point S on the axis of rotation 
a, we have a=sxa. According to Theorem 10.3.1, we have 


x’-s=R(x-s)R, 
where R = cos $ + sin Sa. We expand the latter equation and arrive at 


x/-RxR+s—-RsR=RxR+(sR-Rs)R= 
=RxR+ 2sin$(sxa)R=RxR+ 2sin faR, 
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and finally, at 
x’ = RxR+2sin “aR. (10.93) 


Now, we superimpose the rotation with a translation with the distance 
d in the direction a. This means that we have to add da to x’. With 
(10.90), the displacement vector equals t = 2sin $a, and with (10.93), we 
find 


R=3tR=sin$a+ faR = 
=sin a+ 2 2asin a) = —2sin £ + 2 e083 & in 2a 
=sin5a+ fa (cos tain Ea) =-$sin$ + $cosfat+singa. 

We combine the partial results to dual quaternions and dual vectors, 


which yields 


R=R+cR= 
= (cos $ +sin $a) + e(-¢sin $ + ¢cos $a + sin $a) = (10.94) 
= (cos £- e4sin £) + (sin $+ e4cos¥)(at+ea). 


The dual extension of the trigonometric functions 


d d 
cos (£ +e) = cos © —edsin z sin(£ +e5) = sin & + ed cos a 
2 2 2, 2 2 2, 2 


the dual vector A = a+ ea representing the axis, and the dual angle 


® = y+ €d allow us to simplify (10.94) to 


® ® 
R= cos > +sin of’ (10.95) 


We can summarize the results of Study’s representation of Euclidean mo- 
tions in: 


Theorem 10.3.5 The uniquely defined helical motion with the axis A = 
a+ea and the dual angle ® = p+ed maps the oriented straight line (spear) 
G =g+eg to the oriented straight line 


G’=RGR, (10.96) 


where R equals the dual quaternion given in (10.95). 
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The comparison between (10.75) and (10.96) shows that results on spheri- 
cal motions have counterparts in the group of Euclidean motions. In any 
case, it is sufficient to replace the ordinary Hamiltonian quaternions in 
formulas of spherical kinematics with dual quaternions in order to obtain 
the analogous results in the group of motions (in general). This is called 
Study’s principle (see [65, 131]). 


It is also possible to show the following result: 


Theorem 10.3.6 1. Each dual unit quaternion R determines a helical 
motion (including the case of a rotation or a translation) and can be 
written as 

® 
R=cos—+sin—A. 
2 2 

2. With R = (10 +e7To) + (11 +E7T)it (12 +E72)j + (73 +ET3)k and the normal- 
ization condition RR = 1, the components of the dual unit quaternion 
are subject to two quadratic conditions: 


re + re + re + re =1 and rorot+riti + rere +7373 = 0. (10.97) 


The matrix representation x' = x + Rx +t of the corresponding Eu- 
clidean motion is given by the rotation matrix (10.77) and the trans- 
lation vector 


ror, — T1709 + TaT3 — T3T2 
t=2] rora—7r1r3 + Tero + T3T1 


ror3 — 17172 + TaT1 — T3TO 


We skip the proof of Theorem 10.3.6, since it can be found in textbooks 
on kinematics (cf. |65]). 


@ Exercise 10.3.6 Conversion formulas for Study parameters and matrix entries. 


Assume that we are given a Euclidean motion 8: R° > R?, 6(x) = x! = Ax+a (with A ¢ SO(3) 
and a R?). We can write the transformation of the Cartesian coordinates in the extended 


matrix notation as 
1 1 oT 1 


Let a;; denote the entries of A, and let further a = (a10, a20, 30). 


Show that the entries of the extended transformation matrix in (10.98) and the components 
r, and 7; (Study parameters) of the dual unit quaternion mentioned in Theorem 10.3.6 are 
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related via 
ro?71 72:73 = 1+ 411 + a22 + G33 : A2g3 — a32 : 31 — A13 : @12 — 21 = 

a23 — a32: 1+ a11 — a22 — 433 : A12 + G21: a31 + a13 = 

a31 — 413: @12 +@21:1—a41 + a22 — a33 : a23 + a32 = 

@12 — 421 : G31 + 13 ! a23 + gq: 1—ai1 — a22 + a33, (10.99) 
270 = 71410 + 72420 + 73430, ; 
2r] = -roai0 + 73420 — T2430, 
272 = -73410 — 790420 + 71430, 


273 = 172410 — 71420 — T0430. 


Study’s quadric 


The first equation in (10.97) is simply the equation of a three-dimensional 
sphere S?. From the viewpoint of quadrics, the second equation in (10.97) 
is more interesting. It allows us to interpret the coordinates of a dual unit 
quaternion as homogeneous coordinates of points in a seven-dimensional 
projective space P’(R). For what follows, we relabel the coordinates as 
follows: 


Ty = V4, Ti = Lasi+1 with ie {0, i. 2,3}. 


Then, 


So: a1 05 + 2906 + £307 + L4rg = 0 (10.100) 


can be seen as the equation of a six-dimensional quadric S$ cP’. The 
quadric S$ is called Study’s quadric. 


The mapping that assigns a unique point in sé to each Euclidean motion 
is called Study’s kinematic mapping. Conversely, each point on Study’s 
quadric (except those in an exceptional 3-space) corresponds to a cer- 
tain Euclidean motion, and thus, to two dual unit quaternions +R. The 
components 7; and 7; of the dual unit quaternion R are called the Study 
parameters of the thus determined Euclidean motion SE(3). 


It is worth noting that k-parameter Euclidean motions correspond to k- 
dimensional submanifolds of SE. Especially the kinematic image of a one- 
parameter motion is a curve on Study’s quadric. Straight lines correspond 
either to continuous rotations about a fixed axis or to translations in a 
fixed direction. Conics on Se are the kinematic images of the coupler 
motion of Bennett mechanisms. We will have a closer look at Bennett 
mechanisms in a later section. 
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The signature of the quadratic form (10.100) equals (+ +++----—) or 
(4,4) (cf. Section 4) and tells us that this quadric is of index three. Thus, 
there are three-dimensional (projective) subspaces contained in S®. 


In connection with the geometry of motions, the generator space U: x1 = 
£2 = x3 = x4 = 0 plays a special role. The points in U do not correspond 
to Euclidean motions. Therefore, U is frequently called exceptional space. 


We shall study the geometry on this quadric in more detail in order to 
get an understanding of phenomena on higher dimensional quadrics that 
cannot be observed within lower dimensional ones. For that purpose, we 
apply a stereographic projection 


ee Se Vins ar 


from a point C' ¢U to a hyperplane P® + Toe. 

We let C = (1,0,0,0,0,0,0,0)R, and the image space P® shall be given by 
z,=0. The tangent hyperplane ToS$§ of S§ at C has the equation 5 = 0. 
The intersection Tg := ToS$n S$ is a quadratic cone with vertex C. A 
director quadric of the cone Ig is the quadric Q§ := Tc S$nP°n S$. Since 
the tangent hyperplane ToSe and the image hyperplane P® of o intersect 
in a projective five-space P°® (with the equation x = 25 = 0), the quadric 
O, is given by 


Q5 > UQXU6 + L3L7 + L4XZ = 0. 


It is projectively equivalent to Pliicker’s quadric given by (10.2) in Section 
10.1. 


This fact helps us to study the families of generator spaces contained in 
SS . The inverse a of the chosen stereographic projection maps the two- 
dimensional generators (planes) of Q$ to the three-dimensional generators 
(solids) of S8. 

For the sake of simplicity, we use some terminology from Section 10.1. 


There are two kinds of planes in Q$, called planes of the first and second 
kind. 


Two planes E; and F of the same kind (corresponding to stars of lines or 
ruled planes) intersect in one point, say P. The (inverse) stereographic 
projection a! sends them to two solids $1, S2 € 5s of the same kind. 
Depending on whether P ¢ P° or P ¢ P°, the two solids S; and Sz are 
skew or intersect in a straight line. 
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Two planes EF and F in ar of different kinds are either skew or share a 
line (since stars of lines and ruled planes either have no line or a pencil 
of lines in common). Therefore, ¢~| maps E and F to two solids, say S 
and T,, of different kinds that either share a point or, if they intersect, a 
plane. 


We collect our results in the following: 


Theorem 10.3.7 The quadric S§ carries two siz-parameter families of 
three-dimensional generator spaces. 


Two generators of the same kind are either skew or intersect along a 
straight line. 


Two generators of different kinds meet either in a single point or they 
share a plane. 


The results of Theorem 10.3.7 hold true for any projectively equivalent 
six-dimensional quadric. The properties of the generators of S$ were de- 
duced with the help of a stereographic projection. This technique applies 
to quadrics in any projective space, which gives rise to similar results for 
ruled quadrics of maximal index in projective spaces of odd dimensions 
(note Theorem 4.3.2). 


Within a quadric of the projective type of S$, we can find a geomet- 
ric phenomenon that somehow generalizes the principle of duality. It is 
described in detail in [23, 132] and also in [135], where an analytic descrip- 
tion with the help of Cayley octaves is given. We shall use a synthetic 
approach like the one found in [21, 135]. 


According to Theorem 10.3.7, S$ is a six-dimensional manifold in three 
ways: considered as a manifold of its (1) points, (2) 3-spaces of the first 
kind, and (3) 3-spaces of the second kind. We call two different points 
incident, if they are conjugate w.r.t. Se. Two solids of the same kind are 
called incident if they intersect in a straight line. Two solids of different 
kinds are called incident if they share a plane. A pair consisting of a 
point and a 3-space is called incident if the point lies in the 3-space. 
Elements which are not incident are called skew. Consequently, there are 
two different types of incidence: the incidence relation between elements 
of different kinds or the same kind. 


Now we have the following: 
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Theorem 10.3.8 Principle of triality: A theorem formulated only with 
the terms points, 3-spaces of the first kind, and 8-spaces of the second kind 
(in S$) remains valid if the terms points, 3-spaces of the first kind, and 
3-space of the second kind are arbitrarily permuted. 


The principle of triality generalizes the principle of duality. Loosely speak- 
ing: While a duality has to be applied twice to a geometric object in order 
to get back the initial object, a triality has to be applied a third time. 


We shall investigate some simple geometric figures related in the triality: 


Theorem 10.3.9 A straight line that is entirely contained in sé is self- 
trial, z.e., it does not change (up to projective transformations) if the 
principle of triality (Theorem 10.3.8) is applied to it. A straight line in 
Se carries a one-parameter family of points, 3-spaces of the first kind, and 
3-spaces of the second kind, and each element is incident with any other 
element. 


Proof: The polar space of a straight line / in sé w.r.t. ss is a projective five-space P® that 
intersects ss along a quadratic cone P3 which carries | as the set of its singular points. The 
cone P3 emerges as the connection of | with a two-dimensional ruled quadric Qe. Since Q3 
carries two independent one-parameter families of straight lines (the reguli), the cone carries 
two one-parameter families of three-dimensional generator spaces all of which contain J. (Q3 ’s 
rulings of the first/second kind correspond to S§’s 3-spaces of the first/second kind through 
1.) Thus, through each point of 1, there are exactly two solids, one of each kind. Therefore, 
l can be considered as a one-parameter family of points or as incident 3-spaces of the first or 
second kind. Since Jc Ss, any pair of points on | are conjugate w.r.t. S88. Each point on I is 
contained in any of the 3-spaces through /. Any two solids of the same kind through 1 intersect 
in 1. Any two solids of different kinds through | intersect in a plane through lI. a 


A two-dimensional subspace in S$ can be viewed as the intersection of 
two incident 3-spaces (generators of different kinds), since there is one 
solid of the first and one of the second kind through it. On the other 
hand, the plane can also be considered as a ruled plane. The object that 
corresponds to the ruled plane (totality of lines in that projective plane) in 
the triality is a star of lines (of the first or second kind) in a solid (of first 
or second kind) that is determined in that solid with the incident point. 
Each point P in the plane is the carrier of a pencil of lines, and each line 
is the carrier of a range of points. Therefore, each solid of the second kind 
that is incident with a point and a solid of the first kind contains a pencil 
of lines; and each line of the pencil is part of a one-parameter family of 
such pencils. Consequently, each such line is, together with P and the 
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incident solid of the first kind, contained in the solid of the second kind 
through P. So, we have: 


Theorem 10.3.10 A ruled plane in Se corresponds to a star of lines 
(first or second kind) contained in the solid (of the first or second kind) 
through the carrier plane of the ruled plane. 


Bennet mechanisms 


It was G.T. BENNETT in 1914 [4] who detected a flexible kinematic 
chain consisting of four cyclically ordered systems %,...,%4 with rev- 
olute joints between them. Below, we prove both its flexibility and its 
particular role with regard to Study’s quadric. 


We start with a skew isogram in E®, i.e., a non-planar quadrangle ABC_D 
(with position vectors a,...,d), where opposite sides are of equal lengths, 
a:= AB = CD and b:= BC = DA. A skew isogram can be obtained by 
bending a planar parallelogram about one diagonal through an angle + 
with 0 < y < 180° (see Figure 10.22). 


re: zs INS 


FIGURE 10.22. A skew isogram ABCD with its side lengths and angles. 


Each skew isogram has an axis of symmetry. In our case, this means that 
a 180° rotation about the line m which connects the midpoints P and Q 
of the diagonals interchanges A with C and B with D. In order to prove 
this, we denote the position vectors of the involved points A,...,Q with 
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a,...,q and factorize the left-hand sides in two equations 
(a-b,a-b)-(c-d,c-d) and (b-c,b-c)-(d-a,d-a) =0 


according to 2?-y? = (x+y)(x—-y). This yields, because of a~b+c-d = 
2(p = q), 


(a-~b-c+d, p-q) =0, (b-c-d+a, p-q) = 0, 


and finally, (a-c, p-q) = (b-d, p-q) =0, which confirms the ortho- 
gonality between m and both diagonals AC’ and BD. 


The convex hull of the skew isogram is a tetrahedron with the basis DAB 
and the apex C. Let a and (6 denote the dihedral angles along the base 
edges AB and DA, respectively (Figure 10.22). When ha and hy, denote 
the heights on the sides with length a and 6, respectively, in the congruent 
triangles ABC and CDA, then the height of the apex C' over the base 
plane can be expressed in two ways as 


hasina=hpsin§, while ahg = bhp. 


Both sides in the second equation express the triangles’ areas. 


After the elimination of hg and hy, we obtain the basic relation 
asin 2 = bsina. (10.101) 


There is a two-parameter family of mutually non-congruent skew isograms 
which share the lengths a and b, because the lengths of the two diago- 
nals can be chosen independently — within certain limits. If we keep the 
dihedral angle a fixed, then we specify a one-parameter family of iso- 
grams, for which even the angle 3 remains constant, because of (10.101). 
Since a and (6 equal also angles between normals to the respective faces 
of the tetrahedron (note Figure 10.22), our one-parameter family repre- 
sents flexions of a kinematic revolute chain with four links (Figure 10.23). 
Each side of our isogram represents one link 4; of this chain. At each ver- 
tex, the line orthogonal to the adjacent sides is the axis J;;,; of rotation 
between the adjacent links ©; and Yj41 (cf. [146]). 


According to [20], the Bennett isogram is the only closed 4R kinematic 
chain which is flexible. 
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FIGURE 10.23. The Bennett isogram as a flexible 4R kinematic chain. The 
relative motion 43/1 with input angle y and output angle w corresponds to 
two conics on Study’s quadric. 


In the following, we focus on the relative motion of two opposite systems 
and prove that the associated kinematic image on Study’s quadric consists 
of two conics (cf. [20, 50, 130]). 


Suppose that the system “1; with the isogram’s side AB is kept fixed. A 
rotation of 4 about J4; through an ‘input angle’ y results in a rotation 
of Ny about Iy2 through the ‘output angle’ ~. Let us choose the aligned 
pose with y =4BAD = 0 and D on [A,B] as the initial pose. In this 
pose, C lies on the extension of the side AB. Thus, we specify the output 
angle y complementary to 4 ABC (see Figure 10.23). 


Let us protract the unit vectors along the axes of rotation Iyo,..., a1 
from a fixed point. Then, we obtain the spherical image of the Bennett 
isogram consisting of four points Iqyo,...,/4,; on the unit sphere, which is 
again a spherical isogram (Figure 10.24): Opposite sides have the same 
spherical lengths a or 6. We note that the side AB of the Bennett isogram 
is orthogonal to the diameter plane through the points J4; and [,2 on the 
unit sphere. Since the same holds for the other sides, the input angle y 
and the output angle ~ show also up in the spherical image between two 
adjacent sides of spherical isogram. 


Now, we refer to a well-known result on the motions of spherical isograms, 
interpreted as particular cases of spherical coupler motions (see [123]): 
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FIGURE 10.24. The spherical image of the Bennett isogram is a spherical 
isogram. 


The transmission of y to w, which, in general, is a 2-2-correspondence, 
splits into two projectivities p+ w with 


yw _ sin(a- 8) aa 


tan —=-— - 
2 sina+sin8 2 


(10.102) 


In the aligned poses y = 0 and w = 180°, we obtain as output angles 
w = 0 and w = 180°, respectively. The two transmission functions in 
(10.102) result in two different motions ©3/X with bifurcations in the 
aligned poses.!° Only in the case a = b and, consequently, a = 8, one 
motion splits into two pure rotations, when D = B or C= A. 


Theorem 10.3.11 The relative motion between two opposite systems of 
a Bennett isogram splits into two smooth motions with bifurcations in the 
aligned poses. Each motion corresponds to a conic on Study’s quadric. 


Proof: In the initial pose x3 of Sg, the side DC is aligned with AB, and the axis [34 is in 
a position Igy. Now, we can move x into a general pose of 43 by applying two rotations; 
firstly, the rotation about 1, through —w, and secondly, the rotation about J4; through y. 
Then by virtue of (10.95), the two rotations are represented by the dual quaternions 


R, = cos —sin Sa and R, = cos - +sinE Ad, 


where the dual vector quaternions A; and A2 represent the two axes I. iv and I41, respectively. 
Due to (10.96), the quaternion product R:= R,R, determines the kinematic image. 


15Figure 10.24 illustrates why for a given angle w there exist two solutions for the correspond- 
ing angle y. 
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We use a Cartesian frame with the origin A, the y-axis in direction to B and the z-axis along 
I41. Consequently, we obtain 

Aj = (-sin8 + ebcos B)i+ (cos B+ ebsin@)k and Ag =k. 
It does not affect the kinematic image when the unit quaternion R, is multiplied with the real 
scalar  := 1/(cos $ cos =). Moreover, by virtue of the transmission function in (10.102), we 
can introduce a motion parameter 


te tan © with tan = ct where c= const. 


This results in 
AR = [1+ tk] [1 - ct(-sin B + ebcos 8)i - ct(cos 8 + ebsin B)k] , 
and further, 
AR = (1+ ct?(cos 8 + ebsin 8)) + ct(sin B - ebcos 8)i + ct? (sin 6 — ebcos B)j 
+t(1-ccos 6 - ebcsin B) k. 


This confirms that the kinematic image can be represented in the form v(t) = vi +tv2 + v3 
with linearly independent vectors 


vi = (1,0,0,0; 0,0,0,0), v2 = (0,csin 8,0, 1 - ccos 8; 0, -bccos 8,0, -bcsin 8), 
v3 = (ccos 8,0, csin 8,0; besin 8,0, —bccos 8,0). 


Thus, we obtain a conic on Study’s quadric. a 


There is another relation between the Bennet isogram and quadrics: If 
the system 1 with the side AB is kept fixed, then the point D € 4 
traces a circle with the center A, radius b, and axis I4,;. On the other 
hand, C'€ %» runs on a congruent circle with the center B and axis Iq. 
Consequently, the midpoints P of AC and Q of BD trace two circles p 
and q with radii b/2, which meet on the line [A, B] (Figure 10.22). Since 
on each circle, the tangent of the half center angle serves as a projective 
coordinate on the circle, each transmission function in (10.102) defines a 
projectivity between p and q, which keeps the common points on [A, B] 
fixed. Therefore, the axes m of symmetry (Figure 10.22) trace a regulus 
on a one-sheeted hyperboloid passing through the two circles p and q. For 
each smooth motion %3/5, the poses of 43 can be obtained by reflecting 
“1, in the generators of a regulus. Motions of this type are called line- 
symmetric (note also [50]). They were intensively studied by J. KRAMES; 
the paper [78] deals with the Bennett isogram. 


Remark 10.3.1 1. A complete classification of the motions corresponding to non-degenerate 
conics on Study’s quadric can be found in [50]. 


2. For H.-P. ScHROcKER, the Bennett isogram was the starting point for a new approach to 
the analysis of closed kinematic chains with revolute joints (cf. [113, 114]). 


Check for 
updates 


11 Some generalizations of 
quadrics 


Pliicker’s conoid appears to be a generalization of quadrics. It carries a two- 
parameter family of ellipses cut out by cylinders of revolution that contain the 
conoid’s straight directrix. If we consider the rulings as degenerate forms of 
conics, then there is a further one-parameter family of conics on the surface. 
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In this chapter, we try to present ideas for generalizing quadrics. Quadrics 
in three-dimensional space carry a three-parameter family of conics: Each 
conic on a quadric is a planar intersection of the quadric, and thus, there 
are as many conics on a quadric as there are planes in a three-dimensional 
space. 


So, we can ask for the totality of surfaces that carry only one- or two para- 
meter families of conics. Several prominent examples have been studied 
intensively, due to a lot of applications and interesting properties. Unfor- 
tunately, we have to restrict ourselves to only a few classes of surfaces. 


However, we can find many other classes of surfaces that can be viewed as 
generalizations of quadrics. Altering the powers of the monomials in the 
equation of quadric in normal form yields so-called superquadrics. Only 
spheres carry a three-parameter family of circles. 


So, we can ask for surfaces that carry only one- or two-parameter families 
of circles. Surfaces whose points fulfill distance relations could be consid- 
ered as generalizations of conics, and thus, of quadrics, too. Nevertheless, 
the generalization of rope constructions of conics to that of quadrics using 
a pair of focal conics is already described in Section 7.2. 


We will not touch the wide field of supercyclides (cf. [25, 32, 33]). Only 
the case of Dupin cyclides was briefly addressed earlier in Section 10.2. 
The more general type of supercylides has a lot of applications in CAGD, 
carries several independent families of circles, and could, therefore, be 
seen as generalizations of quadrics. This is also the case for surfaces that 
admit quadratic (polynomial or rational) parametrizations in terms of 
affine coordinates. These surfaces are not necessarily quadrics (cf. [104]). 
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11.1 Miller’s cubic surface 


We define a mapping of points in Euclidean 3-space by prescribing a fixed 
cylinder A of revolution 
A: a+y?=1 (11.1) 


with the axis a = (0,0,t) (where t € R). To each point P = (£,7,¢) « 
R?°\ {a}, we apply the azial inversion in A by inverting its top view, i.e., 
the orthogonal projection P’ = (€,7,0) onto the plane 7: z = 0 in the 
circle c = Ana while keeping the third coordinate fixed. In terms of 
Cartesian coordinates, this inversion can be written as 


g u 
P = P — —_—_———_ t 
(End mP) = (aia 6 
We switch to homogeneous coordinates by letting € = £1£5', n= L25', 
¢ = 732', and arrive at a mapping P?(R) \{E} > P3(R), which reads 


nN: (%:%1:%9:23) (xo(xj +03): wea, : weno: 03(07 + 23)). (11.2) 


The mapping 77 is cubic, as can be seen from its coordinate representation. 
The exceptional set E consist of a c P?(R), the ideal line of the plane 
x3 = 0, and the pair of complex conjugate ideal lines [(0: 1: +i: 0),(0: 
0:0:1)]. 

With the coordinate representation (11.2), we can study the action of 7 
on planes. Let a: agxo + a121 + a2%2 + 4323 = 0 be a plane in P?(R) (i.e., 
ag : 1: a2: a3 #0:0:0:0). Then, the 7-image of a can be given by an 
equation in terms of homogeneous coordinates as 


n(a): agxo(x? + a2) + ay xox} + agxery + a3x3(x7 + 3) =0, (3) 


which shows that a generic plane is mapped to a cubic surface. An ex- 
ample of such a cubic surface is depicted in Figure 11.1. 


In order to simplify the analysis of these cubic surfaces, we let ag : ay : 
a2: a3 = 0:1:0:-1 and turn back to Cartesian coordinates (x,y,z), 
which results in 4 


M: 2 (11.4) 


2+ y2 
The assumption on the coefficients a; means no restriction. The various 
other cubic surfaces that arise for different choices of a; are equiform 
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FIGURE 11.1. Miiller’s cubic surface carries two independent one-parameter 
families of conics: The horizontal intersections are circles. The intersections 
with planes from the pencil about a are equilateral hyperbolas with a as a 
common asymptote. 


copies of the surface M given in (11.4). The surface M is called Miiller’s 
surface and was first studied by E. MULLER! in [88]. 


It is easy to see that planes z = h (with constant h € R*) intersect M 
along circles h(x? + y?) — x = 0 whose centers (s7,0,h) line up on an 
equilateral hyperbola in the plane y = 0. In the special case h = 0, the 
cubic intersection curve degenerates: It is the union of the y-axis and the 


doubly counted line at infinity of the horizontal planes. 


The planes maz + ny = 0 in the pencil about the z-axis meet M along 
equilateral hyperbolas 


h(t) = (ts mt = teR\ {0} 


n 
t(m? +n) 
and the z-axis. In this particular pencil of planes, there are two distin- 
guished planes: The plane x = 0 meets M along the y-axis and touches 
M along the z-axis, which is, therefore, of multiplicity two. The plane 
y = 0 intersects Miiller’s surface in the equilateral hyperbola xz = 1 and 
its asymptote x = 0. 


Emit ADALBERT MOLLER (1861-1927) was an Austrian geometer. His research focused on 
line geometry, sphere geometry, and relative Differentil geometry. 
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FIGURE 11.2. Each fall line f (except the z-axis) on Miiller’s cubic surface 
is a part of the intersection of M and a cylinder WV of revolution that touches 
the [x, z]-plane along the z-axis. The z-axis is also a fall line on M, but it is 
contained in any of the abovementioned cylinders. 


In a top view of Muiiller’s surface, we would see the horizontal curves 
h(x? +y”)—2 = 0 as circles. Moreover, the pattern built by these circles is 
a so-called parabolic pencil of circles (cf. [46, p. 327 & Figure 7.56, left]). 
Consequently, its orthogonal trajectories would also appear as the circles 
in a parabolic pencil. The second pencil is then the top view of the fall 
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lines, 1.e., the path of raindrops running down the surface. Therefore, 
each fall line f on M can be obtained as the intersection of M and a 
vertical cylinder WV of revolution touching the [2,z]-plane along the z- 
axis. The fall line f is a straight cubic circle (cf. Chapter 6, Example 
6.2.2). From the sextic intersection of the projection cylinder V and M, 
the z-axis splits off together with a pair of complex conjugate lines in the 
plane at infinity. Figure 11.2 shows a fall line f on Miiller’s cubic surface 
M together with its vertical projection cylinder WV. 


@ Exercise 11.1.1 Ellipses on Miiller’s surface. 


On Miiller’s surface M given by (11.4), we can find a further family of conics. Since M 
contains the y-axis, the planes in the pencil about that line meet M along the y-axis and a 
further conic. Compute a parametrization of M such that the parameter curves are ellipses 
(different from the horizontal circles) and equilateral hyperbolas (cf. Figure 11.3). 


FIGURE 11.3. Left: The ellipses on M are found as intersections with planes 
through the y-axis. Right: The horizontal intersections are circles. The inter- 
sections with planes from the pencil about a are equilateral hyperbolas with a 
as a common asymptote. 


Miiller’s surface M shares a rather curious property with the orthogonal 
hyperbolic paraboloid. Along the ellipses mentioned in Exercise 11.1.1, 
M is touched by rational (and thus, algebraic) minimal surfaces (see 
|96]). On the other hand, orthogonal hyperbolic paraboloids are touched 
along their curves of constant Gaussian curvature(s) by algebraic minimal 


surfaces (cf. |97]). 
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11.2 Superquadrics 


Some small changes in the equation of conics lead to a variety of curves 
that could be seen as generaliztions of conics (cf. |46, p. 113 ff.]). It is 
reasonable to try such modifications with quadrics. Raising the powers in 
the equations of quadrics yields superquadrics as analogues to the Lamé 
curves in the plane. Again, the shape of the surfaces mainly depends 
on whether the exponents of the monomials are even or odd. Unlike in 
the case of planar curves, there are much more possible combinations of 
signs in the equations of superquadrics, comparable to the various possible 
signatures of quadratic forms. 


FIGURE 11.4. A superellipsoid of degree four. Its six vertices are joined by 
Lamé curves which are the intersection curves with the coordinate planes that 
also serve as planes of symmetry. 


We call a surface with an equation of the form 


d d d 


x iL 4 
S: Oy +O +... + On 8 = One (11.5) 
a 


it a5 n 
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a superquadric of degree d € N* in n-dimensional Euclidean space. Here 
and in the following, we assume o; € {-1,1} (where i¢€ {1,...,n+1}) and 
a; €R (with j € {1,...,n} such that not all a; vanish simultaneously. 


Especially, if 0; = +1 and a; =r for all i, S is a supersphere of radius r. 
A supersphere is the unit sphere for an L¢ norm. Later, we shall extend 
the range of the exponent d to arbitrary rational numbers. However, in 
these cases, we can hardly call d the degree of the superquadric. 


Obviously, the thus defined superquadrics are symmetric with respect 
to the coordinate hyperplanes. Therefore, it is reasonable to define the 
common point of all the symmetry hyperplanes as the center of the su- 
perquadric. 

Setting the left-hand side of (11.5) equal to zero, we obtain the equation 
of the asymptotic cone of the superquadric. 

Like quadrics, superellipsoids have no real points in common with the 
ideal plane. Therefore, the degree of a superellipsoid is always even and 
the signs o; are always positive for 7 € {1,...,n +1}. Superhyperboloids 
intersect the ideal plane along Lamé curves and superparaboloids touch 
the ideal plane. The intersection multiplicity with the ideal plane equals 
the degree of the superparaboloid. 


Superellipsoids 


The most interesting superquadrics may appear in Euclidean 3-space. A 
superellipsoid S. of degree d may be given by the equation 


Sei Sta+oael. (11.6) 
a tc 


As can be seen in Figure 11.4, the superellipsoids tend to follow the faces 
of the smallest bounding cuboid built by the tangent planes at the vertices 


Vi2 = (+a, 0, 0), V3.4 = (0, +b, 0), V5.6 = (0, 0, ic). 


The intersection curves of the superellipsoid (11.6) with the coordinate 
planes are Lamé curves (cf. [46, p. 113 ff.|). Furthermore, the six vertices 
V;, of the superellipsoid S, are flat points in the sense of local differential 
geometry of surfaces, 7.e., the shape operator there equals the zero matrix. 
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FIGURE 11.5. Left: The Super-Egg by PIET HEIN is a surface of revolution. 
Right: The “superellipsoid” with d = 3 is an algebraic surface of degree 20 and 
carries no circles, but a huge variety of Lamé curves. 


= Example 11.2.1 Piet Hein's Super-Egg. 


The Danish scientist, inventor, and writer Pier Hern (1905-1996) suggested the name Super- 
Egg for the surface defined by the equation 


3 


2.5 2.5 


=1, (11.7) 


4 


This surface is invariant under rotations about the z-axis. Its meridian curve is the classical 
Superellipse as named by Pisr Hein (cf. [46, p. 114]). A Super-Egg is shown in Figure 11.5 
(left). Nevertheless, (11.7) is not a superellipsoid in the strict sense (cf. (11.6)). 


Equation of a superellipsoid of odd degrees 


Figure 11.6 shows a surface that has an equation very similar to that of 
a superellipsoid, with d= 3: 


On 


Like the Lamé curves of odd degree, this surface of odd degree is not 
bounded. Removing the constant 1 in (11.8), we obtain the equation of 
its asymptotic cone emanating from the origin of the coordinate system. 
In this case, the origin of the coordinate system is not a center of the 
surface, since the surface is not invariant under reflections in (0,0,0). In 
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the one-parameter family of real rulings of the asymptotic cone, we find 
the asymptotes of the Lamé curves (of odd degree) which show up as the 
intersection of the surface with the coordinate planes (see Figure 11.6). 


FIGURE 11.6. The superquadric of degree three (blue) is not a superellipsoid. 
The real asymptotic cone (red) carries the asymptotes a; of all planar intersec- 
tions 1; of the cubic superellipsoid, provided that the planes contain the apex of 
the asymptotic cone. 


Superhyperboloids 


The equation of a superhyperboloid S;, is obtained from the equation of a 
hyperboloid by altering the monomials’ exponents. Similar to (11.6), we 


have 
d d d 


fe ee le 
Die gag got (11.9) 
First, we assume that d is even. This causes the surfaces (11.9) to behave 
similarly to ordinary hyperboloids. For example, the intersection with 


the ideal plane is a Lamé curve that carries a real point. 


11.2 Superquadrics 571 


FIGURE 11.7. Superhyperboloids of degree four (blue): one-sheeted super- 
hyperboloid (left), two-sheeted (right). The red surface is the superhyperboloids’ 
asymptotic cone. 


Clearly, the superhyperboloids are symmetric with respect to the coordi- 
nate planes, and the origin of the coordinate system is the center of the 
surface. Depending on whether the right-hand side of (11.9) equals +1 or 
-1, S), is either two-sheeted or one-sheeted. The intersections with the 
planes of symmetry are Lamé curves. 

On the one-sheeted surface (cf. Figure 11.7), the four real vertices 
(+a,0,0) and (0,+0,0) are flat points in the differential geometric sense. 
The two-sheeted surface has only two vertices (0,0,+c) (which are also 
flat points). 

Setting the left-hand side equal to zero, we obtain the asymptotic cone of 
the superhyperboloid. This cone is a projection of the superhyperboloid’s 
Lamé curve in the ideal plane with the surface’s center. The cone’s gen- 
erators are the asymptotes of all planar intersection curves of S, with 
planes through the center. 


Rational exponents 


@ Exercise 11.2.1 The “superellipsoid” algebraically close to the Super-Egg. 


Show that the superellipsoid with the rational exponent d = 3 and equation in the normal 


form 
a\? (y\2 (z\3 
(=) +(2) #G) =a 
a b c 


is actually of degree 20. Show further that an implicit polynomial equation reads 


06%) -((-)-2) 9) (YN). 


Figure 11.5 (right) shows an example of that particular surface of degree 20. 
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= Example 11.2.2 Various parametrizations of superquadrics. 


One eighth of a superellipsoid (11.6) can be described with the aid of trigonometric functions. 
The surface points with x > 0, y>0, and z>0 can be reached by 


s(u,v) = (asin? ucos? v, bsin? usin? v, ccos? uw) (11.10) 


with (u,v) €]0, z)?, a,b,c,¢ R*, and arbitrary gq « Q*. At least in the first octant, the 
parametrizations satisfy 


Obviously, g = 1 yields ordinary ellipsoids. For integer powers q, the surfaces (11.10) admit even 
rational parametrizations that can be obtained by inserting the Weierstrass representations of 
sin and cos. 


Some surfaces of that kind for different choices of gq are shown in Figure 11.8. 


q=2 


FIGURE 11.8. Superquadrics obtained from (11.10) with different q and 


a=b=c. 


@ Exercise 11.2.2 Polynomial parametrization of a star. 


Show that the superellipsoid with d = 3, or equivalently, g = 4 (cf. Figure 11.8, second from 
left in the top row), can be parametrized by 


s(u,v) = (au”, bv?,c(1-u-—v)?) with (u,v) € [0,1]. (11.11) 


Therefore, it is a Bézier surface. Show that a control structure, ¢.e., the nine control points 
Bij (with i, 7 = 0,1,2), may consist of the following points: 
0 0 0 0 a 


bo,o=] 0 |,bo,1=bi,0 =| 0 |,bo2=bi,2 =] 6 },b11=] 0 |,b20=be1 =] 0 |,b22= 
c 0 0 -§ 0 c 


oe 
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FIGURE 11.9. Left: The surface (11.11) with three parabolas as contact curves 
of double tangent planes. The part with the red parameter lines is one eighth of 
the corresponding superquadric. Right: The Roman surface is a collinear image 
of the surface on the left, and the parabolas are now circles. The three double 
lines which concur in the triple point are also shown. 


Figure 11.9 shows a part of the surface parametrized by (11.11). It is a so-called Roman 
surface or Steiner surface, which was intensively studied by the Swiss mathematician JAKOB 
STEINER (1796-1864). It is one of a huge variety of quadratically parametrizable surfaces that 
has found a lot of applications in Computer Aided Geometric Design (cf. [29]). 


The Roman surface (11.11) is a collinear image of the classical version 
R: wy? +y?2? + 22a? — xyz = 0, (11.12) 


which is the image of the Euclidean unit sphere x? + y? + z? = 1 under the quadratic trans- 
formation (x,y,z)  (yz,zx,xy). Removing the six singular points from R, we obtain an 
immersion of the projective plane into R°. Figure 11.9 (right) shows an image of R based 
on the trigonometric parametrization which is found via that of the Euclidean unit sphere by 
applying the abovementioned quadratic transformation. 


= Example 11.2.3 Some more superhyperboloids. 


Altering the powers in the equations of one- and two-sheeted hyperboloids, we end up with 


surfaces whose equations read 
d d d 
H: (=) +(2) -() it, (11.13) 
a b € 


Show that these surfaces can, at least in parts, be parametrized by either 


(acosh! ucos? v, bcosh? usin? v,csinh’ u) or (asinh? wcos! v, bsinh? usin? v, ccosh? wv) 
(11.14) 
depending on whether there is a + or a — in the right-hand side of (11.13). 
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11.3 Surfaces of osculating circles 


Another family of surfaces that carry conics comes along in a very natural 
way with each surface in three-dimensional Euclidean space. Let S be a 
regular surface given either by an implicit equation or a parametrization. 
Then, at each regular point P, the surface has a tangent plane Tp, and 
each surface tangent t c tp defines its own normal section and normal 
curvature Kin. 


Usually, one distinguishes between three different types of surface points: 
elliptic, parabolic, and hyperbolic ones. These points can easily be char- 
acterized by means of their Dupin indicatrices ip(k) (see [46, p. 120]), 
i.e., the normal curvature diagrams drawn in the tangent plane. The 
points in these diagrams are found by applying the distance +\/ko; on 
each tangent t c 7, where k € R* is an arbitrarily chosen constant, prefer- 
ably equal to 1, and g; = 1/K; is the normal curvature of S at P in the 
direction of t. In [46, p. 123], we have seen that ip(k) are ellipses, pairs 
of parallel lines, or pairs of conjugate hyperbolas, depending on whether 
P is elliptic, parabolic, or hyperbolic. In the local coordinate system in 
Tp centered at P, the indicatrices have the equations 


ip(k): 2+ =+1  P is elliptic, 
ip(k): x = we =+1 P is hyperbolic, 
ip(k): w= 41 P is parabolic, 


if the axes of the coordinate system coincide with the principal tangents. 
For what follows, we may neither consider flat points nor umbilics. 


We construct a surface swept by a one-parameter family of circles in the 
following way: Let n, be the surface normal of S at P, and let further 
vp(t) be that particular plane through the surface normal that contains 
the surface tangent t. Then, Snvp(t) = cp, is the normal section in the 
direction of t. According to Euler’s formula (cf. [46, p. 122]), the normal 
curvature for a normal section through a surface tangent t that encloses 
the angle v with the first principal tangent can be computed by 


Ky = K1 COS? U + Kg Sin? V (11.15) 


with «, and «2 being the principal curvatures at P. Now, we draw the 
osculating circle of each normal section in the normal plane v. Doing this 


11.3 Surfaces of osculating circles 575 


for all v € [0,27], we get a smooth one-parameter family of circles that 
sweep a surface C. Figure 11.10 shows examples of the surface C at an 
elliptic point and at a hyperbolic point.? The parabolic case is illustrated 
in Figure 11.11. 


A parametrization of O can easily be given in the local frame built by the 
principal tangents and the surface normal at P and reads 


1 COS U COS U 
c(u,v) = ——,———_5 | sinvcosu (11.16) 
Ki cos*utkesin°v\ yy 


with (u,v) € [0,27[x[0,7]. At an umbilic, @1 = g2 and (11.16) is a sphere. 
The flat point can be seen as a limiting case of an umbilic with 01 = 92 = ©, 
and (11.16) degenerates to a plane, i.e., it coincides with the tangent 
plane. 


FIGURE 11.10. The surface of osculating circles of normal sections at an elliptic 
surface point P (left) and at a hyperbolic point P (right). 


Implicit equations of the surfaces (11.16) can be obtained by eliminating 
the parameters u and v. This yields the quartic equation 


C: (Kx? + Koy”)(x? + y? + 2”) - 2(a? + y*)z = 0. (11.17) 


?The German name of the surface C is Oskulatorie, which expresses the fact that it carries 
the osculating circles of all normal sections at a certain point P on a surface. The English 
word osculatory would be an improper translation, although C is osculatory. 
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The intersection of C with the plane w at infinity can be found by homo- 
genizing (11.17) by setting 

L> r125 3 y> r20y"; Zz 132q 
and subsequently setting xo = 0. This yields the quartic cycle 


ce: (6127 + Kond) (a? + 22 + 22) = 0. 


The first factor is the equation of a pair of complex conjugate lines, a 
real double line, or a pair of real lines, depending on whether P is elliptic, 
parabolic, or hyperbolic. The second factor is the equation of the absolute 
conic of Euclidean geometry. Therefore, C is cyclic. 


FIGURE 11.11. Two views of the surface C of the normal sections’ osculating 
circles at a parabolic point. 
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11.4 Pliicker’s conoid 


The fact that the surface C of all osculating circles is cyclic has another 
consequence and leads to another surface that carries, besides a one- 
parameter family of straight lines, a two-parameter family of conics. Let 
DS: a2 4+y%4+2? =1 be the Euclidean unit sphere which is centered at the 
surface point P¢C. The inversion in © transforms the local Cartesian 
coordinates according to 


x Zz 
aye aan Cae as 
Since the circles on C pass through P, i.e., the center of the inversion, 
the one-parameter family of circles on C is mapped to a one-parameter 
family of straight lines, which makes the image surface P of C a ruled 
surface. Substituting (11.18) into (11.16) yields an equation of the cubic 
ruled surface 


P: 27K + yk -2(2? +y)z = 0. (11.19) 


We have already met this surface in the previous section, in Section 2.2, 
and in Section 10.1 as the set of axes of linear complexes of lines when 
they trace a pencil of linear complexes: It is Pliicker’s conoid. The fact 
that the surface of osculating circles and Pliicker’s conoid are each other’s 
inverses was recognized in [107]. Figure 11.12 shows Pliicker’s conoid with 
some of its rulings. 


P 


FIGURE 11.12. Left: Pliicker’s conoid is a cubic ruled surface with a straight 
line as its double curve. Right: Each ellipse e on Pliicker’s conoid can be found 
by intersecting P with a cylinder A of revolution through the directrix d. 
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The straight lines on P are the images of the circles on C. For each 
v €[0,27[, these lines lie in the planes 


1 
Z= 5 (hi cos” v + Kg sin” v), (11.20) 
and there, they have the equations 


(ycosv -xsinv)(ycosu+asinv) = 0. 


Consequently, all generators of P meet the z-axis of the coordinate system 
at aright angle. Therefore, the z-axis is one directrix of P, and the ideal 
line of all planes parallel to z = O is another directrix. Thus, P is a 
conoidal ruled surface. Moreover, the z-axis is the double curve of P, 
since there are two lines meeting it in each plane (11.20). 


We find the two-parameter family of conics by intersecting P with cylin- 
ders of revolution 


A: (x-rcosy)? +(y-rsiny)? =r? (11.21) 


through the z-axis, which is the directrix and double curve of Pliicker’s 
conoid P at the same time. According to Bézout’s theorem, the inter- 
section of A and P is of degree six. A and P share the z-axis which is 
the double curve of P. Therefore, it is one component of An? and has 
multiplicity two. Furthermore, we find that A and P share the pair of 
complex conjugate lines x9 = ue + hie = 0 in the plane at infinity. Conse- 
quently, there remains a component of An? that is of degree two, i.e., 
it is a conic. 


We can parametrize these conics, and thereby also Pliicker’s conoid, by 
inserting a parametrization of A into (11.19). Setting 


x(t)=r(cost+cosy) and y(t) =r(sint+siny), 
(11.19) returns z(t), and therefore, a parametrization of the ellipses on P 


r(cost + cos y) 
e(t) = r(sint + siny) ? (1122) 
‘ ((K1 — K2) cos(t + y) + K1 + K2) 
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Sum of distances 


We have learned in |46, p. 108] that conics can be defined as sets of 
points satisfying certain distance relations. For example, an ellipse is 
the set of points X whose distance to the foci fF, and Fy sum up to the 
positive constant value 2a. In [46, p. 108], we used this definition as a 
starting point for a more general notion of curves with foci in the plane. 
However, in three-dimensional space, such distance relations seldomly 
lead to quadrics, except in the case of Jacobi’s focal property (cf. Theorem 
2.4.3). Clearly, the set of all points X with fixed distance r > 0 to a fixed 
point F' is a sphere with radius r centered at F’, and thus, it is a quadric. 
Further, the set of all points being equidistant to two skew straight lines in 
Euclidean 3-space R? is an orthogonal hyperbolic paraboloid (cf. Theorem 
2.3.6). 


However, we shall try the following: We assume that we are given a finite 
set of points F; with i ¢ {1,...,N} with Cartesian coordinate vectors f; in 
Euclidean 3-space R®. A point X with Cartesian coordinates x = (x,y, 2) 
has the distances d; = ||f; —x|]. We define the multifocal surface M as the 
set of all points X that satisfy 


N 
>> d; = A =const., (11.23) 
i=l 


where Ae R\ {0}. The points F; can be called foci of M. 


In the case of only two foci, the multifocal surfaces are quadrics: Assume 
that F, = (-e,0,0) and F> = (e,0,0) are the two foci. With (11.23), we 


have 
V(rte)2t+y2+ 224+ V(@-e)2? +y24+ 22 =A, 
or as an implicit equation, 
M: 4(A? - 4e”)x? + 4A? (y? + 27) = A?(A? - 4e?), 


which is either an ellipsoid of revolution (if |A] > 2e), a double plane 
(if |A] = 2e), or a two-sheeted hyperboloid of revolution (if |A| < 2e). 
Note that the two-sheeted hyperboloid does not satisfy the geometric 
constraints. It is only part of the algebraic completion. In any case, the 
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FIGURE 11.13. A trifocal surface on an equilateral triangle of foci F\, Fo, F3 
with F;F; = 1 and A= 4. The intersections with the bisector planes of the 
focal triangle consist of circles c; centered at the foci F; besides some more 


complicated algebraic curves. 


axis of revolution equals the x-axis of the underlying coordinate system. 
M degenerates to the double plane x = 0 if A=0. For A = +2e, M is also 
singular: Then, its equation becomes y?+2z? = (y+iz)(y-iz) = 0, i.e., a pair 
of complex conjugate planes through the real line y = z = 0 (the x-axis). 
Finally, we remark that squaring is not an equivalence transformation of 
an equation. Therefore, the implicit equation of M describes a superset 
of the multifocal surface. This is especially the case if the number of foci 
increases. 

In the case of three foci, the rotational symmetry is lost (as long as the 
three foci are not collinear). Figure 11.13 shows an example of a trifocal 
surface with four planes of symmetry. With the three distances d; = X F;, 
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we have d, + dz + d3 = A, which gives the implicit equation 


2 2 

(( - mr) 4S ae = 64d?.d3d3.A” (11.24) 
i i<j 

after two rounds of squaring and inserting the initial linear relation d, + 

dz + d3 = A between the distances. Since each a is quadratic in x, y, and 

z, (11.24) is an algebraic surface of degree eight. 


FIGURE 11.14. Trifocal surfaces with non-equilateral focal triangles and differ- 
ent choices of A show different shapes of self-intersections. The banana-shaped 
surface in the interior of the example on the left-hand side is an artefact that 
comes from multiple squaring and plotting the implicit equation. Sometimes, 
the surfaces consist of several disconnected components. 


Figure 11.15 shows two surfaces whose points X are defined as those 
whose distances to four different vertices F,, Fo, F3, and Fy, forming a 
regular tetrahedron sum up to a constant A. In these particular cases, 
the foci have the Cartesian coordinate vectors 


f;=(1,1,1), fe=(-1,-1,1), fgs=(-1,1,-1), f4=(1,-1,-1). 


The sum A of distances d; = XF; equals 8.0 (in Figure 11.15, left) and 
7.4 (in Figure 11.15, right). 

A result similar to that in Corollary 11.5.1 cannot be given for the surfaces 
defined by (11.23). The computation of the implicit polynomial equation 
in the case of sums of square roots needs several rounds of squaring and 
substituting intermediate phases of the equation, which sometimes in- 
volves elimination processes. 
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PS 
FIGURE 11.15. Multifocal surfaces with four foci: A = 8 (left), A = 7.4 (right). 
In both cases, the foci are the vertices of a regular tetrahedron. 


Multifocal surfaces tend to become spherical the larger the constant A is 
(cf. Figure 11.16). 


FIGURE 11.16. Multifocal surfaces with four foci: A = 6.8 (left), A =9 (right). 
In both cases the foci form a planar quadrilateral. Left: F\ F>F3F, is a square. 
Right: The focal quadrilateral is an irregular quadrilateral. 
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Multifocal surfaces share a property with the conics, and thus, with the 
quadrics in a plane. It is a property that these surfaces share with the 
multifocal curves (cf. [46, p. 108]): 


Theorem 11.5.1 Let F; with Cartesian coordinates f; andi = 1,...,n 
be the focal points of a multifocal surface as defined by (11.23) with an 
arbitrary constant Aé R. Then, the normal vectors nx at points X (with 
coordinates x) of the multifocal surface defined by (11.23) are independent 
of the choice of the constant (sum of distances) and aim in the direction 


n 


<DE Ea = (11.25) 


Proof: First, we note that nx = gradF|x yields a normal vector at a point X of a surface 
defined by an implicit equation F' = 0. For each i, 


grad||f; — x|| = grad\/ (f; — x, fj - x) = a Ve —x,f,; - 


The linearity of the gradient confirms (11.25). a 


* Thx] I 


( 
7} 


FIGURE 11.17. Left: The normal vector nx, at a point X to the multifocal 
surface defined by (11.23) is the sum of the normalized vectors aiming from the 
foci F; towards X. Right: A close-up of Figure 11.16 (right) shows that the 
picture of the multifocal surface is represented by a lot of cylindrical discs with 
axes parallel to the surface normals. 


Figure 11.17 shows how the image of the multifocal surfaces in Figure 
11.15 and Figure 11.16 with four foci were produced. It is a C7! rep- 
resentation which is obtained by evaluating the distance function on a 
cuboid grid and a subsequently collecting those points satisfying (11.23). 
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Products of distances 


We generalize the focal properties by replacing sums by products. In the 
plane, we obtained spiric curves (cf. [46, p. 111]). Obviously, we can do 
so in any metric space. We confine ourselves to the three-dimensional 
Euclidean space. In that way, surfaces whose points X with distances 
d; = FX to a finite number of focal points F; (i =0,...,n) satisfy 


N 
[ [ 4: = A = const., (11.26) 
i=l 


where A€R is a real constant that can also be called multifocal surfaces 
and the points F; shall be their foci. 


FIGURE 11.18. Foci chosen as the vertices of a tetrahedron (left) and as the 
vertices of an octahedron (right). 


Algebraically, these surfaces differ much from the multifocal surfaces de- 
fined by sums of distance in (11.23). For example, an implicit equation is 
easily obtained by squaring the left- and right-hand side of (11.26). This 
results in 


Corollary 11.5.1 The algebraic degree of a multifocal surface that satis- 
fies (11.26) with n foci is 2n at most. 


The normals at regular points of the multifocal surfaces defined by (11.23) 
can be computed via (11.25). For multifocal surfaces defined by (11.26), 
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the normals can be found in a comparably simple manner. In analogy to 
Theorem 11.5.1, we have 


Theorem 11.5.2 Let F; with Cartesian coordinates f; andi =1,...,n 
be the focal points of a multifocal surface as defined by (11.26) with an 
arbitrary constant Aé R. Then, the normal vectors nx at points X (with 
coordinates x) of the multifocal surface defined by (11.26) are independent 
of the choice of the constant A (product of distances) and aim in the 


direction 
n 


f; -x 
nx = a 
° 2 If - ||? 


Proof: An implicit equation of the multifocal surfaces in question (defined by the constant 
product of distances) is given in (11.26), and since gradF|x = nx and d; = ||x - f;||, we have 


n n n n x-f; n n x -f; 
nx = grad [[ dj = }° grad d; J] dj = ]] —=—— = J] G5 >> 5: 


i=1 i=l j=1 


n 

The factor [] d; = A is constant and common to all summands. Furthermore, it does not 
j=l 

change the direction of the vector nx, and therefore, it can be ignored. a 


The Figures 11.18 and 11.19 show some multifocal surfaces of the type de- 
scribed by (11.26). The framework built by the focal points is displayed in 
some cases. As can be seen, such surfaces tend to round the framework of 
the focal points. However, the constant A to which the distances of points 
multiply can be chosen such that the surfaces show some singularities or 
even split into several disconnected components. 
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$+ 
aca 


FIGURE 11.19. The nearly regularly distributed five vertices of a multifocal 
surface (with a constant product of distances) define surfaces with one, three, 
or six simply connected components. 
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Sturm type I, 359 
Sturm type III, 358 
Sturm type V, 359 
torsal, 387, 399, 416 
ruling, 27, 231, 275, 395, 398, 453 
one-sheeted hyp., 464 
paraboloid, 472 
quadric, 142, 266, 470 
regular, 495 
torsal, 410 


S 


satellite geodesy, 316 

scalar product, 92, 452, 537 
canonical, 543 
pseudo-Euclidean, 452, 454 


scaling 
axial, 17, 295 
factor, 523 


screw motion 

elliptic, 171 

hyperbolic, 168 
secant, 165 
secondary axis, 113 
section, principal, 10, 468, 472 
self-adjoint correlation, 137 
self-conjugate, 158 

plane, 138 

point, 138 

points, 18 
self-intersection, 432 
self-polar, 138, 497 

space, 159 

tetrahedron, 145, 191 
semi-cubic parabola, 211 
semiaxis, 10 

ellipse, 99 
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major, 112 
minor, 112 
quadric, 108 
secondary, 64 
shape operator, 568 
side view, 32, 252, 265 
signature, 161, 551, 567 
bilinear form, 102 
metric, 455 
quadratic form, 522, 567 
similarity, 152, 523 
central, 460 
simplex, 157 
singular 
linear complex, 359 
plane, 191 
point, 191, 446, 554 
quadric, 150 
quadric, 8, 106, 150, 500 
surface, 513 
singular values, linear map, 302 
singularity, 265, 420, 530 
composed, 266 
quartic space curve, 264 
skew, 157, 528, 553 
field, 535 
generator, 32 
involution, 136 
isogram, 555 
lines, 126, 268, 276, 419 
planes, 480 
quadrangle, 555 
quadrilateral, 189, 259, 360, 
361 


ruled surface, 33 

solids, 553 
slope, 451, 457 

angle, 452, 458 

constant, 451 
small circle, 438 


solid, 552-554 
space 


affine, 152 
curve 
cubic, 206, 207 
degree 3, 206, 207 
degree 4, 206, 247 
quartic, 206, 247 
exceptional, 552 
fixed, 524 
linear, 157 
Lorentz, 292 
Minkowski, 292, 456, 499 
polar, 526, 554 
projective, 120 
pseudo-Euclidean, 454 
self-polar, 159 
spacelike, 455, 529 
point, 499 
span, 157 
projective n-space, 157 
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spanned plane, 125 

spatial gearing, 40 

spear, 377, 455, 542, 543, 550 
coordinates, 548 

special relativity, 456 

speed of light, 456 


sphere, 154, 189, 202, 203, 256, 
380, 392, 419, 420, 


422, 428, 434, 438, 
519, 523, 524, 531, 
532, 539, 540, 562, 
579 

central, 199 

concentric, 189, 190, 202, 
527 

coordinates, 519 

empty, 175 

Euclidean, 373, 503, 524 

unit, 577 


hyperosculating, 445 
imaginary, 155 
Meusnier, 346 
null, 520, 529, 530 
oriented, 378, 519, 520, 529 
proper, 529 
three-dimensional, 539, 540 
two-dimensional, 540 
unit, 369, 524 

Sphere Geometry, 519 

spherical 
conic, 219, 289 
cubic, 219 
image, 398 
isogram, 558 
kinematic image, 542 
kinematic mapping, 542 
loxodrome, 169 

spindle 
cyclide, 204, 531, 532 
torus, 204 

spine curve, 437, 443 
pipe surface, 437 

spiral 
cylindro-conical, 458, 460 
motion, 506 

spiric curves, 584 

Spitzpunkt, 266 

spread, 491 

Stackel net, 306 

standard cubic, 207 


star, 572 
lines, 120, 419, 477, 479, 
490, 495, 501, 552, 
554 
planes, 120 
Staude, Otto, 319 
Steiner’s 


definition, 234 
hypocycloid, 39 
surface, 573 
Steiner, Jakob, 573 
stereographic projection, 224, 552 
straight 
cycloid, 466 
line, 211, 259, 276, 542 


oriented, 542 
striction, 407 
curve, 398, 401, 403 
quadric, 402 
function, 407 
point, 33 
strophoid, 331 
Study parameter, 550, 551 
Study’s 
kinematik mapping, 551 
principle, 550 
quadric, 476, 547, 551 
subgroup, one-parameter, 486 
subspace 
affine, 93 
projective, 157 
sum of distances, 579 
Super-Egg, 569, 571 
supercyclides, 562 
Superellipse, 569 
superellipsoid, 568, 571 
superhyperboloid, 568, 570 
one-sheeted, 570, 571 
two-sheeted, 570, 571 
superparaboloid, 568 
superquadric, 562, 567, 568 
degree d, 568 
supersphere, 568 
support function, 385, 386 
surface 
Bézier, 368, 378, 380, 381 
central, 419 
channel, 439 
natural, 446 
constant slope, 451 
38, 257, 433, 530, 
, S77 
cyclic, 530, 576 
degree d, 568 
degree 8, 581 
degree 4, 513, 515, 518, 530, 
573, 575 


cubic, 


fal 


egree 3, 38, 257, 433, 530, 
563, 577 


egree 2n, 584 
egree 2, 92 
evelopable, 33 
ual, 433 

focal, 418 

Fresnel’s, 515 
helical, 416 
Kummer’s, 513 

LN, 432 

Miiller’s, 566 
multifocal, 579, 584 
normal, 418, 438, 470, 508 
of normals, 79 


d 
d 
d 
d 


of translation, 58 

offset, 448 

parallel, 451 

quartic, 513, 516, 530, 573, 
575, 576 


revolution, 422, 440 
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ruled, 27, 32, 53, 398, 416, 
493 


Steiner’s, 573 
tangent, 495 
conjugate, 449 
Sylvester’s law of inertia, 161 
symmetric bilinearform, 40 
symmetry, affine, 152 


T 


tangent, 184, 207, 236, 368, 443 
asymptotic, 413 
complex, 502 
ell. paraboloid, 502 
ellipsoid, 502 
hyperb. paraboloid, 502 
instantaneous, 506 
one-sh. hyperboloid, 502 
quadric, 502 
two-sh. hyperboloid, 502 
cone 
ellipsoid, 20 
quadric, 142 
conic, 498, 501 


184, 185, 207, 226, 
234, 235, 246, 259 


cylinder, ellipsoid, 20 
developable, 230 
focal conic, 282 
hyperplane, 159, 552 


cubic, 


M$, 495 
plane, 143, 392, 420, 423, 
435, 508, 574 
cone, 258 


curve, 229 
quadric, 141 
principal curvature, 420 
proper, 282 
quadric, 142, 502 
surface, 33, 230, 399 
tangential 
equation 
ellipsoid, 16 
hyperboloid, 41 
paraboloid, 60 
quadric, 141 
hyperplane, 483, 490 
Taylor series, 216, 384, 543 
tensor product, 364 
alternating, 487 
tetrahedral compl., 507, 509, 511 
tetrahedron, 50, 125, 145 
Mobius, 318 
orthocentric, 50 
osculating, 226 
polar, 145, 184, 191 
regular, 581 
self-polar, 145, 154, 191 
Theorem of 
Bézout, 213 
Brianchon, 51 
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Ceva, 148 
Desargues, 127 
Enneper, 460, 462 
Gauss, 307 
Ivory, 306 
Malus and Dupin, 339 
Menelaos, 148 
Pappus, 127 
Pascal, 51 
Thales, 51 
spatial, 50 
thorn 
cyclide, 204, 531, 532 
torus, 204 
three-param. fam. of circles, 562 
three-web, 169 
timelike, 455, 529 
top view, 28, 30, 66, 173, 238, 252, 
368, 273, 331, 396, 


torsal 
generator, 32 
ruled surface, 387 
torsion, 216, 444 
torus, 175, 203, 256, 531 
ring-shaped, 203, 257 
spindle-shaped, 203 
thorn-shaped, 203 
totally orthogonal, 93 
trace, 25 
trajectory, 331 
orthog., 373, 388, 407, 409 
transformation 
affine, 152 
conformal, 526 
Cremona, 206 
equiform, 504, 526 
Laguerre, 529 
Lie, 529 
linear rational, 245 
matrix, 94, 123, 525, 550 
Mobius, 529 
or.-preserving, 533, 534 
or.-reversing, 533 
orthogonal, 534 


translation, 204, 295, 486, 487, 
525, 526, 548, 551 


curve, 86 
elliptic, 171 
hyperbolic, 167 


uniform, 416 
triality, 476, 554 
triangle, 125 
triaxial, 418 
hyperboloid, 408 
quadric, 385 
trilateration, 316 
triple point, 266, 273, 274 
triplet conj. diameters, 153 
triply orthogonal system, 202, 286 
trisecant, 270 
trochoid motion, 464 
two-parameter family 
conics, 562 
spheres, 448 


U 


umbilic, 44, 62, 84, 468, 574 
ellipsoid, 14, 514 
hyperboloid, 44 
point, 282, 307 

undulation point, 266, 271 

uniaxial collineation, 136, 152 

unit 
circle, 99, 243 
cylinder, 99 
point, 124, 131 

n-space, 158 
coordinatization, 124 
quaternion, 536, 537, 540 
dual, 550 
sphere 
dual, 543, 546 
empty, 175 
Euclidean, 546, 573 
vector, 92, 526 
dual, 543, 545 


V 


Vandermonde matrix, 211 


vanishing 
line, 504, 505 
plane, 375 
point, 504, 505 
vector 
direction, 478 
dual, 549 


momentum, 478 
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quaternion, 538 
space, 124 
model, 122, 124 
unit, 92, 526 
velocity vector field, 486, 505 
‘Veronese 
mapping, 180 
variety, 180 
Veronese, Guiseppe, 180 
vertex, 570 
central quadric, 10 
cone, 452, 554 
generator, 55, 87 
hyp. paraboloid, 55 
hyp. parab., 361, 363, 364 
non-real, 113 
parabola, 113 
paraboloid, 10 
pencil of lines, 120 
pencil of planes, 120 
quadric, 108, 361 
view 
edge, 76, 443 
front, 28, 30, 173, 443, 531 
oblique, 18 
orthogonal, 18, 23, 293 


principal, 215, 252, 
265, 390, 433 


top, 28, 30, 173, 329 
Villarceau circle, 174 
visual contour, 274, 293 
Viviani’s curve, 254, 256, 257, 263 
Viviani, Vincenzo, 254 


256, 


volume, 24 
v. Staudt’s definition, 141 


W 


Weierstrass representation, 572 
Whiteley, Walter, 316 

Whitney umbrella, 433 

Wiener, Herm. Ludw. Gustav, 80 
Woodbury matrix identity, 193 
World Geodetic System, 15 
Wren, Christopher, 27 


Z 


zero function, 97 


